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By  the  same  Author. 
A  TREATISE  ON   ELEMENTARY  DYNAMICS. 

Crown  8vo.     Second  Edition,   Reprinted.     7s.  &<l. 

The  Athenteum  says ;— This  is  one  of  the  best  and  most  complete 

Lrcatiscs  on  o'.rmc-itary  dvuamics  v.liic'i  have  come   before  us  for  a 

long  time.     The  principle.'  of  the  subject  ate  slated  with  great  olear- 

nee-s,  and  Lhe  ilk;slva;:vc  exareulos  are  very  j'.ociopriate.  We  have 
been  particularly  struck  wiiii  Ike  manner  in  i-.hich  :;!iu  anl.hor  com- 
bines Boi'spicuity  with  brevity  in  his  short  chapter  on  "units  and 
o'nu-iisu.iis,"  a  Riilijooo  ivliiel  ,  iho'j^Yi  n.ppr.renriy  very  simple,  often 
lire  sen  Is  conKiiemlie  e"lili!.t::Uiii.-s  to  ::  bo:";i  i:~ici--  Hpecir;]  praise  is  also 
due  to  hi?  chapter  on  the  "  liodoc,rHph"  and  "norma]  a  feel  e  rati  on  s." 
The  Cambridge  Keview  gays  :— Mr  Lonoy  may  hi:  cc:i;:i-;Ltulateii  on 
the  production  of  a  eiost  valuable  lo.n-boo:;,  fir  er.ee  simple  and  com- 
plete. The  earlier  chapters  on  uniioi-.-oly  aceuoraioa  motion  fin:";  the 
laws  of  motion  are  treated  with  extreme  simplicity. ...A  chapter  of 
viTO"ic;ht  0111  e^:im|'li^  clea'S  np  many  doiiculr.ios  lvkicli  the  beginner 
c:-n;cder.ees  hi  rn.i-.1-: !:i:e  |irch]ems,  'cut  %v;ii:;;i  uou'.:i  scarcely  be  e::pleineil 
in  the  text.  Wi-  ere  !lla;l  to  sec  that  the  mi  l.koa  ol  Lhe  hodo:>icr:!i  is 
used  in  trcatii:;:  of  norma:  acceleration,  e.nd  (hat  eyeloidal  motion  is 
considered  as  a  case  of  simple  harmonic  motion. 

SOLUTIONS    TO    THE    EXAMPLES    IN    THE 

ELEMENTARY  DYNAMICS.  Crown  8vo.  7s.  Gd. 
THE  ELEMENTS  OF  STATICS  AND  DYNA- 
MICS. Paht  I.  Statics.  Third  Edition,  Revised, 
Ex.  Fcap.  8vo.  is.  Qd.  Part  II.  Elements  of 
Dynamics.  Second  Euitio.'.i,  lit;  vised  and  Enlarged. 
3s.  6rf.     The  two  parts  bound  in  one  volume  7s.  Gd. 

SOLUTIONS    TO    THE     EXAMPLES     IN    THE 

ELEMENTS    OF    STATICS    AND    DYNAMICS. 
Ex.  Fcap.  8vo.     7s.  6U 
MECHANICS     AND     HYDROSTATICS      FOR 

BEGINNERS.     Ex.  Fcap.  8vo.     4s.  Qd. 

Nature  says: — The  sruac  hu:li  sLandavd  o:  excellence  is  main- 
tained and  the  author  must  aeiuu  i;e  eoo.-.-iiiU.laued  on  his  efforts  to 
von/'.o  in  the  iiam.lr.  e:  a  bcunui-r  a  book  v.hieh  v-iil  ;:.".'.o  him  eoi-.cci 
iaoas  of  tin:  lavs  an:l  prirc::;:.- ■  wV.U-h  are  ii  ;;l.iil-"i  in  ii  eL:e;y  n[ 
mechanics. . . ."If  tie:  reader  ;!uudd  iail  l.o  unuovsltud  tie  chapter  on 
the  lawe  of  motion,  ho  must  attribute  it  cither  to  his  want  of  ability 
or  the  nature  of  the  subject,  for  we  fail  to  see  how  rhe  author  could 
improve  his  remark-:  on  -hie  part  of  l-.'ic  subject. 

PLANE  TRIGONOMETRY.  Part  I.  An  elementary 
course,  excluding  the  use  of  imaginary  quoailitics. 
Crown  8vo.      5s. 

H-MiDon:    C.   J.   CLAY  and   SONS, 

CAMBRIDGE  UNIVERSITY  PKESS   WAREHOUSE, 

AVE   MARIA  LANE. 
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rpHE  following  work  will,  I  hope,  be  found  to  be  a 
fairly  complete  elementary  text-book  on  Plane  Trigo- 
nometry, suitable  for  Schools  and  the  Pass  and  Junior 
Honour  classes  of  Universities.  In  the  higher  portion  of 
the  book  I  have  endeavoured  to  present  to  the  student, 
as  simply  as  possible,  the  modern  treatment  of  complex 
quantities,  and  I  hope  it  will  be  found  that  he  will  have 
little  to  unlearn  when  he  commences  to  read  treatises  of 
a  more  difficult  character. 

As  Trigonometry  consists  largely  of  formula;  and  the 
applications  thereof,  I  have  prefixed  (on  pages  x  to  xvi)  a 
list  of  the  principal  formulae  which  the  student  should 
commit  to  memory.  These  more  important  formulae 
are  distinguished  in  the  text  by  the  use  of  thick  type. 
Other  formula?  are  subsidiary  and  of  less  importance. 

The  number  of  examples  is  very  large.  A  selection 
only  should  be  solved  by  the  student  on  a  first  reading. 
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VI  PREFACE. 

On  a  first  reading  also  the  articles  marked  with  an 
asterisk  should  he  omitted. 

Considerable  attention  has  been  paid  to  the  printing 
of  the  book  and  I  am  under  great  obligation  to  the 
Syndics  of  the  Press  for  their  liberality  in  this  matter, 
and  to  the  officers  and  workmen  of  the  Press  for  the 
trouble  they  have  taken. 

I  am  indebted  to  Mr  W.  J.  Dobbs,  B.A.,  late  Scholar 
of  St  John's  College,  for  his  kindness  in  reading  and 
correcting  the  proof-sheets  and  for  many  valuable  sug- 
gestions. 

For  any  corrections  and  suggestions  for  imp  rove  in  out 
I  shall  be  thankful. 

S.   L.   LONEY. 


p.oyal  hollqway  college, 
Eqhim,  Subset. 

September  12,  1893. 
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THE  PRINCIPAL  FORMULA  IN 
TRIGONOMETRY. 

I.     Circumference  of  a  circle  =  2«r.  (Art.  12.) 

ir  =  3'14159...     Approximations  are  ^  and  pp;    .    (Art.  13.} 

A  Radian  =  57°  17'  44-8"  nearly.  (Art.  16.) 

Two  right  angles  - 180°  =  200*  =  ^  radians.  (Art.  19.) 

Aiwle  =    '■-,,—  x  Itadian.  (Art.  21.) 

°        radius  v 

aooM=l+tan.s0; 

cosec2  6  =  1  +  cot3  $.  (Art.  27.) 

III.                             sin  0°  =  0  ;  cos  0°  -  1.  (Art.  36.) 

■inSO'-g;  cos30°  =  ^.  (Art.  34.) 

sin  45°=  cos  45°  =  -^_.  (Art.  33.) 

j  -  (Art.  35.) 
(Art.  37.  | 


-.£... 


J3-1 
-  J5-1  ,  „no  3fi< 
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THE    PRINCIPAL    FORMULA    IN    TRIGONOMETRY. 


sin(-0)  =  -sin0;cos(-0)  = 

OB  ft 

(Art.  68.) 

n(9O°-0)  =  cos0;  cos  (90° -6) 

=  sin0. 

(Art.  69.) 

n  (90°  +  6)  =  cos  6 ;  cos  (90°  +  6) 

—  ihA 

(Art.  70.) 

(180° -6)  =  sin $;  cos(18O°-0) 

=  -cos0. 

(Art.  72.) 

(18O°  +  0)  =  -sin0;  cos(180',+ 

>  =  -cosf 

(Art.  73.) 

n0  =  sina,  then  0  =  mtt  +  (-  1)*«. 

(Art.  82.) 

->s$  —  cos  u,  tlien  $  —  2mr  *  a. 

(Art.  83.) 

n  0  =  tan  a,  tlien  0  =  »wr  +  a. 

(Art.  84.) 

sin  (J  +  B)  =  sin  Aoos£  +  co 

3  A  sin  B. 

cos  ( J  +  5)  =  cos  ^  cos  B  -  si 

i  J  sin  B. 

(Art.  88.) 

sin  (.4  r-  B)  =  sin  J  cos  B  -  co 

3  vJ  sin  5. 

cos(^-fi)-cos,lcos£  +  8ii 

A  sin  5. 

(Art.  90.) 

SinC  +  Sini)  =  2sin^cc 

s      2     , 

BinC-sin^^cos^Bi 

C-D 

oo.ff  +  co.l^S.-^o 

C-D 

S      2      ' 

cos  D  -  cos  0  =  2  sin  ^?  si 

a      2      ' 

(Art.  94.) 

2  sin  ji  cos  5  =  sin  (A  +  5)  +  s 

n^-B). 

2 cos ^  sin 5  =  sin  {A  +  B) -si 

n(4-B). 

2  cob  A  cos  S  =  cos  (A  +  B)  +  c 

»<4-.S) 

2  sin  J  sin  5  =  cos  (A  -  5)  -  c 

s(J+fi). 

(Art.  97.) 
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Xll         THE    PltlNCll'AI.    FOiniUL.-E    IS    TRIGONOMETRY. 


tan  (A  +  B)  = 

tan  A  +  tan  B 
1  —  tan  A  tan  B ' 

tan  (A  -  B)  = 

tan  J.  —  tan  B 
1  +  tan  A  tan  ,5 

24  = 

-.  2  sin  A  cos  A. 

2A  = 

;cosM~siiiM  = 

l-2suVU  =  2o 

2  tan  4  1  -  tana  A 


1+tanM'  1+tanM' 

2tanjl 

T-tan2^ 

u3^  =  3  sin  A  -4  sin3  A. 

■s  3^1  -  4  cos3  A  -  3  cos  A. 

g        3  tan  A  ~  tana  A 


(Art.  109.) 
(Art.  105.) 


(Art.  107. 


1-3  torn5 ,1 

A             /1-eoaA          A            /I  +  cos  A  ...    ,,., 

12==tV     "2— ;C082  =  *\/    -2— ■  <Art-110-) 

sin  |  =  *  VlTiu73  *  ^l-sin4. 

cos  -^  =  ±  Vl  +  sin  A  ^  Jl  -  sin  A.  (Art.  113.) 

tan(41  +  J!J+  ...  +  -!„)=  i'~"3  +  Si~"'-:-  (Art.  125.) 


loga  —  =  log0 


,m.  (Art.  136.) 

i  xlog„6.  (Art.  147.) 
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THE   PRINCIPAL   FORMULA   IN  TRIGONOMETRY. 

_____  sin  A      sin  B     sin  G  , .    .    , 

VIII,  —  =  — r—  =  —  .  (Art.  1 

-»--g:_^.-  (^.  i 

-W^ «**> 

-w-^ <-*> 

_•  -1  - 1^.  (.-«)(. -4)  (.-«), . . .  (Art.  1 

«-icosC  +  ccoa£, (Art.  1 

,       if-<7      S-o       _  , 

t"n-5--f^co'a' (Art'1 

«  -  ,/•(.-.)  (f-S)(t-«)  -  |  b  sin  -  =  j  «  sta-B-i  <*  sin 
(Art.  1 

r  =  -=(*-_) tan '-=...  =  .„     (Arts.  202,  2 
n=~-=stan-.  (Arts.  205,  2 

Area,  of  a  quadrilateral  msuvilwible  in  a  circle 

,J(,-a){,-h){,-,)(,-i).  (Art.  2 

—s—  =  1,  when  #  is  very  small.  (Aft.  2 

Area  of  a  circle  =  jtc2.  (Art.  2 
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XIV       THE  PEIKC7P.M.    FOItMlfL.K   IN   TRIGONOMETRY. 
X.  sina  +  sin(a  +  /3)+sin(a+2/3)  +  ...  torn  terms 

= » -J (Art.  241.) 

sm2 
cosa  +  cos(a  +  /3)  +  cos(a+2/3)  +  ...  to  n  terms 

=  — 1 -y .  (Art.  242.) 

sm2 

XL  Lt  fl  +  lY  =  e=2-71828 (Arts.  250,  251.) 


a"1  =  1  +  x  log„  «  -I-  -  (log,«.)a+...adinf.       (Art.  253.) 

1* 

10^(1+^  =  ^-^  +  1^-^+ ad  inf. 

when  se>-l  and  >1.  (Art.  25T.) 

Lt  fcos-Y=  Lt  [  —2  |  =1.    (Arts.  262,  263.) 
XII.  (cos  6  +  i  sin  (9)"  -  cos  n$  +  i  sin  S.  (Art  268.) 
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THE    FlUNCIl'AL    FOKMUL.-E    IK    TKlGONOJlli'LltV. 

XIII.  sin  n&  =  n  cos'1-1 6  sin  0 


-sfcf^r3-^""* 

»,„»  = 

cos"  8  -  ?~fo  --^  cos""8  $  sina 0 

» 

<»-l)(»-S)(»-8)                    , 

1    2    3    4                           "                l/irc-  ^i*.j 

tan  rf      si— ss  +  sb  — *7 (Art   "11) 

xrv. 

5uia  =  «-|  +  ~°- ad  inf.               (Art.  280.) 

cosa-1      %  +  v      ...      ad  inf.             (Art.  279.) 

sin  a  =  ^~" ;  cos  z  =  e-^^.          (Art.  308.) 

XV. 

Log  (a  +  /fc)  =  log,  JaUTJ*  +  t  (2»wr  +  8), 

, 

a              a               j    ■    n               $ 

(Art.  329.) 

XVI. 

tan_1fl!  —  ai-ga^  +  ^iK5  —  =  ^+ ad  inf., 

wh.™«i 

5  numerically  not  yveatei'  than  unity.           (Art.  344.) 

e 

-  pir  —  tan  B  —  -g  tan8  9  -  -  tan6  0  — ad  inf. 

e  &  lies  between  pit  —  -  and  pir 
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xvi      THE   PRINCIPAL   FORMULAE  IN   TRIGONOMETRY. 
XVII.  a^^tt'W  cosnfl  +  a5" 

=r~Et    \x«  -  2ax cos  U  +  — )  +  a£|      (Art.  362.) 

af-l-^-l)    H    (rf-2^ oo.^+l),  (seven) 

and         -(«-l)    n    (^-21003^  +  1),  (11  odd). 

(Art.  366.) 

i"+l.    n     (,r>-2!r.cos5^-U  +  l),(»eveii) 

and  .(a+l)   n    ^--2»co.?Ii-»+l),(«odd). 

(Art.  367.) 

»»»  =  «(l-5)(l-5^)(l-S^) ■*«     (^  369.) 

™»=(l-^){l-£)(l-£) adirf.       (Art.  370.) 
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CHAPTEK  I. 

MEASUREMENT    OF   ANGLES,    SEXAGESIMAL,    CENTESIMAL, 
AND  CIRCULAR   MEASURE. 

1.  In  geometry  angles  are  measured  in  terms  of  a 
right  angle.  This,  however,  is  an  inconvenient  unit  of 
measurement  on  account  of  its  size. 

2.  In  the  Sexagesimal  system  of  measurement  a 
right  angle  is  divided  into  90  equal  parts  called  Degrees. 
Each  degree  is  divided  into  60  equal  parts  called 
Minutes,  and  each  minute  into  60  equal  parts  called 
Seconds. 

The  symbols  1°,  1',  and  1"  are  used  to  denote  a  degree, 
a  minute,  and  a  second  respectively. 

Thus  60  Seconds  {60")  make  One  Minute  {!'), 

60  Minutes  (60')      „         „    Degree  (1°), 

and  90  Degrees  (90°)      „         „    Right  Angle. 

This  system  is  well,  established  and  is  always  used  in 
the  practical  up  plications  of  Trigonometry.  It  is  not 
however  very  convenient  on  account  of  the  multipliers  60 
and  90. 
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2  TBIGONnMKTILY. 

-  3.  On  this  account  another  system  of  measurement 
called  the  Centesimal,  or  French,  system  has  been 
proposed.  In  this  system  the  right  angle  is  divided  into 
100  equal  parts,  called  Grades;  each  grade  is  subdivided 
into  100  Minutes,  and  each  minute  into  100  Seconds. 

The  symbols  le,  V,  and  1"  are  used  to  denote  a  Grade, 
a  Minute,  and  a  Second  respectively. 

Thus  100  Seconds  (1.00")  make  One  Minute  (T), 
100  Minutes  (100')  „  „  Grade,  (1«), 
100  Grades  (100K)         „        „     Eight  angle, 

-  4.  This  system  would  be  much  more  convenient  to 
use  than  the  ordinary  Sexagesimal  System. 

As  a  preliminary,  however,  to  its  practical  adoption,  a 
large  number  of  tables  would  have  to  be  recalculated. 
For  this  reason  the  system  has  in  practice  never  been  used. 

-  5.  To  convert  Se-tar/exiimd  Into  Gmtesimal  Measure, 
and  vice  versa. 

Since  a  right  angle  is  equal  to  90°  and  also  to  100*,  we 
have 

90°  =  100e. 
..      10e         ,  ..      9" 

■'■  1  =T'andl=io- 

Hence,  to  change  degrees  im.o  grades,  add  on  one- 
ninth  ;  to  change  grades  into  degrees,  subtract  one-tenth. 


Ut=^64-ix64^  =(M-6-4)°-S7-6°. 


If  the  angle  do  not  contain  an  integral  number  of 
degrees,  we  may  reduce  it  to  a  fraction  of  a  degree  and 
then  change  to  grades. 
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MEASUREMENT    ' 


Iii  practice  it  is  generally  fouud  more  convenient  to 


reduce  any  angle    to  a  fraction  of  a  right    ; 
method  will  be  seen  in  the  following  example.' 

Ex.  1.     Reduce  lili"  14;  .11"  i-.i  Cetttei-hivrt  Measure.. 


The 


wn:u«,.  m 

3  =-2475°, 

63°14'S1"  = 

3'3475°  = 

153-2475 
90      T  ' 

=  -70275  rt 

angle 

=  70'275e  = 

70-'37-ff 

_  70-  a?'  so' 

Ex.  2.     Redu.ce  94-33'  37"  to  Uex'i'je.*im>il  iFcastti-i. 
04"  23'  87"  =  '942387  right  nngle 


6.     Angles  of  any  size. 

Suppose  4.0.4' and  BOB'  to  be  two  fixed  lines  meeting 
at  right  angles  in  0,  and  suppose 
a  revolving  line  OP  (turning  about 
a  fixed  point  at  0)  to  start  from 
0A  and  revolve  in  a  direction 
opposite  to  that  of  the  hands  of  a 
watch. 

For  any  position  of  the  re- 
volving line  between  0A  and  0B, 
such  as  OPi,  it  will  have  turned 
i.hnnigh  an  angle  A0P,,  which  is  It 


3  thai 


*  right  angle. 


1—2 
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4  TRIGONOMETRY. 

For  any  position  between  OB  and  OA',  such  as  OP.i7 
the  angle  AC) J'.,  through  which  it  has  turned  is  greater 
than  a  right  angle. 

For  any  position  0PS,  between  OA'  and  OB',  the 
angle  traced  out  is  AOP„  i.e.  AOB  +  BOA'  +  A'OPt,  i.e. 
2  right  angles  4-  A'OPs,  so  that  the  angle  described  is 
greater  than  two  right  angles. 

For  any  position  0P4,  between  OB1  and  OA,  the  angle 
turned  througn  is  similarly  greater  than  three  right  angles. 

When  the  revolvinr  line  has  made  a  complete  revo- 
lution, so  that  it  coincides  onee  more  with  OA,  the  angle 
through  which  it  has  turned  is  4  right  angles. 

If  the  line  OP  still  continue  to  revolve,  the  angle 
through  which  it  has  turned,  when  it  is  for  the  second 
time  in  the  position  0Pi,  is  not  AOP±  but  4  right  angles 
+  AOP,. 

Similarly  when  the  revolving  line,  having  made  two 
complete  revolutions,  is  onee  more  in  the  position  0P2, 
the  angle  it  has  traced  out  is  8  right  angles  +  A0Pv 

7.  If  the  revolving  line  OP  be  between  OA  and  OB 
it  is  said  to  be  in  the  first  quadrant ;  if  it  be  between  OB 
and  OA'  it  is  in  the  second  quadrant;  if  between  OA'  and 
OB'  it  is  in  the  third  quadrant ;  if  it  is  between  OB'  and 
OA  it  is  in  the  fourth  quadrant, 

B.  3Gx.  Witut  is  tlm  ]>i>ni{l<i!i  of  the  rcrulvhiy  line  ivruii  it  /ins  turned 
through  (1)  225",  (2)  480°,  and  (3)  1050°  1 

(1)  Since  225°  =  180°  +  45o,  the  revolving  line  has  turned  through 
45°  more  than  two  right  angles  and  is  therefore  halfway  between  OA' 
and  OB'. 

(2)  Since  48u°  =  360°  +  12u°  the  revolving  line  has  turned  through 
120°  more  than  one  complete  revolution,  and  is  therefore  between  OB 
and  OA',  and  makes  an  angle  of  30°  with  OB. 
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(3)  Since  10.50° -11  x  W'-GO",  tin:  revolving  line  has  tinned  through 
60"  more  than  eleven  right  angles  and  is  therefore  between  OB'  and  OA 
firiil  makes  fill"  with  OB'. 


uteri 


EXAMPLES.    I. 

s  of  a  right  angle  the  angles 


1.     60°.  2.     75' 15'.  3.    63°  17' 25". 

4.    130°  30'.  5,    210°  30'  30".  6.    370°  20'  48". 

lixjiresiri  in  grades,  minutes,  tt.nd  seconds  L-lic  angles 
7.    30°.  -8.     81°.  9.     138°  30'.  10.    35°  47' 15' 

11,     235°  12'  36".  12.    475"  13'  48". 

s  of  right  anglttf-  and  also 


degrees,  minutes,  and 
15.     89e«'36". 


14.  456  35' 24". 
■17.  75Qs45'60". 
of  the  revolving  line  when  it  has  traced 


13J  right  angles 


seconds  the  angles 

13.     120». 

16.    2556  48'  81". 
Mark  the  positioi 
following  angles; 

18.     g  right  angle.  lg,     3$  right  tingles. 

21.    120*.        22.    315".        23.    745°.        24.    1185°.         25.    150?. 
26.    4206.        27.     8756. 

28.  How  many  decrees,  minutes  and  sHsmtis  tire  retpoeiivcly  ].i:.i:sei 
Over  in  11J  rairaito.-  by  oiio  hotir  and  mi  nitre  hands  of  a  watch! 

29.  The  number  of  degrees  in  one  acute  angle  of  a  ristht-  angled 
triangle  is  equal  to  the  number  of  grades  in  the  other:   express  hoth  the 

30.  Prove  that  tin.;  number  of  Sexagesimal  minutes  in  any  angle  is 
to  the  number  of  Centesimal  minutes  in  tiie  same  angle  as  27  :  50. 

31.  Divide  41"  8'  into  two  parts  sited  that  the  number  of  Sexagesimal 
seconds  in  one  part  may  be  equal  to  the  number  of  (.ViiLesinitil  seconds  in. 
the  other  part. 

Circular  Measure, 

9.  A  third  system  of  measurement  of  angles  has 
been  devised,  and  it  is  this  system  which  is  used  in  all 

the  higher  branches  of  Mathematics, 
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The  unit  used  is  obtained  thus  ; 

Take  any  circle  APBB',  whose  centre  is  0,  and  fro: 
any  point  A    measure  off  an  arc 
AP  whose  length  is  equal  to  the  b_ 

radius  of  the  circle.     Join  OA  and 
OP. 

The  angle  AOP  is  the  angle 
which  is  taken  as  the  unit  of  cir- 
cular measurement,  i.e.  it  is  the 
angle  in  terms  of  which  in  this 
system  we  measure  all  others. 

This  angle  is  called  A  Radian  and  is  often  denoted 


10.  It  is  clearly  essential  to  the  proper  choice  of  a 
unit  that  it  should  be  a  constant  quantity  ;  hence  we  must 
shew  that  the  Radian  is  a  constant,  angle.  This  we  shall 
do  in  the  following  articles. 


11.     Theorem.     The  length  of  the  circun/ference  of  a 
circle  always  bears  a  coiasfjint  ratio  to  its  diameter. 

Take  any  two  circles  wb 
the  large  circle  inscribe  a  regular 
polygon  of  n  sides,  ABCD. . .. 

Let  OA,  OB,  0(7,...  meet  the 
smaller  circle  in  the  points  a,  b, 
c,  d...  and  join  ah,  be,  cd,..„ 

Then,  by  Euc.  VI.  2,  abed...  is 
a  regular  polygon  of  n  sides  in- 
scribed in  the  smaller  circle. 

Since  Oa  =  Ob,  and  OA  =  OB, 
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the  lines  ab  and  A  />'  must  be  parallel,  and  henco 

AB     OA  _  ., 

a^^Oa-  (Euc.vi.4). 

Also  the  polygon  ABGD...  being  regular,  its  perimeter, 
i.e.  the  sum  of  its  sides,  is  equal  to  n .  AB.     Similarly  for 
the  inner  polygon. 
Hence  we  have 
Fori  motor  of  the  on  lor  polygon  _  n  ■  A  B  _  AH  _  OA. 
Perimeter  of  the  inner  polygon       n.ab        ab        Oa 

<!)■ 

This  relation  exists  whatever  ho  the  number  of  sides 
in  the  polygons. 

Let  then  the  number  of  sides  be  indefinitely  increased 
(i.e.  let  n  become  inconceivably  great)  so  that  finally  the 
perimeter  of  the  outer  polygon  will  bo  the  same  as  the 
circumference  of  the  outer  circle,  and  the  perimeter  of  the 
inner  polygon  the  same  as  the  circumference  of  the  inner 
circle. 

The  relation  (1)  will  then  become 

Circumference  of  outer  circle  _  OA 
Circumference  of  inner  circle       Oa 
_  Radius  of  outer  circle 
Radius  of  inner  circle  ' 
Circumference  of  outer  circle 
Radius  of  outer  circle 

Circumference  of  inner  circle 
~    ~  Radius  of  inner  circle 
Since  there  was  no  restriction  whatever  as  to  the  sizes 
of  the  two  circles,  ii  follows  that  the  quantity 
Circumference  of  a  circle 
Radius  of  the  circle 
is  the  same  for  all  circles. 
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Hence  fcLo  ratio  of  the  circumference  of  a  circle  to  its 
radius,  and  therefore  also  to  its  diameter,  is  a  constant 
quantity. 

12.  In  the  previous  article  we  have  shewn  that  the 

ratio        ,..' '  "'  is  the  same  lor  all  circles.      The  value 

Diameter 

of  this  constant  ratio  is  always  denoted   by  the  Greek 

letter  w  (pronounced  Pi),  so  that  tt  is  a  number. 

TT  Circumference     ,.  , 

Hence        — =-. - =  the  constant  number  vr. 

Diameter 

We  have  therefore  the  following  theorem ;  The  cir- 
cumference of  a  circle  is  always  equal  to  w  times 
its  diameter  or  Q.-K  times  its  radius. 

13.  Unfortunately  the  value  of  -w  is  not  a  whole 
number,  nor  can  it  be  expressed  in  the  form  of  a  vulgar 
fraction,  and  hence  not  in  the  form  of  a  decimal  fraction, 
terminating  or  recurring. 

The  number  it  is  an  in  corn  uninsurable  magnitude,  i.e.  a 
magnitude  whose  value  cannot  be  exactly  expressed  as  the 
ratio  of  two  whole  numbers. 

Its  value,  correct  to  8  places  of  decimals,  is 
3-14159265.... 

The  fraction  ~^-  gives  the  value  of  tr  correctly  for  the 

first  two  decimal  places;  for  -=-  =  3,14285.... 

r  being 
correct  to  6  places  of  decimals;  for  *  ~=:S,14159203..., 
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[N.B.    The  fraction  -jr.  may  be  remembered  thus;  write  down  the 

first  three  odd  numbers  repeating  each  twice,  thus  11335a;  divide  the 
number  thus  obtiiiijol  inlo  porLion^  a.ud  lot  the  first  pan  be  divided  into 
the  second,  thus  113)  355(. 

The  quotient  is  the  value  of  it  to  6  places  of  decimals.] 

To  sum  up.     An  approximate  value  of  t,  correct 

22 

to  2  places  of  decimals,  is  the  fraction  — -  ;  a  more 

accurate  value  is  3-14159.... 

By  division  we  can  shew  that 


14.     Ex.  I.      The  diariittfr  of  a  tricycle  ,ei:eel  is  £S  inciiif;   Cneaojh 
icio.it  distune.?  decs  in  centre,  hioim;  during  out  recoiution  of  the  wheel! 
The  radius  )■  is  here  14  inches. 
Tii:'  tircaniti-icinii.'  Ikon::  ore  —  '1 .  t  .  1-1  —  2bV  inches. 

Taking  jr  =  ^-,  the  circum fin-Knee  =  -2-3  x  "1"  inehes  =  7  ft.  4  inches  ap- 
proximately. 

Giving  t  the  more  accurate  value  3'1  I  !.5;t265...  the  circumference 
=  28x3-14159265...  inches  =  7ft.  3-96459...  inches. 

Ex.  2.      PTfttit  JMiisf  lie  tile  radius  of  a  circular  ntitithiji  path,  round 
ii-hie.k  an  titlii'/c.  must,  t'.iii  5  tintcn  in  artier  to  dene. rile  one  mile  < 
The  circumference  must  be  ■=  x  1700,  i.e.  352,  yards. 
Hence,  if  r  be  the  radius  of  the  path  in  yard;;,  we  have  2!rj'  =  352, 
176 

™  t  22  .  176x7     ....        , 

Taking  *=-=-,  we  have  r=— -—  =56 yards  nearly. 

Taking  the  more  accurate  value      — -31831,  we  have 
r=176x  -31831=  56-02256  yards. 
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EXAMPLES.     II. 


ct  in  diameter  and  makes 
n  {join;.;? 

3,  A  mill  na.il  whom;  length  is  18  feet  makes  10  involutions  per 
m  inute.     What  distune?  does  its  end  travel  in  an  hour? 

4,  The  diameti  v  of  a  lull:  pen ny  is  an  inc-ii ;  what  is  the  length  of  n 
niece  of  suing  which  would  just  sin  round  its  euwed  edge? 

5,  Assuming  that  the  e::rt;i  describes  in  one  year  a  circle,  of 
92500000  miles  rudius,  whose  centre  is  the  sun,  how  many  miles  does  the 
earth  travel  in  a  year? 

6,  The  radius  of  a  eovriage  wheel  is  1  ft.  1!  ins.,  and  it  turns 
through  80'"'  in  (.tli  of  a  second:  how  many  s-.'.'.es  does  tun  wheel  tmvel  in 
one  hour? 

15.     Theorem.     The  radian  is  a  constant  angle. 

Take  the  figure  of  Art.  9.  Lot  the  arc  AB  be  a 
quadrant  of  the  circle,  i.e.  one  quarter  of  the  circum- 
ference. 

By  Art.  12,  the  length  of  AB  is  therefore  -=- ,  where  r 
is  the  radius  of  the  circle. 

By  Euc.  vi.  33,  we  know  that  angles  at  the  centre  of 
any  circle  are  to  one  another  as  the  arcs  on  which  they 
stand. 

Z  AOP  =  arc  AP  =  j_  J 
£AOB~  bxgAB     it        -it' 

it.  ZAOP--.  LAOB. 

But  wo  defined  the  angle  AOP  to  be  a  Radian. 
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Hence  a  Radian  =  -  .  L  AOB 

=  —  xa  right  an^le. 

Since  a  right  angle  is  a  constant  angle  and  since  we 
have  shewn  (Art.  12)  that  t  is  a  constant  quantity,  it 
follows  that  a  Radian  is  a  constant  angle,  and  is  therefore 

the  same  whatever  be  the  circle  from  which  it  is  derived, 

16.     Magnitude  of  a  Radian. 

By  the  previous  article  a  radian 

2  .  ,,        ,        180° 

--  -  x  ;!    r.:u'h!.   a:igl''  — 

180°  „...,„„,„ 


3-14159265... 
=  57°  17'  44-8"  nearly. 

17.     Since  a  Radian  =  -  x  a  right  angle, 

therefore  a  right  angle  =  ^.radians, 


so  that  ISO0  =  2  right  angles  =  m 

and        360"  =  4  right  angles  =  27r  radians. 

Hence  when  the  revolving  line  (Art.  6)  has  made  a 
complete  revolution  it  has  described  an  angle  equal  to 
27r  radians;  when  it  has  made  three  complete  revolutions 
it  has  described  an  angle  of  (i-n-  .radians;  when  it  has  made 
n  revolutions  it  lias  described  an  angle  of  2-htt  radians. 

18.  In  practice  the  symbol  "  c  "  is  generally  omitted 
and    instead    of    "an    angle    V "    we    find    written    "an 
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The  student  must  notice  this  point  carefully.  If  the 
unit,  in  terms  of  which  the  angle  is  measured,  be  not 
mentioned,  he  must  mentally  supply  the  word  "radians." 
Otherwise  he  will  easily  fall  into  the  mistake  of  supposing 
that  it  stands  for  180°.  It  is  true  that  it  radians  (irc)  is 
the  same  as  180°,  but  tt  itself  is  a  number,  and  a  number 
only. 

19.      To    convert    circular    ■measure    into    sexagesimal 
measure  or  centesimal  measure  and  vice  versa. 
The  student  should  remember  the  relations, 
Two  right  angles  =  180"  =  2008  =  7r  radians. 
The  conversion  is  then  merely  Arithmetic. 
Ex.    (1)     -45^=  '45  x  180°  =  81°=  90*. 

(2)  3°=- x  *■<>  =  ■-  x!80a=-x200s. 


(4)    40*  15'  36"  =40'1536^40'1536  x  ^  r 
=  -2007G8tt  radians. 
ZO.    Ex,  1.    The  angles  of  a  triangle  are  in  a. 

grades  in  the.  le,a/.t  is  in  the  niiiii/ier  of  radians  > 
find,  the  angles  in  degrees. 

Lot  the  angles  be  (x-y)",  x°,  and  (x  +  y)D. 

Since  the  sum  of  the  three  angles  of  a  triangle  is  t! 
ISQ  —  x  -y+x+x  +  y~3x, 
so  that  a:  =  6u. 

The  required  angles  arc  therefore 

(60-#)°,  60°,  and  (60+^)°. 

Now  (eO-y)°=~x{m-y)h 

and  (60  +  !f)°=  ~  x  (60  +  yJ  radium. 
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Hence  ™  (60-  y)  :  -^  (6O+3O  ::  40  : 

20O6O-J/4O 

"     ir    60  +  y~  it  ' 

!.  5{G0~y)-e0  +  y, 


The  angles  are  therefore  20°,  60°,  and  100°. 

-~  Ex.  2,     J'.':rjijv'-i-.<  in  the  3  si/sWiii-i  of  onyittur  >neto;itreiio:iit  the  ma;iiti- 
tude  of  the  angle  of  a  regular  decagon. 

'Hi?  corollary  to  Eno.  L  Hm2  states  that-  all  the  interior  angles  of  any 
rectilinear  figure  together  with  four  right  angles  are  equal  to  twice  as 
many  right  angles!  as  the  figure  has  sides, 

Let  the  angle  of  a  decagon  contain  ;r  right   angles,   so  that  all  the 
angles  are  together  ei[ual  Lo   ItU   light  angles. 
The  corollary  therefore  states  that 

10sc  +  4  =  20, 

so  that  #===  right  angle-. 

But  one  right  angle 

=  90°=100e=  g  radians. 
Hence  the  required  angle 

=  144°  =  160s  =  ^radians. 


EXAMPLES,    in. 

Express  in  degrees,  minutes,  and  seconds  the  angles, 

1.     f-  2.    —■  3.    IChr".  4.    lc-  5,    8", 

Express  in  grades,  minutes,  irni  seeond*  the  angles, 

6.    f.  7.    £.  8.    10,-. 

lixpress.  in  radians  the  Ibllcuvinpj  angles:    . 
9.    60°.  10.    110°  30'.        11.     175°  45'.  12.    47°  25' 36". 

13.    396°.  14,     60s.  15.     11CW.  16.    345B25  3G' . 
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14  TRIGONOMETRY.  [Exs.  III.] 

17.  The  difference  between  the  two  acute  angles  of  a  right-angled 

triang'e  is  It  radia.ns ;    express  tin.'  an  file*  in  degrees. 

18.  One  angle  o(  a  triangle  is  u;  tirades  and  mwilisi'  if  ^.c  degrees, 
whilst  the  third  is  "f_  radians  ;  express  them  all  in  degrees. 

19.  The  circular  measure  of  two  angles  of  a  triiaigie  are  respectively 
=  and  5;  what  is  the  number  of  degrees  in  die  third  angle? 

20.  The  angles  of  a  triangle  n.rc  in  a.  r.  and  the  number  of  degrees 
in  the  least  is  to  the  mi  nib:;]1  of  radians  in  the  [treat  oat  as  BO  to  ir ;  find 
the  angles  in  degrees. 

21.  The  angles  of  a  triangle  are  in  ■■.  p.  anil  the  number  of  radians 
in  the  least  angle  is  to  the  number  fif  degrees  in  tilt'  mean  angle  as  1 :  120. 
Kind  tlie  angles  in  radians. 

22.  Find  the  magnitude,  in  radians  ami  degrees,  of  the  interior 
angle  of  (1)  a  regular  pentagon,  (2)  a  vegula.v  heptagon,  (3)  a  regular 
octagon,  (4)  a  regular  duodecagon,  anil  (3)  a  regular  polygon  of  17  sides, 

23.  The  angle  in  one  regular  polygon  is  to  that  in  another  as  3  :  2  ; 
also  the  number  of  sides  in  the  first  is  twice  that  in  the  second;  how 
many  sides  have  the  polygons? 

24.  The  number  o:  sides  in  two  regular  polygons  are  as  5  ;  4,  and 
the  difference  between  their  angles  is  y";  find  the  number  of  sides  in 
the  polygons. 

25.  Find  two  regular  polygons  such  that  the  number  of  their  sides 
may  be  as  3  to  4  and  the  number  of  degrees  in  an  angle  of  the  first  to  the 
number  of  grades  in  sr.  angle  of  -ho  second  as  1  to  5. 

26.  The  angles  of  a  quadrilateral  are  in  A.  p.  and  the  greatest  s 
double  the  least;  express  the  least  angle  in  radians. 

27.  Find  in  radians,  degrees,  and  grades  the  aiigie  between  the 
hour-hand  and  the  minute-hand  of  a  clock  at  (1)  half-past  three, 
{■!)  twenty  minutes  to  six.  (."it  a  quarter  pest  eleven. 

21.  Theorem.  The  vim/her  of  ruiUa-i/s  in  any  ant/la 
whatever  is  equal  to  a  fraction,  whose  numerator  is  the  arc 
which  the  angle  subtends  at  the  centre  of  any  circle,- and 

whose  dtiivi-iiiwalor  is  the  radius  if  that  circle. 
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MEASUREMENT    OF    ANY    ANGLE    1 


.]  B 


Let  AOP  be  the  angle  which  has  been  described  by  a 
line  ft  to!  'ting  from  OA   find  revolv- 
ing into  the  position.  OP. 

With  centre  0  and  any  radius 
describe  ii  circle  cutting  OA  and 
OP  in  the  points  A  and  P. 

Let  the  angle  AOB  be  a  radian, 
so  that  the  arc  AB  is  equal  to  the 
radius  OA. 

By  Euc  VI.  33,  we  have 

LAPP  __  AAOP  _  arc  AP  _&rcAP 
A  Radian  '"  /  AOB  ~  arc  AB  ~  Radius  ' 


S(.i    tbll. 


Z  A  OP  =  -™-,i-P  x  A  Radian. 
Radius 


Hence  the  theorem  is  proved. 

22.     Ex.  1.     Find   the   tingle  subtended   at   the.  centre,  of  a  circle  of 
radius  3  feet  by  an  arc  of  length  1  foot. 

The  number  of  rurtiniis  in  tin:  angle  —      ,.      —  77. 

Henee  the  angle 

1      j-         13.,,        ,        2      „„n     GO"     ,„,  , 
=-  radian  -  -  .      right  angle  -  .:-  ;-  !M)'J  =    —  =  19^  , 

taking  tt  equal  to—. 

Ex.  2.     In  n.  circle  of  5  i>«(  jwiiiiis  n/mi  i.s  '.';<.■  hmjth  hi  th?.  tire  xcliicb. 
i/iibtentls  an  untile  of  SSr'  I  j'  at  tfte  centre  ? 
If  s  feet  be  the  requited  length,  we  have 

--number  of  riuliii.ii.s  in  33' 15' 


_:«} 


(Arl.JH). 
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16  TRIGONOMETRY. 

Bx.  3.  Assvmhi:)  the  aveni/te  d-htmw.e  of  the.  earth  /mm.  the.  sun  to  he 
yS/iOOOOO  siii'.",  mid  the  iiii.jte  *n!, tended  by  the  sun  a!  die  eye  nf  a  person- 
on  the  earth  to  he  S2',  find  the  sim's  diameter. 

Let  D  be  the  diameter  of  the  sun  in  miles. 

Tim  an;.'"!f!  -vi  liter  dt"d  by  i  hr  -mi  iiein;;  vorv  S'.naJl,  it-  diameter  in  very 
approximately  oliujlI  to  a  huijiII  arc-  o[  a  circle  whose  centre  is  the  eye  of 
the  observer.     Also  the  :hi,:i  Mubtci"!-:!-  tn  an«!o  ol'  32'  hi  oho  centre  of  this 

Hence,  by  Art.  21,  we  have 

aBB=""  """mb™ °<  '"""* in '"' 

=  the  number  of  radians  in    _ 


180      H73' 


:  -"„■  miles  approximately 
=  about  862000  n 

Eje.  4.  Assumiiiii  that  u  iMii'ion  ■;/'  i.nnii'i'  sirjfif  i-ni  rtaii  /jri)i(  «f  ai'i-.'V 
«  distance  that  the  letter*  subtend  an  a.niiie  of  5'  «(  /«"s  eye,  JimJ  wftat  )'s 
(fce  fteijftt  of  ('»;  ii'ifer*  (7i«-J  fit'  e«"  rcn^  »f  «  distance  (1)  o/  12  /cef,  and 
(2)  of  u  quarter  of  a  mile. 

Let  x  be  the  required  height  in  feet. 

In  the  first  case,  x  is  very  nearly  equui  to  the  arc  of  a  circle,  of  radius 
12  feet,  which  Huutond*  an  aiiijlo  of  a   lit  its  centre. 

Hence  ^=number  of  radians  in  3' 

__  1_       *- 

"iaxi80" 

r    ,    ,        1         22  .    .  , 

■'■  I=i8ofet=iro,<yfee6jiearly 

=  -;x-=-  inches  =  about  -„  inch. 
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MEASUREMENT   OF    ANY    ANGLE    IN    RADIANS.  17 

In  the  second  ease  the  height  y  is  given  by 

^       =  number  of  radians  in  5' 

= 13  X  180 ' 

11        11     22.    ,         , 

so  that  ^lS^lS*  7  nf'!LVly 

=  about  '2:1  inches. 

EXAMPLES.    IV. 

1.  Find  the  number  of  degrees  subtended  nt  the  centre  of  a  circle  by 
an  are  whose  length  is  -357  times  the  radias,  taking  jt ^3-1416. 

2.  Express  in  radians  anil  degrees  the  an;;le  subtended  at  the  centre 
of  a  circle  by  an  arc  whoso  length  is  15  feet,  the  radius  of  the  circle 
being  25  feet. 

3.  The  "value  of  the  divisions  on  the  outei  vim  of  \i  ij-jLiluiirnI  circle 
is  5'  and  the  distance  between  successive  graduations  is  -1  inch.  Find 
the  radius  of  the  circle. 

4.  The  diameter  of  a  graduated  circle  is  6  feel  and  [he  graduations 
on  its  rim  are  5'  apart;  find  the  distance  from  one  graduation  to 
another. 

5.  Find  the  radius  of  u  globe  which  is  such  tin;'.  I  ho  distance  between 
two  places  on  the  seme  meii.dian  w/iosc  1'Ltitudc  differs  by  1"  10'  may  be 
half- an -inch. 

6.  Taking  the  radius  of  the  earth  as  4000  mile*  find  the  difference 
in  latitude   of  two  educes,  one  of  which  is  100  miles  north  of  the  other. 

7.  Assuming  the  earth  to  be  ::.  sphere  mid  the  distance  between 
two  parallels  erf  l:itila;io,  which  subtends  an  angle  of  .1"  at  the  earth's 
centre,  to  be  69-J-  miles,  find  the  radius  of  the  earth. 

8.  The  radius  of  a  certain  circle  is  3  feet;  tini  approximates-  Lhe 
length  of  an  arc  of  this  circle,  if  the  length  of  the  chord  of  the  arc  be 
3  feet  also. 

9.  What  is  the  ratio  of  the  radii  of  two  circles  si  the  centre  of  which 
two  arcs  of  the  same  lenfrth  subtend  andes  of  00°  and  75°? 

10.  If  an  arc,  of  length  10  feet,  on  a  circle  of  8  feet  diameter 
subtend  at  the  centre  an  angle  of  148-  i-1'22";  find  the  value  of  tt 
to    1   places  of  decimals, 
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18  TRIGONOMETRY.  [Exs.  IV.] 

11.  If  the  circumference  of  a  circle  be  divider!  into  .]  puts  which  are 
in  a.  P.,  and  if  the  j-oeatcst  p;ut  be  fl  ihr.c~  trie  least,  find  in  radians 
the  magnitudes  of  tile  angles  tlin.t  the  parts  subtend  ai  the  centre  of  the 

12.  The  perimeter  of  ;i  certain  si  ct.ov  of  .:.  cire'e  is  .'.iual  to  t?ic  length 
of  the  arc  of  a  sr  -oieire!.o  having  ihe  same  radii;:: ;  express  the  angle  of 
the  sector  in  degrees,  minutes,  and  seconds. 

13.  At  what  distance  (tons  a  man,  whose  height  is  i.i  feet,  subtend  an 
angle  of  10'? 

14.  Find  the  length  which  at  a  distance  of  one  mile  will  subtend 
an  angle  of  1'  at  the  eye. 

15.  Find  approximately  lb;  c.:-in:ico  ill  wineli  a  globe.  .>/,  i.'cbes  in 
diameter,  will  subtend  an  angle  of  6'. 

16.  Find  approximately  the  distance  of  a  tower  whose  height  is 
51  feet  and  which  subtends  at  the  eye  an  angle  of  '>{'-,'■ 

17.  A  church  spire,  whoso  lieight  in  known  to  bn  io  foet,  sabtcmis 
Lin  angle  of  '.'•'  at  the  eye;  find  ap:;roxm-.a-,i  !y  its  distance. 

18.  Find  approximately  in  minutes  the  inclination  to  the  horizon  of 
an  incline  which  rises  3J  feet  in  210  yards. 

19.  The  radius  of  the  earth  being  taken  to  Lo  ii900  miles,  and  the 
distance  of  the  moon  from  the  eerth  linjii:;  (If.)  times  the  radius  of  the 
earth,  find  approximately  the  radius  of  too  i;u;;u:  which  subtends  at  the 
earth  an  angle  of  16'. 

20.  When  the  moon  is  setting  at  any  given  place  the  angle  that  is 
subtended  at  its  cen-.v,,  by  the-  radius  o:  tlu;  i.i-.t:':i  passim,-  through  the  given 
place  is  57'.  If  the  earth's  radius  be  Sfllli'J  miles,  tiiei  approximately  the 
distance  of  the  moon. 

21.  Prove  that  the  distance  of  the  sun  is  about  81  million  geo- 
graphical miles,  assuming  that  the  angle  which  the  earth's  radius 
subtends  at  the  distance  of  the  sun  is  8'7<V",  and  teat  a  geographical 
mile  subtends  1'  at  the  earth's  centre.  Find  also  the  circumference  and 
diameter  of  the  earth  in  geographical  miles. 

22.  The  radius  of  the  earth's  orbit,  which  is  about  *i2700000  miles, 
subtends  at  the  star  Sirius  an  angle  of  about  -4";  find  roughly  the 
distance  of  Sirius. 
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CHAPTER  II, 


TRIGON0MET1UCA1,   11ATIOS   FOR   ANGLES   LESS  THAN 
A    RIGHT   ANGLE, 


23.     In  the  present  chapter  we  shall  only  consider 
angles  which  are  less  than  a  right  angle. 

Let  a  revolving  line  OP  start  from  OA  and  revolve 
into  the  position  OP,  thus  tracing  out 
the  angle  AOP. 

In  the  revolving  line  take  any 
point  P  and  draw  PM  perpendicular 
to  the  initial  line  OA. 

In  the  triangle  MOP,  OP  is  the 
hypothenuso,  Pil/is  the  perpendicular,  and  OM  is  the  base. 

The  trigonometrical  ratios,  or  functions,  of  the  angle 

AOP  are  defined  as  follows ; 

MP  Pern 

',  is-  called  the  Sine  of  the  angle  AOP; 


Cosine 

Tangent 

Cotangent 


OP' 

Hyp. 

OM 

.      Batie 

OP' 

taHyp.' 

MP 

.     Perp. 

OM  ' 

Base 

OM 

Base 

MP ' 

'i.e.    y: 

Perp. 

OP 

i,.fc 

MP' 

Perp. 

OP 

u  Hi£ 

OM ' 

Base 
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TRIGONOMETRY. 


The  quantity  "by  which  the  cosine  tails  short  of  unity, 
i.e.  1  -  cos  AOP,  is  called  the  Versed  Sine  of  AOP ;  also 
the  quantity  1  — sin  AOP,  by  which  the  sine  falls  short  of 
unity,  is  called  the  Coversed  Sine  of  A  OP. 

24.  It  will  be  noted  that  the  trigonometrical  ratios 
are  all  numbers. 

The  names  of  these  eight  ratios  are  written,  for 
brevity, 

sin  AOP,   cos  AOP,   tan  AOP,   cot  AOP,   cosec  AOP, 
sec  AOP,  vers  AOP,  and  covers  AOP  respectively. 

The  two  latter  ratios  are  seldom  used. 

25.  It  will  be  noticed,  from  the  definitions,  that  the 

cosecant  L-  the  reci|ji-ooal  of  the  sine,  so  that 


cosec  AOP  —  - 


1 


sin  AOP  ' 
So  the  secant  is  the  reciprocal  of  the  cosine,  i.e. 

Be°A0P-^w 

and  the  cotangent  is  the  reciprocal  of  the  tangent,  1 


26.     To  shew  thai  the  triaoiwvietririd  ration  are  always 
the  name  for  the  same  annl-e. 

We  have  to  shew  that  if  in 
the  revolving  line  OP  any  other 
point  P'  be  taken  and  P'M  be 
drawn  perpendicular  to  OA,  the 
ratios   derived   from  the  triangle 


,Google 


TRIGONOMETRICAL   RATIOS.  21 

OP'M'  are  the  same  as  those  derived  from  the  triangle 
OPM. 

In  the  two  triangles  the  angle  at  0  is  common,  and 
the  angles  at  M  and  if  are  both  light  angles  and  there- 
fore equal. 

Hence  the  two  triangles  are  equiangular  and  therefore, 

MP     MP' 

by  Euc.  vl  4,  we  have '  -jy  =  '-jrn;  >  '"■<•'■  r,uu  *m0  °f  ^e  angle 

il  OP  is  the  same  whatever  point  we  take  on  the  revolving 
line. 

Since,  by  the  same  proposition,  we  have 

OM_OM  MP_M'P^ 

OP  ~  OP'  OM  ~~  OM  ' 

it    follows    that    the    cosine    and    tangent    are    the    same 

whatever  point  be  taken  on  the  revolving  line.     Similarly 

for  the  other  ratios. 

If  OA  be  considered  a^  the  rei'oMn;;  liiii?  find  in  it  he  taken  any 
point  P"  and  P''M"  be  drawn  perpendicular  to  OP,  the  functions  aa 
derived  from  the  triiirijjlB  OP"M"  will  have  the  same  values  as  before. 

For,  since  in  the  two  triangles  OPM  and  OP"M",  the  two  angles 
F'OM"  and  OM"P"  are  respectively  equal  to  POM  and  OMP,  these 
two  triangles  are  oqi.ii::Li;i'ii In i-  n.:id  tlicrot'ovK  similar,  and  we  have 
M"P"  _MP  OM"  _  OM 

Of- OP'  OP"~OP' 

27.  Fundamental,  relations  between  the  trigonometrical 
ratios  of  an  angle. 

We  shall  find  that  if  one  of  the  trigonometrical  ratios 
of  an  angle  be  known,  the  numerical  magnitude  of  each  of 
the  others  is  known  also. 

Let  the  angle  AOP  (Fig.,  Art.  23)  be  denoted  by  0, 

In  the  triangle  AOP  we  have,  by  Euc.  I.  47, 

MP*+OM*  =  OP3 (1). 
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22  TRIGONOMETRY. 

Hence,  dividing  by  OP2,  we  have 

ie.  (sra0)'  +  (cos(?)»  =  l. 

The  quantity  (sin  $)-  is  always  written  sin-  0  and  so  for 
the  other  ratios. 

Hence  this  relation  is 

sins0  +  co&!6  =  1 (2). 

Again,  dividing  both  sides  of  equation  (1)  by  OM%  we 
have 

(MP\*  ,  ,      /OP 


low  WW  ' 


i.e.  (tan  0)2  +  1  =  (sec  0f, 

ao  that  sec20  =  1  +  tan2  $ (3). 

Again,  dividing  equations  (1)  by  MP2  we  have 

i.e.  1  +  (cot  0)2  =  (cosec  8f, 

so  that  cosec50  =  1  +cot'J0 (4). 

.1        ■         ■    o     «P      j        a     0-"" 
Also,  since  sin  0  =  ^p  and  cos  0  =  jrp , 

Sin  9      MP      OJf     MP      ,       . 

welm™    w=op+oP=(»=tanl'' 

Hence  tan  6=  — -7,  (o). 

coso 

Similarly  cot#  =  — — j.  (6). 
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TRIGONOMETRICAL    RATIOS. 

2B.     Ex.  1 

.    ftwei&K^Az^^ogec^-BotA 

We  have 

/l-0O9X           /(1-oos^ 
Vl  +  Qoa.4     V    1-oosM   ■ 

1-oobA        1-cmU 

Vl-oosM"    sin  J     ' 

by  relation  (1)  of  the  last  article, 

=  E3-S7=— ''-"'■ 

Ex.  2.     Pre 

M  ffllM 

^/meM+eoMeMatoni  +  coU. 

We  have  see 

a  that             aaa"  A  =  l+taaaA, 

and 

B03eoM  =  l  +  cot2J. 

.'.    sea- A  -i-eosec3  .-1  =  tan3  J  +  2  -feot5/! 

=  tan5  J  +  2  tan  J  cotJ  +  eot2.i 

.(l.n,l+«otJ)", 

so  that 

J«'it™rfJ=».itrti 

EX.  3.    Pro 

„  la 

(» 

«tJ-«i'.U)(..«J-«.^)(»,.^  +  mlJ)  = 

The  pivc-n  expression 

"t 

l-l-ldnx)  (-5 „.,<)  ("Jii  +  !!i: 

_1- 

aioM     1-eos'U     eiuM+cosM 

inA      "      eos^      '     sin^ooa^ 

_ooa 

-A     sin-d             1 
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TRIGONOMETRY. 


EXAMPLES.    V. 

Prove  the  following  sf 


7.  ^-^~. 

8.  {WA  + 


12. 

l  +  tanM_sinaJ 

13. 

bfit- . •      Jan.-  _  1  _  2  see ^  taj 

14, 

tan  J           ootJ 
)UcoT5  +  l-taii^~EeC 

15. 

1  -  tan  A     1  -  cot  A  ~ 

16. 

(Bin  J+oosjI)  (cot A  +  tanA 

17. 

sec*  A  -  soea  A  -  tan4  4  +  tail2 
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[Exg.  V.]  TIUGONOMETRICAL  RATIOS. 

19.  VioseoM- 1=008,4  cosee^. 

20.  seeMcosec3  A=tatf'A+eoPA  +  2. 

21.  ta«-^-smM  =  ainMBee'U. 

22.  (l+Cot.i-ooseoJi)(l+tanJi  +  sec4)=2. 

23.  I  }     =   } - 

„,         cot  A  oos  A         cot -I --cos  .  I 


27.     rinM-cosM=(dnM-oos*it)(I-2sinMcos-ii). 


29.  Zi-Zi'A'1^- 

30.    (taca  +  cosecle)2-(ootj3-secn)2=2tanacot^(ooBeeo  +  8euj3). 

32.  ^^j=l  +  atasuHtatiA-fmtA). 

33,  (cosec  J  +  cot  A)  covers  J  -  (sec  A  +  tan  J)  vera  A 

■=  (cosec  J  -  sec  .4 )  (2  -  vers  A  covers  .4). 

35.    2  versm^  +  cos*  J  =  l  +  versing. 

29.     Limits  to  the  values  of  the  trigoianneLrical-  ratio*. 
From  equation  (2)  of  Art.  27  we  have 
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26  TRIGONOMETRY. 

Now  sin20  and  cos-0,  being  both  squares,  are  both 
necessarily  positive,  Hence,  since  their  sum  is  unity, 
neither  of  them  can  be  greater  than  unity. 

[For  if  one  of  them,  Gay  ain2  6,  were  greater  than  unity,  the  other, 
co&S,  would  have  to  bo  negative,  which  is  impossible.] 

Hence  neither  the  sine  nor  the  cosine  can  be  numeri- 
cally greater  than  unity. 

Since  sin  6  cannot   be   greater  than   unity  therefore 

cosec  0,  which  equals  -. — -„,  cannot  be   numerically  less 

than  unity. 

So   sec  0,  which   equals  — -r. ,  cannot  be  numerically 

less  than  unity, 

30.  The  foregoing  results  follow  easily  from  the  figure 
of  Art.  23. 

For,  whatever  be  the  value  of  the  angle  AOP, 
neither  the  side  OM  nor  the  side  MP  is  ever  greater 
than  OP. 

MP  . 

Sine*]  MP  is   never  greater  than  OP  the  ratio  .yp  is 

never  greater  than  unity,  so  that  the  sine  of  an  angle  is 
never  greater  than  unity. 

Also  since  OM  is  never  greater  than  OP,  the  ratio  -jp 

is  never  greater  than  unity,  i.e.  the  cosine  is  never  greater 
than  unity. 

31.  We  can  express  the  trigonometrical  ratios  of  an 
angle  in  terms  of  any  one  of  them. 
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The  simplest  method  of  procedure  is  best  shewn  by 

example. 

Ex.  1.  To  express  all  the  trigono- 
metrical ratios  in  terms  of  the  sine. 

Let  AOP  be  any  angle  S. 

Let  the  length  OP  be  unity  and  let 
the  corresponding  length  of  MP  be  s. 


By  Euc.  i.  47,  OM  =  *JOP*-MPi  = 

tt  ■    a     MP     a 

Hence  sm  8  =  -jrn  =  -  =  s, 


oi> 


tan  #  s=  7rii 


OM~-J\-i,"~*ll- 
?     VI- 


„      OP 


The  last  five  equations  give  what  is  requited 

Ex.  2.      'To  &>:pfe.*«  all  tke  triJioiwrndiical  relatvji'.s  i 
terms  of  the  cotangent. 

Taking;  the  usual  figure  let  the 
length  MP  be  unity,  and  let  the  corre- 
sponding value  of  OM  be  x. 

By  Euc.  I.  47, 

OP -•iOW  +  MP'-  vT+s: 
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COt0  = 

OM    a 
MP~1~ 

=  #, 

Bin  0 

MP 

0P~~ 

1 

1 

vr+~cotF0 ' 

DOB0 

OM 
~0P  = 

~  i/l+eP** 

cotfl 
Vl  +  ca&O ' 

tan  6 

MP 
0M~~ 

1_     1 

~  ic  ~  eot  0 

sec^^ 

OP 

0M  = 

_  i/l  Ttf3 

VT+cot=0 

cottf      ' 

eosec  0  ■ 

OP 

MP' 

=  „__ 

^Vl+cot2!?. 

U!U 


The  last  five  equations  give  what  is  required. 
It  will  be  noticed  that,  in  each  ease,  the  denominator 
of  the  fraction  which  defines  the  trigonometrical  ratio  was 
MP 
''OP' 

hence  in  Ex.   1  the  denominator  OP  is  taken  equal  to 
unity. 

is  taken  equal  to  unity. 

Similarly  suppose  we  had  to  express  the   other  ratios 
in  terms  of  the  cosine,  we  should,  since  the  cosine  is  equal 

to  -jyp  >  Put  OP  equal  to  unity  and  OM  equal  to  c.      The 

working  would  then  be  similar  to  that  of  Kxs.  1  and  2. 

In  the   following   examples  the   sides  have   numerical 
values. 
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Ex.  3-     If  cos  0  equal  '..  ,  find  the  i'ahies  of  the  other  ratios. 

Along  the  initial  lice  OA  take  OM.  equal  to  3,  and  erect  a 
dicular  MP. 

Let  a  lino  OP,  of  length  3,  ixTolve  ronncl  O  until  its  other  c 
this  perpendicular  in  the  point  P.     Then  AOP  is  the  angle  6. 

By  Eue.  i.  47,        MP=  Jop*-om=  N/Ss-3a=4. 

Ileuce  clearly 


Ex.  4.     Supposing  8  tn  be  an  angle  whose  sii 

e;d  Hiiit/'Liiiul::  ofi:-e  oilier  triiwii'jiiietrictil  ratio 

Here  sin  S--,  ao  that  the  relation  (2)  of  A 

9=1, 


(»'< 


Hence  tanfl=  — - 

cot  8  =  - 


1  3    _3J2 

<s0     V3~    *    ' 
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EXAMPLES.    VI. 
1.     Express  all  the  ot'niT  1. v !. l_-< : .' i ■  ■  i v  o _.  1  t-  • ;  1  rutins  in  terms  of  the  ct 


is  of  tlie  ti 
13  of  the  ■ 
is  of  the  secant. 


2.  fixpress  all  the  ration  in 

3.  Express  all  the  ratios  ii 

4.  Esprcfi;  all  the  ratios  in 

5.  The  sine  of  a  certain  angle  is  ,  ;  find  the  numerical  values  of  toe 
other  trigonometrical  ratios  of  this  angle. 

B,  If  sinfl  =  —  ,  find  tan  e  and  versine. 

7.  If  sin,4  =  ^,findtanJ,co3Ji,andsec-4. 

8.  If  cos  9=-= ,  find  sin  8  and  cot  0. 

9.  If  cos.4  =  ^-,  find  tan 4  and  cosed. 

10.  If  tan  9=  j,  find  the  sine,  cosine,  versine  and  cosecant  of  0. 

U,  If  tan  8. 

12.  If  cot  0  =  £,  And  c 


13. 

If  siid.'l  =  )-,  iinil  tiin.-l  :mtl  rmsec-i. 

14. 

If  2sin0  =  2-cos0,  nndsinfl. 

15. 

If8sin0  =  4  +  ooa(l,  findsin0. 

16. 

If  tan  0+  see  9=  1-5,  find  sin  6. 

17. 

If  eot0  +  cosec0  =  5,  findcosfl. 

IS. 

If  3seo4e  +  8  =  10sec2S,  find  the  valnes  of 

19. 

If  tan2  8  +  see  0=  5,  find  oos  0. 

20. 

If  tan  e-v  cot  8  =  2,  find  sin  8. 

21. 

If  sec2  0  =  2  +  2  tanfl,  find  tan  8. 

22. 

Iftan0  =  2-^M    find  eintfand  cos*. 
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TRIGONOMETRY. 


Values  of  the  trigonometrical  ratios  in 
some  useful  cases. 


33.     Angle  of  45°. 

Let  the  angle  AOP  traced  out 
be  45°. 

Then,  since  the  three  angles  of 

a  triangle   are   together  equal   to 

two  right  angles, 

£  OPM '=  180°  -  z  POM  -  <L  PMO 

=  180°  -  45°  -  90°  =  45 


*  =  £POM. 
.-.  0M  =  MP=a(aa,y), 

OP  =  '/OM*~+MPT=  -J2 .  a. 

■'■  S111*y  "OP  ~V2.a~V2' 
OM        a  \ 


r,os  4."> '  = 


am! 


tan  4">' 


OP     V2-a     V2' 

a. 


34    Angle  of  SO0. 

Let  the  angle  j40P  traced 
out  be  30°. 

Produce  Pif  to  P'  making 
MP*  equal  to  PJf. 

The  two  triangles  (IMP  and 
OMF  have  their  sides  OJW  and 
MP  equal  to  OJtf  and  MP  and 
also  the  contained  angles  equal. 

Therefore  OP'  =  OP,  and  z  OP'P  = 
that  the  triangle  P'OP  is  equilateral. 
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TRIGONOMETRICAL    RATIOS. 

OP2  =  PP'S  =  &PM*  =  4-OP*  - 


_MP  _ 
~0P  ~ 


co.-  :)0  ^ 


OP 

sb  30°  _  1 
=  cos  30°     -J3 ' 


2a_V3 
V3" 


35.      J-nffifi  (;/0O". 

Let  the  angle  j!  OP  traced 
out  be  60°. 

Take  a  point  N  on  OA,  so 
that 

MN=OM=a(s&y). 

The  two  triangles  OMP  and 
.M/P  have  now  the  sides  OM 
and  MP  equal  to  iVM  and  MP 
respectively,  and  the  included 
angles  equal,  so  that  the  triangles  are  equal. 

.-.  PJV=OP,and  £PNM=£P0M=W. 

The  triangle  OFF  is  therefore  equilateral,  and  hence 

OP  =  ON  =  WM^2a. 


.  MP-*/01*-0Sl*=--*/4a* 


=  V3  .  a. 
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sin 

60" 

MP 
OP" 

V3a 
2a 

- 

2 

cos 

80° 

OM 
~ OP' 

a 

'a" 

1 

2 

and  ..,,, 

3  60" 

36.     Angle  of  0". 

Let' the  revolving  line  OP  have  turned  through  a  very 
small  angle,  so  that  the  angle 
MOP  is  very  small. 

The  magnitude  of  MP  is 
then    very  ^mall   and  initially, 

before  OP  had  turned  through  an  angle  big  enough  to  be 
perceived,  the  quantity  MP  was  smaller  than  any  quantity 
we  could  assign,  i.e.  was  what  we  denote  by  0. 

Also,  in  this  case,  the  two  points  M  and  P  very  nearly 
coincide,  and  the  smaller  the  angle  AOP  the  more  nearly 
do  they  coincide. 

Hence,  when  the  angle  AOP  is  actually  zero,  the  two 
lengths  OM  and  OP  are  equal  and  MP  is  zero. 


.Hence 
I 

sin  0" 

cos  0C 

tan  0'J 

Jff      0 
OP~0P~  ■ 
OM     OP 
OP     OP       ' 
=  $  =  0. 

Also  cot  0"  = 

=  the  value  of  -rv    when  M  and  P  coincide 

he  ratio  of 

a  finite 

quantity  to  som 

(■■tiling 

infinil.e'y 

small 

=  a  quantity  which  is  infinitely  great. 
Such  a  quantity  is  usually  denoted  by  the  symbol  c 
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Hence 
Similarly 

And 


T]:[(i()M)-MKT!f|i.'A!,    RATIOS. 
cot  0°  =  CO  . 

eosoc  0"'  = 


e0' 


OP 
MP~~ 

op 

"  OM  ' 


37.     Angle  of  W". 

Let  the  angle  AOP  be  very  nearly,  but 
not  quite,  a  light  angle. 

When    OP   has    actually   described   a 
right  angle  the  point  M  coincides  with  0, 
so  that  then  OM  is  zero  and  OP  and  MP 
are  equal. 

MP  _0P_ 
~"0P~0P      ' 


Hence 


sin  90'  = 


on0     OM      0 


0: 


_  MP  _  a  finite  quantity 

OM     an  infinitely  small  i|uanliiy' 
~  a  number  infinitely  large  =  <x> . 
cot  90  =^  =  ^  =  0, 


and 


OP 

-0M-m- 

eonec  !)0 


s  in  the  case  of  the  tangent. 

0P__0P_ 
'MP     0~P~ 


38.  Complementary  Angles.  Def.  Two  angles 
are  said  to  be  complementary  when  their  sum  is  equal 
to  a  light  angle.  Thus  any  angle  0  and  the  angle 
90°  -  8  are  complementary. 
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39.      To  find  the,  relations  between  the  trigonometrical 
ratios  of  two  complementary  angles. 

Let  the   revolving  line,  starting  from   OA,  trace   out 
any  acute  angle  A  OP,  equal  to 
8.     From    any   point    P    on    it 
draw  PM  perpendicular  to  OA. 

Since  the  three  angles  of  a 
triangle  are  together  equal  to 
two  right  angles,  and  since  OMP 
is  a  right  angle,  the  sum  of  the 
two  angles  MOP  and  OPM  is  a 
right  angle. 

They  are  thorelore  complementary  and 

£.  OPM  =  90°  -8. 

[When  the  angle  OPM  is  considered,  the  line  PM  is 
the  "  base  "  and  MO  is  the  "  perpendicular."] 
Wo  then  have 


tan  (90°  -ff)  =  tan  MPO  = 


=  cot  .4  OP  =  cot  0, 


cot  (90"  -  8)  =  cot  MPO  =jA  =  tan  A0P  =  tan  8, 


and  sec  (90°  -  8)  =  sec  MPO  = 


=  eoscc  A  OP  =  cosec  8. 
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:;r 


Hence  we  observe  that 

the  Sine  of  any  angle  —  the  Cosine  of  its  complement, 
the  Tangent  of  any  angle  =  the  Cotangent  of  its  comple- 
ment, 

and  the  Secant  of  an  angle  =  the  Cosecant  of  its  comple- 
ment. 

From  this  is  apparent  what  is  the  derivation  of  the 
names  Cosine,  Cotangent,  and  Cosecant. 

40.  The  student  is  advised  before  proceeding  any 
further  to  mate  himself  quite  familiar  with  the  following 
table.     [For  an  extension  of  this  table,  see  Art.  76.] 


Angle 

0" 

30° 

45" 

60° 

90° 

s™ 

0 

1 

2 

1 
V2 

V3 

Cosine 

1 

J3 

3 

2 

0 

Tangent 

0. 

\/3 

1 

V3 

Cotangent 

. 

V3 

* 

V3 

0 

Cosecant 

. 

2 

V2 

2 

• 

Secant 

1 

2 
J3 

^2 

2 

. 

If  the  student  commits  accurately  to  memory  the 
portion  of  the  above  table  included  between  the  thick 
lines,  he  should  be  able  to  easily  reproduce  the  rest. 
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For 

(1)  the  sines  of  60°  and  90°  are  respectively  the 
cosines  of  30°  and  0°.  (Art.  39.) 

(2)  the  cosines  of  60"  and  90°  are  respectively  the 
sines  of  30°  and  0°.  (Art.  39.) 

Hence  the. second  and  third  lines  are  known. 

(3)  The  tangent  of  any  angle  is  the  result  of  dividing 
the  sine  by  the  cosine. 

Hence  any  quantity  in  the  fourth  line  is  obtained  by 
dividing  the  corresponding  quantity  in  the  second  line  by 
the  coi'i'tisptjiidiii.t;  quantity  in  the  third  lino. 

(4)  The  cotangent  of  any  angle  is  the  reciprocal  of 
the  tangent,  so  that  the  quantities  in  the  fifth  row  are  the 
reciprocals  of  the  quantities  in  the  fourth  row. 

[:>)     Since   cosec  8  =  -.'  --.,  the  sixth   row  is  obtained 
v  '  sine 

by  inverting  the   corresponding   quantities  in  the   second 
row. 

(6)  Since  sec  6  =  -  ^ ,  the  seventh  row  is  similarly 
obtained  from  the  third  row. 

EXAMPLES.    VII 
1.    If  4  =  30°,  verify  that 
(1)    ooaai=cosU-frinM=.2eosU-l, 

[4)     sin  3  A  =  8  sin  A  -  4  sin"  A , 
and     (5)     tanU=.j?g^. 
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2.    If  A  =46°, 
(X)     sin  24: 

(2)       C0S2J: 

verify  :.h:i: 
=  2  fan  A  em  A, 

and    (3)    tan  2,4; 
Verify  that 

■2  tan  A 
"  1  -  tan2  A  ' 

3.    Bin=30°+£ 

in*46°+sin*80°=jL 

i,    tan=30°  + 

;wi146o+toii,60o=4J. 
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CHAPTER  III. 


SIMPLE    PROBLEMS     IN     IlKH.ilLTS    AND    DIKTANCKH. 


41.  One  of  the  objects  of  Trigonometry  is  to  find  the 
distances  between  points,  or  the  heights  of  objects, 
without  actually  measuring  these  distances  or  these 
heights. 

42.  Suppose  0  and  P  to  be  two  points,  P  being  at  a 
higher  level  than  0. 

Let  OM  be  a  horizontal  line 
drawn  through  0  to  meet  in  M 
the  vertical  line  drawn  through 
P. 

The  angle  MOP  is  called 
the  Angle  of  Elevation  of 
the  point  P  as  seen  from  0. 

Draw  FN  parallel  to  MO,  s 
zontal  line  passing  through   P.     The  angle  NPO  is  the 
Angle  of  Depression  of  the  point  0  as  seen  from  P. 


i  that  FN  is  the   hori- 


:i  piaclieal  i\ 


■o  tlii  Tlit-odo- 


43.     Two  of  the  InsinuiK 
lite  and  the  Sextant, 

Tl',f:  Theodolite  is  ;ise-d  to  measure  smiles  in  a  vertical  plain.:. 

T:i(!  Thciidolil'.:.  in  its  simple  form.  oor.sis1:?.  o:  a  ti-leseops  jtttaclir-il 
to  a  flat  piece  of  wood.  Thin  pieec  of  wood  is  supported  by  three,  legs 
and  can  be  arranged  so  as  to  Im1  accurately  horizontal. 
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This  table  being  at  0  and  horizontal  and  the  telescope  being  initially 
pointing  in  the  direction  GUI,  the  laiter  can  he  made  to  rotate  in  a 
vertical  plant'  until  it  points  accuiiif.e'.y  rowiiirls  P.  A  jrrartuated  scale 
shews  the  angle  tlirouyli  which  it  has  boon  turned  from  the  horizontal, 
/.  e.  gives  us  the  angle  of  elevation  MOP. 

Wmi'nrly,  if  the  instrument  were  at  7',  the  angle  .Vi'O  through  '.vhicli 
the  telescope  would  have  lo  lie  turned,  downward  from  the  horizontal, 
would  give  us  the  angle  NPO. 

Tbe  inslrumcut  win  al»o  he  used   Lo  measure  angles   in  a  horizontal 

44.  The  Sextant  is  usial  to  1'ind  the  ani;le  subtended  by  any  two 
points  I)  and  E  at  a  third  point  F.  It  is  an  instrument  much  used  on 
boavil  :i:iipa. 

Its  construction  anil  application  are  too  complicated  to  be  here 
cunsaiiaea. 

45.     We  shall  now  solve   a  few  simple   examples  i:i 

height.*  a.ucl  distances. 

Bx,  1.  A  vertira.i  ila,:i*tatf  stand.-i  on  a  horizontal  plum: ;  from  a  point 
distant  ISO  feet  from  its  foot,  tin  unfile  of  r' •ra  i  i  o  a  of  >H  top  is  found  in  be 
30";  find  the  height  of  the  flagstaff. 

Let  MP  (Fig.  Art.  42)  represent  the  flagstaff  and  O  the  point  from 
v.  Iii eh  the  an;;le  of  elevation  is  nils  on. 

Then  OM=U0  feet,  and  tMOF-WP. 

Sin;:e  PilU  is  a  ri;rbl  an;;lc,  wo  have 

{£-«„*«.=  toW.=£(M.«). 

-  —SS-S-1^-* 

■now,  by  extraction  of  the  sijuare  root,  we  have 
^8  =  1-78205.... 
Hence  MP=50xl'73206...feet  =  88-6025...  feet 

Bx.  S.  A  man  nrirhei  to  find  the  height  of  a  oimreh  <oire  mhi.-'li  sUa/iix 
on  a  horizontal  plane;  at  a  point  im  this  plane  he  finds  the  angle  of 
deration  of  tin-  top  of  the  si-ir?  to  be  Vf  ;  on  walking  100  feet  toward,  tin: 
tower  lie  find*  the  corresponding  tingle  of  elevation  lo  be  60°;  deduce  the 
height  of  tlte  lower  and  aho   his  original   distarwe  from,   the  foot   of  the 
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Let  P  be  the  top  of  the  spire  and  A  and  B  the  tsvo  points  at  which 
the  angles  of  elevation  arc  taken.    Draw 
PM  perpendicular  to  AB  produced  and 
let  MP  be  x. 

We  are  given  AB-100  feet, 
I  MAP  =  45°, 
and  zJI/fiP=l50°. 

We  then  have 


AM 


■U5°, 


=ooteo°=4 - . 

Hence 

AM=x,  and  BJf=4o' 

,    lOO.^H-SM.,-^.,^1. 

•■  •   7/1    100VJ(f +  1,~S»(SWS) 

=  50[H  +  l-7Miil)r>...]^-2;itVlJ...  t'uet. 

;o   that  both  ol  the-  required   ilmu-noe 


Ex.  3.  From  the  lop  <>/  a  f.-iij-V'.  200  ./;■<•<  7.'/;/A,  W.t  'injta  of  ilep,v'*ior> 
of  tlie  top  and  bottom  of  a  tower  are  observed  to  be  30'-  and  60° ;  ji)Hi  t/ie 
fteiijht  of  the.  tower. 

Let  A  be  the  point  of  observation  and  BA  the  height  of  the  cliff  and 
let  CD  be  the  tower. 

P raw -'[Ji  horizontally,  so  that    /.  A'.IC  —  ijO'J  and  g  . 

iEAD  =  60P. 

Let  a  feet  be  the-  lu:ii;}ii  of  ;.!n;  1'iivcr  auJ  produce 
DC  to  meet  AE  in  JB,  so  that  CE=AB  -  ^  =  300-  x. 

Since  iADB=  £  DAE =G0P  (Eno.  i,  29), 


.-.  DJf  =  Ji(cotJlDB  =  200c( 


"V»" 
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Ex,  4.  A  man  obsiiirns  </iaf  at  n  ^oiiif  rfjis  MiifJi  ij/«  eertnin  lower  >U 
angle  of  elevation  is  GO'';  it,'  then  u-'iU-x  300  feet  due  uvt  on  a  horizontal 
plane  and  finds  Chat  the  nvgl.ii  of  elevation  is  then-  30" ;  find  the  height  of 
the  tinner  and  hit.  original  di*ta:tee  front  it. 


Let  P  he  the  top,  and  PAI  the  height,  of  tlic  tower,  .1  the  point  clue 
south  of  the  tower  and  B  the  point  due  west  of  A. 

The  angles  P3IA,  PMB,  and  JMB  are  therefore  all  right  angles. 
For  simplicity,   since  the  triangles  PAM,  PJ1M,  and  ABM  are  in 

different  plunes,   they  are  reproduced  m  the   second,   third,  and    fourth 
tiinsras  ai'.d  drawn  to  scale. 

We  are  given  ,*B  =  300  feet,   z  P^3i"=60t>,  and  lPBM=S<f. 

I  i'.t  tin;  hfiii-dit  of  tin;  tower  be  x  feet. 
[''roiii  [.lie  SfCond  l^iue 


AM 


eoUiO  - 


v»* 


l'rom  ;.hc  ijiird  figQie 
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From  the  last  figure  we  have 


=  75x2-44940.. .  =  183-71...  fee- 

■riginal  distance  from  the  tower 


EXAMPLES,    vrn. 

ii  standing  on  the  b.Liil:  of  a  river  observes  thai  the  n.ngle 
d  by  a  tree  on  the  opposite  haul;  is  lil^;  when  he  retires  40  foci 
from  the  ban];  lie  finds  the  angle  to  be  30° ;  find  the  height  of  the  tree 
and  tin;  breadth  of  the  river. 

2.  At  a  certain  point  the  ar..-'..::  of  elevation  of  a  rower  is  fonnr]  to  be 
such  that  its  cotangent  is  '-  ;  on  walking  .12  feet  directly  toward  the  tower 
its  angle  of  elevation  is  an  angle  wlii-.se  coimigent  is  -=,  Find  the  lieight 
of  the  tower. 

3.  At  a  point  A  the  angle  of  elevation  of  a  tower  is  found  to  be  such 
thai  its  tangent  is  '  j  ;  on  walking  210  feet  nearer  the  tower  the  tangent 
of  the  angle  of  elevation  is  found  to  be    -  ;   what  is  the  height  of  the 

4.  Find  the  height  of  a  chimney  when  il  is  found  thai  on  walking 
towards  it  100  feet  in  a  horiKontal  line,  through  its  base,  the  angular 
elevation  of  its  top  chalices  from  L10'J  to  45°. 

5.  An  observer  on  the  top  of  a  clilf,  200  feel  above  the  sea-level, 
observes  the  angle-  of  depression  of  two  ships  at  anchor  to  he  45°  and  30° 
respectively  ;  lino  the  distances  between  tlie  ships  if  the  line,  joining  theur 
points  lo  the.  Imiri:  of  the  eliff. 
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6,  Prom  the  tup  of  i1.  cliff  an  observer  iiinls.  that,  the  angles  of 
depression  of  two  buoys  in  the  sea  are  39°  and  2(i°  respectively ;  the 
buoys  are  300  yards  apart  and  the  line  joiui.ii;;  them  points  straight 
at  the  foot  of  tho  cliff ;  line  the  lici-lil  of  the  chfi  and  the  distance  of  the 
nearest  buoy  from  the  foot  of  the  cliff,  givun  that  cot  ~M>~  —  2-0503,  and 
cot  39°=  1-2340. 

7.  The  upper  part  of  a  tree  broken  over  by  the  wind  makes  an  angle 
of  .'10°  with  tin;  ground,  and  Liu;  dislanec  -mm  Lin;  root  to  the  point  where 
the  top  of  the  tree  touches'  the  ground  is  r,0  h.<:i  ;  what  was  the  height  of 
the  ttoo'.' 

9.  The  horizontal  distance  between  two  towers  is  60  feet  and  the 
angular  depression  of  the  top  of  the  first  as  seen  from  the  top  of  the 
second  which  is  130  feet  high  is  30- ;  find  the  height  of  the  first. 

9.  The  angle  of  elevation  of  the  top  of  an  unfinished  tower  from  a 
point  distant  120  feet  from  its  ba;c  is  lo:';  how  much  higher  must  the 
tower  be  raised  bo  that  its  angle  of  elovation  at  the  same  point  may  be 
60°  ? 

10.  Two  pillars  of  (::|r.a.  height  stand  on  cither  side  of  a  roadway 
which  is  100  feet  wide ;  at  a  point  in  the  roadway  between  the  pillars  the 
elevations  of  the  lops  of  the  pillars  are  till"  and  BO'-"  ;  find  their  height  and 
the  position  of  the  point.      ...■  '■    ,■ 

11.  The  angle  of  elevation  of  the  top  of  a  tower  is  observed  to  be 
60° ;  at  a  point  40  feet  above  the  first  point  of  observation  the  elevation 
is  found  to  be  45°;  find  the  height  of  the  tower  and  its  horizontal 
distance  from  the  points  of  observation. 

12.  At  the  foot  of  a  mountain  the  elevation  of  its  summit  is  found 
to  be  45°;  after  as;;cnuin;.'  one  mile  ;ip  a  slope  of  iJO"  inclination  the 
elevation  is  found  to  be  60°.     Find  the  height  of  the  mountain. 

13.  What  is  the  angle  of  el  oval  ion  of  the  sue  when  the  length  of  its 
shadow  is  .N/3  times  its  height'? 

14.  The  shadow  of  a  tower  standing  on  a  level  plane  is  found  to  be 
60  feet  longer  when  the  sun's  aii.itude  is  !'(0'-  than  when  it  is  45°.  Prove 
that  the  height  of  the  tower  is  30  (1  +  y/3)  feet. 

15.  On  a  straight  coast  there  are  three  objects  .1,  B,  and  C  such 
that  AB=BG-2  miles.  A  vessel  approaches  75  in  a  line  perpendicular 
to  the  coast  and  at  a  certain  point  AC  is  found  ft)  subtend  an  angle  of 
60°  ;  after  sailing  in  tbe  same  direction  for  ten  minutes  AC  is  found  to 
subtend  130°  ;  find  the  rate  at  which  the  ship  is  going. 
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16.  Two  flagstaffs  stand  on  a  horizontal  plane.  A  and  B  are  two 
points  on  the  line  joining  the  bases  of  the  iiajrslalts  and  between  them. 
The  angles  of  elevation  of  the  tops  of  the  riagstaifs  as  seen  from  A  are 
30°  and  60°  and,  as  seen  from  B,  they  are  60°  and  43°.  If  the  length  AB 
be  30  feet,  find  the  heights  of  the  flagstaffs  and  the  distance  between 

17.  P  is  the  top  and  q  the  toot  of  a  tower  standing  on  a  horizontal 
plane.  A  and  B  are  two,  points  on  this  plane  such  that  AB  is 
32 feet  and  QAB  is  a  right  angle.     It  is  found  that  cot  PAQ-"  and 

cot  PBQ=^\ 

find  the  height  of  the  tower. 

18.  A  square  tower  stands  upon  a  horizontal  plane.  From  a  point 
in  this  plan.-'  from  which  three  of  its  upper  corners  are  visible  their 
angular  elevations  are  respectively  45s,  60°,  and  46°.  Shew  that  the 
height  ol  the  fever  is  to  ihe  breadth  of  out  of  its  sides  as  v'0(vT>rl) 
to  4. 

19.  A  lifihthonse,  facing  north,  sends  out  a  Ion-shaped  beam  of 
light  extending  from  uouh-east  to  north-west.  A  steamer  Sailing  due 
west  iirst  sees  the  lighthouse  when  il.  is  r>  miles  away  li.eu\  the  lighthouse 
and  continues  to  see  it  for  30^/2  minutes.  What  is  the  speed  of  the 
steamer  ? 

20.  A  man  stands  at  a  point  X  on  the  bank  XY  of  a  river  with 
straight  and  paiallcl  tanks  aud  ol^evves  that  the  line  joining  X  to  a 
point  Z  on  the  opp!>sitl:  bank  makes  an  angle  of  30"  with  XY.  He  then 
goes  along  the  bank  a  ilistanee  of  21)1!  yards  to  ).'  and  i.nds  that  the  angle 
ZYX  is  G0°.     Find  the  breadth  of  the  river. 

21.  A  man,  walking  due:  north,  observes  lliat  the  elevation  of  a 
balloon,  which  is  flue  east  of  him  and  is  sailing  toward  the  north-west, 
is  then  60°  ;  after  lie  ha':  wa'kod  4.00  yards  Ike  iialloon  is  vertically  over 
his  head  ;  find  it-  height  supposing  it  to  have  always  remained  the  same. 
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CHAPTER  IV. 

APPLICATION   OF  ALGEBRAIC   SIGNS  TO  TRIGONOMETRY. 

46.  Positive  and  Negative  Angles.     In  Art,  6  in 

treating  of  angles  of  any  size  wo  spoke  of  the  revolving 
line  as  if  it  always  revolved  in  a,  direction  opposite  to  that 
in  which  the  hands  of  a  watch  revolve,  when  the  watch  is 
held  with  its  face  uppermost. 

This  direction  Is  called  counter-clock wiae. 

When  the  revolving  line  turns  in  this  manner  it  is  said 
to  revolve  in  the  positive  direction  and  to  trace  out  a 
positive  angle. 

When  the  line  OP  revolves  in  the  opposite  direction, 
i.e.  in  the  same  direction  as  the  hands  of  the  watch,  it  is 
said  to  revolve  in  the  negative  direction  and  to  trace  out 
a  negative  angle.     This  negative  direction  is  clockwise. 

47.  Let  the.  revolving  line  start  from  OA  and  revolve 
until  it    reaches   a  position   OP  which 

lies  between  OA'  and   OB'  and  which  B 
bisects  the  angle  A'OB'. 

If  it  has  revolved  in  the  positive      a- — ■? - j 

direction  it  has  traced  out  the  positive  ■f 

angle  whose  measure  is  +  225°.  b- 
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If  It  has  revolved  in  the  negative  direction  it  has 
traced  out  the  negative  single  —  135°. 

Again,  suppose  wo  only  know  that  the  revolving  line  is 
in  the  above  position.  It  may  have  made  one,  two,  three 
...  complete  revolutions  and  then  have  described  the 
positive  angle  +  225°.  Or  again  it  may  have  made 
one,  two,  three...  complete  revolutions  in  the  negative 
direction  and  then  have  described  the  negative  angle 
- 135°. 

In  the  first  case  the  angle  it  has  described  is  either 
225°,  or  360°  +  225°,  or  2  x  360°  +  225°,  or  3  x  360"  +  225° 
i.e.  225°,  or  585",  or  945°,  or  1305°.... 

In  the  second  case  the  angle  it  ha*  described  is  —  135°, 
or  _  360°  -  135°,  or  -  2  x  360°  -  135'J,  or  -  3  x  360"  - 135° 
i.e.  -  135°,  or  -495°,  or  -855",  or  -  1215".... 

48.  Positive  and  Negative  Lines.  Suppose  that 
a  man  is  told  to  start  from  a  given  milestone  on  a  straight 
road  and  to  walk  1000  yards  along  the  road  and  then  to 
stop.  Unless  we  are  told  the  direction  in  which  he 
started  we  do  not  know  his  position  when  he  stops.  All 
we  know  is  that  he  is  cither  at  a  distance  1000  yards  on 
one  side  of  the  milestone  or  at  the  same  distance  on  the 
other  side. 

In  measuring  distances  along  a  straight  line  it  is 
therefore  convenient  to  have  a  standard  direction ;  this 
direction  is  called  the  positive  direction  and  all  distances 
measured  along  it  are  said  to  be  positive.  The  opposite 
direction  is  the  negative  direction  and  all  distances 
measured  along  it  are  said  to  be  negative. 

The  standard  or  positive  directions  for  horizontal  lines 
is  towards  the  right. 
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POSITIVE    AND   NEGATIVE    LINES. 


40 


The  length  OA  is  in  the  positive  direction.  The 
length    OA'   is  in   the 

negative  direction.     If     ^ -*—  -  -A 

the   magnitude  of  the 

distance  OA  or  OA'  be  a,  the  point  A  is  at  a  distance 

-+-  a  from  0  and  the  point  A'  is  at  a  distance  —  a  from  0. 

All  lines  measured  to  the  right  have  then  the  positive 
sign  prefixed ;  all  lines  to  the  left  have  the  negative  sign 
prefixed. 

If  a  point  start  from  0  and  describe  a  positive  distance 
OA  and  then  a  distance  AB  back  again  toward  0,  equal 
numerically   to   b,   the    total    distance   it   has   described 
measured  in  the  positive;  direction  is  OA  +  AB 
i.e.    +  a  +  (—  b),   i.e.  a  —  b. 

49.  For  lines  at  right  angles  to  AA'  the  positive 
direction  is  from  0  towards  the  top  of  the  page,  i.e.  the 
direction  of  OB  (Fig.  Art.  47).  All  lines  measured  from 
0  towards  the  foot  of  the  page,  i.e.  in  the  direction  OB', 
are  negative. 


50.     Trigonmiie-trical  ratios  fur  an  o.mjle  of  any 


hide. 

Let   OA   be  the  initial   line  (dn 
direction)  and  let  OA'  be  drawn  in 
the  opposite  direction  to  OA. 

Let  BOB'  be  a  line  at  right 
angles  to  OA,  its  positive  direction 
being  OB. 

Let  a  revolving  line  OP  start 
from  OA   and   revolving  hi   either 
direction,  positive  or  negative,  trace 
L.  T. 


the 


pusitive 
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out  an  angle  of  any  magnitude  whatever.  From  a 
point  P  in  the  revolving  line  draw  PM  perpendicular 
to  A  OA'. 

[.Foul-  positions  of  the  revolving  liiu>  tw.  given  in  the  figure,  one  in 
each  of  the  four  quaiirani,-';.  and  tht  m,:)ixos  1.  2,  '■',  and  i  uri;  atlauhwl  to 
/'  for  the  purpose;  of  distinction.] 

We  then  have  the  following  dcluritions,  which  are  the 
same  as  those  given  in  Art.  23  for  the  simple  case  of  an 
acute  angle : 
MP  . 


ingle  AOP, 


Cosine 
Tangent 
Cotangent 
Secant 


0.1/ 
OP     " 
MP 
OM    ': 

OM 

MP    " 

OP 

OM    " 

OP 

MP     »         -         Cosecant        „         „ 

The  quantities  1  -  cos  A  OP,  and  1  -  sin  A  OP  are 
respectively  called  the  Versed  Sine  and  the  Coversed 
Sine  of  AOP. 

51.  In  exactly  the  same  manner  as  in  Art.  27  it  may 
be  shewn  that,  for  all  values  of  the  angle  AOP  (=  0),  we 
have 
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sina0  +  cosa0  =  1, 

sin  8     .       a 

-.  =  tan  u , 

cost? 

sec2#  =  1  +  tana(?, 

and  cosecsd  =  1  +  cot20. 

52.     Signs  of  the  trigonometrical  ratios. 

First  quadrant.  Let  the  revolving  line  be  in  the  first 
quadrant,  as  OPj.      This  revolving'  line  is  always  positive. 

Here  0M1  and  MJP1  are  both  positive,  so  that  all  the 
trigonometrical  ratios  are  rhen  positive. 

Second  quadrant.  Let  the  revolving  line  be  in  the 
second  quadrant,  as  OP-i.  Here  MJ*,  in  positive  and  OM., 
is  negative. 

The  sine,  bein^  equal  to  the  ratio  of  a  positive  quantity 
to  a  positive  quantity,  is  therefore  positive. 

The  cosine,  being  equal  to  the  ratio  of  a  negative 
quantity  to  a  positive  quantity,  is  therefore  negative. 

The  tangent,  being  equal  to  the  ratio  of  a  positive 
quantity  to  a  negative  quantity,  is  therefore  negative. 

The  cotangent  is  negative. 

The  cosecant  is  positive. 

The  secant  is  negative. 

Third  quadrant.  If  the  revolving  line  be,  as  0P3,  in 
the  third  quadrant,  we  have  both  M.,Pi  and  0M3  negative. 

The  sine  is  therefore  negative. 

The  cosine  is  negative. 

The  tangent  is  positive. 

The  cotangent  is  positive. 

The  cosecant  is  negative. 

The  secant  is  negative, 

4—2 
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Let  the  revolving  line   be  in  the 
OP,.     Here    M<P4    is    negative   and 


Fr,»r!-h 
fourth   quadrant, 
OM,  is  positive. 

The  sine  is  therefore  negative. 

The  cosine  is  positive. 

The  tangent  is  negative. 

The  cotangent  is  negative. 

The  cosecant  is  negative. 

The  secant  is  positive. 

The  annexed  table  shews  the  signs  of  the  trigono- 
metrical ratios  according  to  the  quadrant  in  which  lies 
the  revolving1  line,  which  bounds  the  angle  considered. 


+ 

i.L" 

; 

tan 

I 

see 

" 

eec 

+ 

A' 

0 

A 

dn 

_ 

sin 

- 

OOfl 

- 

COS 

+ 

'£» 

1 

1 

: 

53.  Tracing  of  the  change.-!  in  the  sign  and  -magnitude 
of  the  trigonometrical  ration  of  an  angle,  as  the  angle 
increases  from  0°  to  360°. 

Let  the  revolving  line  OP  be  of  constant  length  a. 
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53 


kC 

\ 

i       M3 

A 

M4         1 

1  M2     Ma    / 

V"1 1 Ml  I 

^s 

% 

When  it  coincides  with  OA  the 
length  OM,  is  equal  to  a  and, 
when  it  coincides  with  OB,  the 
point  Mt  coincides  with  0  and  OM^ 
vanishes.  Also,  as  the  revolving 
line  turns  from  OA  to  OB,  the  dis- 
tance OMj  decreases  from  a  to 
zero. 

Whilst  the  revolving  line  is  in 
the  second  quadrant  and  is  revolving  from  OB  to  OA',  the 
distance  Oilf2  is  negative  and  increases  numerically  from 
0  to  a  [i.e.  it  dewex-fes  n-UjcbraimU'i  from  0  to  —a}. 

In  the  third  quadrant  the  distance-  0M$  increases 
algebraically  from  —  a  to  0,  and  in  the  fourth  quadrant 
the  distance  £W4  increases  from  0  to  a. 

In  the  first  quadrant  the  length  MtI\  increases  from 
0  to  a;  in  the  second  quadrant  M.J\  decreases  from  a  to 
0;  in  the  third  quadrant  M..'/'..  decreases  algebraically 
from  0  to  — a;  whilst  in  the  fourth  quadrant  M,P, 
increases  algebraically  from  —  a  to  0. 


54.     Sine.     In   the  first  quadrant  as  the  angle   in- 


to - ,  i.e.  from  0  to  1. 
a 

In  the  second  quadrant  as  the  angle  increases  from 

90°  to  180°,  the  sine  decreases  from  -  to  - ,  i.e.  from  1  to  0. 
a      a 

In  the  third  quadrant  as  the  angle  increases  from  180° 
to  270°,  the  sine  dt 
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In  the  fourth  quadrant  as  the  angle  increases  from 
270"  to  360",  the  sine  -ira'-rcaae*  from —  to  -,  i.e.  from 
- 1  to  0. 

55.  Cosine.     In  the  first  quadrant  the  cosine,  which 

o  - ,  i.e.  from  1  to  0. 
a 

In  llii.1  secant!  on  ad  rani,  it  decreases  from  --to  — -.i.e. 
from  0  to  —  1. 

In  the  third  quadrant  it  increases  from  —  to  - ,  i.e. 
from  —  1  to  0. 

In  the  fourth  quadrant  it  increases  from  -  to  -,  i.e. 
from  0  to  1. 

56.  Tangent.     In  the  first  quadrant  M,P,  increases 

M,P-, 

from  0  to  a  and  Oil/-,  decreases  from  a  to  0,  so  that  yri>- 

continually  increases  (for  its  numerator  continually  in- 
creases and  its  numerator  continually  decreases). 

When  OP,  coincides  with  OA,  the  tangent  is  0;  when 
the  revolving  line  has  turned  through  an  angle  which  is 
slightly  less  than  a  right  angle,  so  that  OP,  nearly 
coincides  with    OB,  then    M,P,   is    very  nearly  equal    to 

M,P, 

a  and  OM,  is  very  small.     The  ratio  ttyt^b  therefore  very 

large,  and  the  nearer  OP,  gets  to  OB  the  larger  does  the 
ratio  become,  so  that,  by  talcing  the  revolving  line  near 
enough  to  OB,  we  can  make  the  tangent  as  large  as  we 
please.  This  is  expressed  by  saying  thai  when  the  angle 
is  equal  to  90°  its  tangent  is  infinite. 
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The  symbol  so  is  used  to  denote  an  infinitely  great 
quantity. 

Hence  in  the  first  quadrant  the  tangent  increases  from 
0  to  go  . 

In  the  second  quadrant  when  the  revolving  line  has 
described  an  angle  A0P2  slightly  greater  than  a  right 
angle,  MJPS  is  very  nearly  equal  to  a  and  0Mt  is  very 
small  and  negative,  so  that  the  corresponding  tangent  is 
very  large  and  negative. 

Also,  as  the  revolving  Hue  turns  from  OB  to  OA '.  M,P, 
decreases  from  a,  to  0  and  0M.±  is  negative  and  decreases 
from  0  to  —  a,  so  that  when  the  revolving  line  coincides 
with  OA'  the  tangent  is  zero. 

Hence  in  the  second  quadrant  the  tangent  increases 
from  —  x>  to  0. 

In  the  third  quadrant  both  MJ'-.  ami  0M-  tiro  negative. 
and  hence  their  ratio  is  positive.  Also,  when  the  revolving 
line  coincides  with  OB' ,  the  tangent  is  infinite. 

,  Hence  in  the  third  quadrant   the   tangent   increases 
from  0  to  cc . 

In  the  fourth  quadrant  M4Pt  is  negative  and  0Mi  is 
positive,  so  that  their  ratio  is  negative.  Also,  as  the 
revolving  line  passes  through  OB'  the  tangent  changes 
from  -h  oo  to  —  co  [just  as  in  passing  through  OB], 

Hence  in  the  fourth  quadrant  the  tangent  Increases 
from  —  oo  to  0. 

57.  Cotangent.  When  the  revolving  line  coincides 
with  OA,  MiP-i   is  very  small    and    0M3  is  very  nearly 

equal  to  a,  so  that  the  cotangent,  i.e.  the  ratio  ttt}-  .  is 

infinite  to  start  with.     Also,  as  the  revolving  line  rotates 
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from  OA  to  OB,  the  quantity  JlfjP,  increases  from  0  to  a 

and  OM;  dc creases  from  a  to  0. 

Hence  in  the  first  quadrant  the  cotangent  decreases 
from  30  to  0. 

In  the  second  quadrant  MiP3  is  positive  and  0M» 
negative,  so  that  tho  cotangent  decreases  from  0  to—  . 
i.e.  from  0  to  —  oo . 

In  the  third  quadrant  it  is  positive  and  decreases  from 
so  to  0  [for  as  the  revolving  line  crosses  OB'  the  cotangent 
changes  from  —  oo  to  »]. 

In  the  fourth  quadrant  it  is  negative  and  decreases 
from  0  to  —  M  . 

58.  Secant.  When  the  revolving  line  coincides  with 
OA  the  value  of  OM,  is  a,  so  that  the  value  of  the  secant 
is  then  unity. 

As  the  revolving  line  turns  from  OA  to  OB,  OMj 
decreases  from  a  to  0,  and  when  the  revolving  line 
coincides  with  OB  the  value  of  the  secant  is  ^ ,  i.e.  co . 

Hence  in  the  first  quadrant  the  secant  increases  from 
1  to  00. 

In  the  second  quadrant  ON.,  is  negative;  and  decreases 
from  0  to  —a.  Hence  in  this  quadrant  the  secant  in- 
creases from  —  oo  to  —  1  [for  as  the  revolving  line  crosses 
OB  the  quantity  0N1  changes  sign  and  therefore  the 
secant  changes  from  -I-  so  to  —  oo  ]. 

In  the  thud  quadrant  0M3  is  always  negative  and 
increases  from  —a  to  0;  therefore  the  secant  decreases 
from  —  1  to  —  cc  .  In  the  fourth  quadrant  OiVf,  is  always 
positive  and  increases  from  0  to  a.  Hence  in  this  quad- 
rant the  secant  deei ■eases  from  oo  to  + 1. 
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59.     Cosecant.     The  change  in  the  cosecant  may  bo 
traced  in  a  similar  manner  to  that  in  the  secant. 
In  the  first  quadrant  it  decreases  from  oo  to  + 1. 
In  the  second  quadrant  it  increases  from  +1  to  +  oo . 
In  the  third  quadrant  it  increases  from  —  oo  to  —  1. 
In  the  fourth  quadrant  it  decreases  from  —  1  to  —  oo . 


60.     The  foregoing  results  t 
table. 


3  collected  in  the  annexed 


In  the  sec 

•id  i] -.in! milt  the 

In  the  first  quadrant  the 

sine           dee 

eases  from     1  to   0 

sine              increases  from    0  to  I 

cosine       dee 

eases  from     Oto-1 

cosine          decreases  from    1  to  0 

tangent     ine 

eases  from  -co  to   0 

tangent        increases  from   0  to  oo 

cotangent  dec 

eases  from     Oto-oo 

eoLiingcnt     rleurensBs  from  no  to  0 

secant       ino 

eases  from-ccto-1 

secant          increases  from    1  to  oo 

cosecant    ine 

-eases  from     1  to    co 

cosecant      decreases  from  oo  to  I 

A' 

O 

A 

In  the  third  quadrant  the 

In  the  fourth  quadrant  the 

sine           dee 

i::;~-i-y  from      0  to-1 

sine           increases  from  -  1  to   0 

cosine       inei 

eases  from-  1  to    0 

cosine       increases  from     0  to    1 

tangent     ine 

ensus  from      0  to    oo 

tangent     increases  from-co  to   0 

eD:rui;;rji- tiler 

eases  from     to  to    0 

rolii!);;['iU  riotiv-iiHt-s  from      0  to-oc 

secant       dec 

crises  Prom-  1  to-co 

secant       decreases  from    oo  to   1 

cosecant    5  in 

eases  from -co  to-1 

cosecant    (lucre rises  from-  lto-oo 

61.     Periods    of   the   trigonometrical   functions. 

As  an  angle  increases  from  0  co  2w  radians  i.e.,  whilst;  the 
revolving  line  makes  a  complete  revolution  its  sine  first 
increases  from  0  to  1,  then  decreases  from  1  to  —  1,  and 
finally  increases  from  —  1   to  0,  and  thus  the  sine  goes 

through  all  its  changes  returning  r,o  its  original  value. 
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Similarly  as  the  angle  increases  from  2tt  radians  to 
4tt  radians,  the  sine  goes  through  the  name  series  of 
changes. 

Also  the  sines  of  any  two  angles  which  differ  by  four 
right  angles,  i.e.  2tt  radians,  are  the  same. 

This  is  ex  prated  by  paying  that  the  period  of  the 
sine  is  2t. 

Similarly  the  cosine,  secant,  and  cosecant  go  through 
all  their  changes  as  the  angle  increases  by  2tt. 

The  tangent,  however,  goes  through  all  its  changes  as 
the  angle  increases  from  0  to  -k  radians,  i.e.  whilst  the 
revolving  line  turns  through  two  right  angles.  Similarly 
for  the  cotangent. 

The  period  of  the  sine,  cosine,  secant  and  cosecant  is 
therefore  2v  radians ;  the  period  of  the  tangent  and 
cotangent  is  w  radians. 

Since  the  values  of  the  trigonometrical  functions 
repeat  over  and  over  again  as  the  angle  increases,  they 
are  called  periodic  functions. 

#62.  The  variations  in  the  values  of  the  trigono- 
metrical ratios  may  be  graphically  represented  to  the  eye 
by  means  of  curves  constructed  in  the  following  n 


V 
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X 

Sine-Curve. 

Let  OX  and  OY  be  two  straight  lines  at  right  angles 
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and  let  the  magnitudes  of  angles  be  represented  by 
lengths  measured  along  OX. 

Let  R„  R;,,  S3,...  "be  points  such  that  the  distances 
OR,,  RLR,,  R^RSl...  are  equal.  If  then  the  distance  0Rt 
represent  a  right  angle.  Line  distances  OK,.,  0RS,  OR^,... 
must  represent  two,  three,  four....  right  tingles. 

Also  if  P  be  any  point  on  the  line  OX,  then  OP 
represents  an  angle  which  bears  the  same  ratio  to  a  right 
angle  that  OP  bears  to  OR, 

[For  example,  if  OP  be  equal  to  ^  O.R,  then  OP  would  represent  one- 
third  of  a  right  angle;  if  7'  bisected  11,1!,,  then  01'  would  represent  3J 
right  angles.] 

Let  also  0R1  bo  so  chosen  that  one  unit  of  length 
represents  one  radian ;  since  OR,  represents  two  right 
angles,  i.e.  it  radians,  the  length  0M2  must  be  tt  units  of 
iength,  i.e.  about  3|  units  of  length. 

In  a  similar  manner  negative  angles  arc  represented 
by  distances  OR,',  ORJ,...  measured  from  0  in  a  negative 
direeiion. 

At  each  point  P  erect  a  perpendicular  PQ  to  represent 
the  sine  of  the  angle  which  is  represented  by  OP ;  if  the 
sine  be  positive  the  perpendicular  is  to  he  drawn  parallel 
to  OY  in  the  positive  direction;  if  the  sine  be  negative 
the  line  is  to  be  drawn  in  the  negative  direction. 

[Fat:  example-,  since  Oh\  represents  a  right  angle,  the  sine  of  which  is 
1,  we  erect  a  perpendicular  BjB,  equal  to  one  unit  of  length;  since  OB, 
represents  an  angle  equal  to  two  right  angles,  the  sine  of  which  is  zero, 
wo  erect  a  perpend  i  en  I  sir  of  length  zero;  ?ince  O'.'i-.  represents  three  right 
angles,  the  sine  of  which  is  -1,  we  erect  a  perpendionlaf  equal  to  -  1, 
i.e.  we  draw  li-,11-.,  downward  and  cqufti  to  :i.  unit  of  length ;  if  OP  were 
equal  to  one-third  of  Oil,  it  would  represent  -  of  a  right  angle,  i.e.  30°, 
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the  sine  of  which  is  ,, .  and  ^o  wo  should  erect  a  perpendicular  \PQ  equal 
to  one-half  the  unit  of  length.] 

The  ends  of  all  these  lines,  thus  drawn,  would  be 
found  to  lie  on  a  curve  similar  to  the  one  drawn  above. 

It  would  bo  found  that  the  curve  consisted  of  portions, 
similar  to  OB1R^BsRi,  placed  side  by  side.  This  corre- 
sponds to  the  fact  that  each  time  the  angle  increases  by 
2tt,  the  sine  repeats  the  same  value. 

*63.     Cosine-Curve. 


The  Cosine-Curve  is  obtained  in  the  same  manner  as 
the  Sine-Curve,  except,  that  in  this  case  the  perpendicular 
PQ  represents  the  cosine  of  the  angle  represented  by  OP. 

The  curve  obtained  is  the  same  as  that  of  Art.  62  if  in 
that  curve  we  move  0  to  Ry  and  let  OF  be  drawn  along 

#64.    Tangent-Curve. 

In  this  case,  since  the  tangent  of  a  right  angle  is 
infinite  and  since  OR^  represents  a  right  angle,  the  per- 
pendicular drawn  at  i^  must  be  of  infinite  length  and 
the  dotted  curve  will  only  meet  the  line  RiL  at  an  infinite 
distance. 
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Since  the  tangenl   of  iui  ai  gJe  slightly  greater  Uian  n 
right  angle  is  negative  and  almost  infinitely  great,  the 


B3  /Ha    r^ 


dotted  curve  immediately  beyond  LRJJ  commences  at  an 
infinite  distance  on  the  negative  side,  i.e.  below,  OX. 

The  Tangent-Curve  will  clearly  consist  of  an  infinite 
number  of  similar  but  disconnected  portions,  all  ranged 
parallel  to  one  another.  Such  a  curve  is  called  a  Discon- 
tinuous Curve.  Both  the  Sine-Curve  and  the  Cosine- 
Curve  are,  on  the  other  hand,  Continuous  Curves, 

#65.  Cotangent-Curve.  If  the  curve  to  represent 
the  cotangent  be  drawn  in  a  similar  manner,  it  will  be 
found  to  meet  OFat  an  infinite  distance  above  0;  it  will 
pass  through  the  point  i^  and  touch  the  vertical  line 
through  R,  at  an  infinite  distance  on  the  negative  side  of 
OX.  Just  beyond  11,  it  will  start  at  an  infinite  distance 
above  R,,,  and  proceed  as  before. 

The  curve  is  therefore  discontinuous  and  will  consist 
of  an  infinite  number  of  portions  all  ranged  side  by  side, 
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#66.     Cosecant-Curve. 


Y 

R2'      Ri' 

¥ 

Ra 

1     ° 

"  .1. 

When  the  angle  is  zero  the  sine  is  zero,  and  the 
cosecant  is  therefore  infinite. 

Hence  the  curve  meets  OY  at  infinity. 

When  the  angle  is  a  right  angle  the  cosecant  is  unity, 
and  hence  RiB^  is  equal  to  the  unit  of  length. 

When  the  angle  is  equal  to  two  right  angles  its 
cosecant  is  infinity,  so  that  the  curve  meets  the  perpen- 
dicular through  R.2  at  an  infinite  distance. 

Again,  as  the  angie  increases  from  slightly  less  to 
slightly  greater  than  two  right  angles,  the  cosecant 
changes  from  +  oc  to  —  co  . 

Hence  just  beyond  R„  the  curve  commences  at  an 
infinite  distance  on  the  negative  side  of,  i.e.  below,  OX. 

*67.  Secant-Curve.  If,  similarly,  the  Secant-Curve 
be  traced  it  will  be  found  to  be  the  same  as  the  Cosecant- 
Curve  would  be  if  we  moved  OFto  R^B^ 
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MISCELLANEOUS  EXAMPLES.    IX. 

1.  In  a  triangle  one  angle  contains  :ss  many  yradts  as  another  con- 
taina  degrees,  arid  the  third  contains  us  many  centesimal  seeomLs  as 
there  are  sexagesimal  seconds  in  the  sum  of  the  other  two;  find  the 
ininiucr  oi'  radians  in  each  angle. 

2.  Find  the  number  o.i  degrees  in  the  angle  at  the  centre  of  a  circle 
v.-iiose  radius  :-  ."i  feet  which  i-  'ublendeii  hy  -i'i  nir-  of  length  ii  feet. 

3.  To  turn  radians  "into  seconds  prove  that  we  must  multiply  by 
206265  nearly,  and  to  turn  seconds  into  radians  the  multiplier  must  be 
■0000048. 

4.  If  sinC  equal  ■ '.— -"  ., ,  find  the  values  of  cos  9  ami  cot  0. 


6.    H 

pru-.-e  rhiit 


in  terms  of  tan  J. 

9.     Solve  tile  equation  3coseo20  —  2  sec#. 

10,  A  man  on  a  cliff  observes  a  boat  nl:  an  aiiele  of  depression  of 
30',  which  is  making  tor  the  shore  immediately  beneath  him.  Three 
minutes  later  the  ang'.v  of  lieiiros^ion  o:  the  boat  is  60".  How  aoon  will 
it  reach  the  shore? 

11,  Prove  that  the  equation  sin0  =  a;4--  is  impossible  if  .n  be  real 

12,  Shew  that  the  equation   aeosfl  =  j-^^j  is   only  possible   when 
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CHAPTEB   V. 

TRIGONOMETRICAL   FUNCTIONS    OF   ANGLES   OF    ANY 
SIZE   AND  SIGN. 

[On  a  first  reading  of  the  subject,  the  student  is  recommended 
to  confine  his  attention  to  the  first  of  the  four  figures  given  in 
Arts.  68,  69  and  72.] 

68.  To  find  the  trvjunometriml  ratios  of  an  angle 
{  —  &)  in  terms  of  those  of  0,  for  all  values  of  6. 
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Let  tbe  revolving  line,  starting  from  OA,  revolve 
through  any  angle-!  6  and  stop  in  the  position  OP. 

Draw  /';li  perpendicular  to  OJ.  (or  OA  produced)  and 
produce  it  to  P',  m  that  the  lengths  of  Pilf  and  MP'  arc 
equal. 

In  the  geometrical  triangles  MOP  and  MOP'  we  have 
the  two  sides  OM  and  MP  equal  to  the  two  OM  and 
MP',  and  the  included  angles  OMP  and  OMP'  are  right 
angles. 

llenoo  (Eric.  I.  4),  the  magnitudes  of  the  angles  il/'O/' 
and  MOP'  are  the  Name  and  OP  is  equal  to  OP'. 

In  each  of  the  four  figures,  the  magnitudes  of  the 
angle  AOP  (measured  counter-clockwise)  and  of  the  angle 
AOP'  (measured  clockwise)  are  the  same. 

Hence  the  angle  A  OP'  (measured  clockwise)  is 
denoted  by  —$. 

Also  MP  and  MP'  are  equal  in  magnitude  but  are 
opposite  in  sign.     (Art,  49.)     We  have  therefore 


sin  ( 

-MP               „ 

COB  4 

„      OM 

OM           , 

0f-°°°6, 

tan( 

MP' 
~°>— OM- 

-Er  =  -ta„e, 

cot( 

to     0M 

--wp- -"*''>• 

cosec  1 

m    0I" 

OM, 
-  MP       roseo 

see( 

~m-0M- 

OP          , 
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Bxs.  sin  (-80*)=- sin 30°= -i, 

tan  ( -  60°)  =  -  tan  60°=  -  J3, 
and  cos(-45°)  =  eos45°  =  -i. 

69.  To  find  the  trigonometrical  ration  of  the  angle 
(90°  —  0)  in  terms  of  those  of  8.  for  all  values  of  0. 

The  relations  have  already  been  discussed  in  Art.  39, 
for  values  of  0  less  than  a  right  angle. 


Let  the  revolving  line,  starting  from  OA,  trace  out 
any  angle  AOP  denoted  by  0. 

To  obtain  the  angle  90°  —  9,  let  the  revolving  lino 
rotate  to   B  and  then  rotate   from  B  in   the 
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direction  through  the  angle  6,  and  let  the  position  of  the 
revolving  line  he  then  01''. 

Tho  angle  AOP'  is  then  90°  -  0. 

Take  OP'  equal  to  OP  and  draw  P'M'  and  PM  per- 
pendicular to  OA,  produced  if  necessary.  Also  draw  P'N' 
perpendicular  to  OB,  produced  if  necessary. 

In  each  figure  the  angles  AOP  and  HOP'  are  numeri- 
cally equal,  by  construction. 

Hence  in  each  figure 

Z  MOP  =  zN'0P'  =  Z  OFM, 
since  ON'  and  MP'  are  parallel. 

Hence  the  triangle*  MOP  and  M'P'O  are  equal  in  all 
respects,  and  therefore  DM  =  M'P'  numerically, 
and  0M'  —  MP  numerically. 

Also  in  each  figure  <>M  and  M'P'  are  of  the  same 
sign,  and  so  also  arc  MP  and  031', 

i.e.  OM  =  +  M'P',  and  OM'  =  +  MP. 

Hence 

sin  (90  -  V)  =  sin  AOP  =  -Typ  =  ^  =  cos  P, 

cos  (0O°  -  0)  =  cos  AOP'  =  ^  -  ^  =  sin  6, 

tan  (90D  -  6)  =  tan  4  OP  =  ^  =  Jp  =  cot  &> 

0  M'      M  P 
cot  (90°-  6)  =  cot  A  OP'  =  ^|-,  =  ~  =  tan  (?, 

QP'  QP 

sec  (90°  -  E?)  =  sec  A  OP'  =  >^,,  =  ■ .  >  „  =  cosec  r?, 


OP'      OP 

and    cosec  (90"  —  $)  =  cosec  AOP'  =  ,77™  =  n~iif  ~ 


...-2 
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70.     To  find   the  trigonometrical   ratios    of  the  ant 
(90°  +  8)  in  terms  of  t/iose  of  8,  for  all  values  of  8. 


Let  the  revolving  line,  starting  from  OA,  trace  out 
any  angle  8  and  let  OP  be  the  position  of  the  revolving 
line  then,  so  that  tin:  angle  AOP  is  8. 

Let  the  revolving  line  turn  through  a  right,  angle  from 
OP  in  the  positive  direction  to  the  position  OP',  so  that 
the  angle  AOP' is  (90°  +  8). 

Take  OP'  equal  to  OP  and  draw  PM  and  P'M 
perpendicular  to  AOA'.  In  each  figure,  since  POP'  is  a 
right  angle,  the  sum  of  the  angles  MOP  and  P'OM'  is 
always  a  right  angle. 

Hence      z  MOP  =  W  -  <L  P'OM'  =  ^  OP'W. 
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The  two  triangles  MOP  and  MP'O  are  therefore  equal 
in  all  respects. 

Hence  OM  and  M'P'  are  numerically  equal,  as  also 
MP  and  OM'  are  numerically  equal. 

In  each  figure  OM  and  M'P'  have  the  same  sign, 
whilst  MP  and  OM'  have  the  opposite,  so  that 


MP'  =  +  OM,  and  OM'  =  -  MP, 

We  therefore  have 

OM  a 

-OF  =  OP=COBe' 

„«      a  »ni*     OM     -MP         .    a 

COS  (SO     +  6)  =  COS  J.  OP    =  -ryrj,  -  ~ryp-  =  -  Bin  0, 

0M        *  a 

0  Hf     -  MP 
rat(9O°  +  0)  =  cot^OP'  =  -^  =  -~^  =  -taae, 

0  P'         0  P 
sec  (90°  +  6)  =  see  .1  OP'  -    -  ~  =  ~^7p  =  ~  cosec  e> 


and  cosec  (90°  +  0)  —  cosec  ^1  OP'  =    ■„  ^  —  r-rv  =  s 


'OM'      -MP 
OP      OP 


Ess.  sinl5uQ  =  sm(90°  +  G0°)  =  eos60°  =  2, 

cosl35°=eos(90°-|-450)  =  -sin  45n  =  -  -~  , 
and  tan  120°= tun  {90°+  S0a)  =  -  oot  30°  =  -  JS, 

71.     Supplementary  Angles. 

Two  angles  are  said  to  bo  supplementary  when  their 
sum  is  equal  to  two  right  angles,  i.e.  the  supplement  of 
any  angle  0  is  180°  -  0. 


.Google 


0  TEIGOXOMETKY. 

Ex>.    The  supplement  of  30°  =  180°- 30°=  160°. 
The  supplement  of  la0o=180o-120c  =  60',. 
The  supplement  of  275D  =  180°-275°= -95°. 
The  supplement  of  -126°=180°-(-126Q)  =  306°, 

72.      To  find  the  values  of  the  trigonometrical  ratios  of 
■i  terms  of  those  of  the  nnr/le  6,  for  all 

\o  /. 


Let  the  revolving  linu  it-art  from  OA  and  deseribu  any 
angle  AOP  (=  6). 

To  obtain  the  angle  180°  —9,  let  the  revolving  line 
start  from  OA  and,  after  revolving  through  two  right 
angles  (i.e.  into  the  position  OA'),  then  revolve  back 
through  an  angle  8  into  the  position  OP',  so  that  the  angle 
A'OP'  is  equal  in  magnitude  but  opposite  in  sign  to  the 
angle  AOP. 

The  angle  AOP'  is  then  180°  -  6. 
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Take  OP'  equal  to  OP  and  draw  FM'  and  PM 
perpendicular  to  AOA'. 

The  angles  MOP  and  M'OP'  are  equal  and  hence  the 
triangles  MOP  and  M'OP'  are  equal  in  all  respects. 

Hence  OM  and  OM'  are  equal  in  magnitude  and  so 
also  are  MP  and  M'P'. 

In  each  figure  OM  and  OM'  are  drawn  in  opposite 
directions,  whilst  MP  and  M'P'  are  drawn  in  the  same- 
direction,  so  that 

OM'  =  -  OM,  and  M'P'  =  +  MP. 

Hence  we  have 

MP       .    q 


'  OP'       OP 

M'P'       MP 
tan  (180°  -  6)  =  tan  A  OP'  =  =j=r  =  —  7m  =  -  tan  0, 


-2FP-  JfP    — °°"' 


"  Oilf 

OP'      OP 

and  cosec  (180° -#)  =  cosec  .4  0-F"  =  \7rrj,  =  -gj, 

exk.  sinl20°  =  siii(180o-60o)  =  siii60o  =  ^, 

cosi35°=eos(180°-45°)=-eos4E°=--^, 
and  taul50=  =  tan(180:j-30I,|  =  -tan30°= -^3. 
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(2  TRtGONUMI'TliY. 

73.  To  find  the  trigonometrical  ratios  of  (ISO3  +  0)  in 
terms  of  those  of  8,  for  all  values  of  0. 

The  required  relations  may  be  obtained  geometrically, 
as  in  the  previous  articles.  The  figures  for  this  propo- 
sition are  easily  obtained  and  are  left  as  an  example  for 
the  student. 

'f'hey  may  also  be  deduced  from  the  results  of  Art.  70, 
which,  have  been  proved  tree  for  ail  angles.  For  putting 
90°  +  0  =  B,  we  have 

sin  ( 1 80°  +  6)  =  sin  (90"  +  B)  =  cos  B  (Art.  70) 

=  cos  (90"  +  0)  =  -  sin  ft  (Art.  70) 

and     cos  ( 1 80'  +  6)  =  cos  (90°  -f  B)  =  -  sin  B  (Art.  70) 

-  -  sin  (90"  +  6)  =  -  cos  ft  (Art.  70). 

So  tan  (180°  +  9)  =  tan  (90"  +  B)  =  -  cot  B 

=  -  cot  (90°  -f  9)  =  tan  0, 
and  similarly  cot  (180°  +  0)  =  cot  #, 

sec  (3.80° +  £>)  =  - sec  0, 
and  cosec  (180°  +  0)  —  —  cosec  0. 

74.  2*o  ,/£«("£  (/'('  trigonometrical  -ratios  of  an  angle 
(360°  +  0)  in  terms  of  those  of  6,  for  all  values  of  6, 

In  whatever  position  the  revolving  line  may  be  when 
it  has  described  any  angle  8,  it  will  be  in  exactly  the  same 
position  when  it  has  made  one  more  complete  revolution 
in   the  positive  direction,  i.e.  when  it  has  described  an 
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Hence  the  trigonometrical  radios  for  an  angle  360°  -f  0 
are  the  same  as  those  for  8. 

It  follows  that  the  addition  or  subtraction  of  360°,  or 
any  multiple  of  360",  to  or  from  any  angle  does  not  alter 
its  trigonometrical  ratios. 


75.  From  the  theorems  of  this  chapter  it  follows  that 
the  trigonometric  a!  ratios  of  any  angle  whatever  can  be 
reduced  to  the  determination  of  the  trigonometrical  ratios 
of  an  angle  which  lies  between  0°  and  45°. 

For  example, 

sin  1765°  =  sin  [4  x  360°  +  325°]  =  sin  325°  (Art.  74) 

=  sin  (180°  + 145°)  =  -  sin  146°  (Art.  73) 

=  -  sin  (ISO3  -  35°)  =  -  sin  35°  (Art.  72); 

tan  1100"  =  tan  (3  x  360°  + 110°)  =  tan  110°  (Art.  74) 

=  tan  (90°  +  20°)  =  -  cot  20°  (Art.  70) ; 

and                 cosec  ( —  1465")  =  -  cosec  1465°  (Art.  68) 

=  -  cosec  (4  x  360°  +  25")  =  -  cosec  25°  (Art.  74). 

Similarly  any  other  such  large  angles  may  be  treated. 
First,  multiples  of  360°  should  be  subtracted  until  the 
angle  lies  between  0"  and  360"  ;  if  it  be  then  greater  than 
180°  it  should  be  reduced  by  180°;  if  then  greater  than 
!)0°  the  formulae  of  Art.  70  should  be  used,  and  finally,  if 
necessary,  the  formulae  of  Art.  69  applied. 
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76.     The   table  of  Art.  40  may  now  be  extended  to 
■  some  important,  fmglt-:*  greater  than  a  right  angle. 


Angle 

V 

30° 

45° 

60" 

90° 
1 

0 

120° 

135° 

150° 

180°' 

sto. 

0 

1 

2 

1 

V3 
2 

V3 

1 

2 

1 

^2 

1 

2 

0    ! 

Cosine 

1 

V3 
2 

J2 

1 

a 

1 

73 
2 

-l  : 

Tangent 

0 

1 
*'3 

' 

V3 

0 
1 

-V3 
"^3 

- 

1 

v'3 

-73 

o 

Cntiingeiit 

w 

•J3 

> 

Ja 

-1 

. 

1  loseoanl 

2 

V2 

2 
V3 

2 
J3 

J-2 

2 

. 

Seoant 

I 

2 

V2 

2 

-2 

-V2 

"73 

-i 

EXAMPLES.    X. 
Prove  that 

1.  sin420°cos390°  +  eos(-3lX^'isin(-330, 

2.  cos57(Famfll0t'-iuu330oeos3<t{ltl  =  0. 
and  3.    tan225°cot'1050  +  tan7650eot675°- 
What  ace  the  valnes  of  cos  it- am  ii  and 

u1   values 
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[Exs.  X.]  EXAMPLES.  7; 

What  values  between  0':  and  SCO'-  may  A  have  when 
9.     sin^=^,  10.    coSJ  =  -l  11.    tand  =  -l, 

12.     eotJ  =  -^S,         13.     sec^-  ^  and   14.     coseovi=-2? 

is  of  a  positive  angle,  which  is  less  thai 

15.  «in(-66°).  16.  eos(-84°).  17.  tanl37°. 

18.  sin  168°.  19.  cos  287».  20.  tan  (-246°). 

21.  sin  843°.  22.  cos  ( -  928°).  23.  tan  1145". 

24.  bob  1410°.  25.  cot  (-1054°).  26.  see  1327"  and 

27.  coseC<-75G"). 

What  si «.n  lias  sin  .-/.  -loos.J  for  the  following  viilnes  of  .-I  ? 

28.  140°.  29.     278°.  '  30.     -  B56°  'and   31.     -  1185°. 

What  sign  tins  sin  _■[  -  cos  .-I  for  the  following  values  of  J  ? 

32.    215°.  33.    825°.  34.     -634"  and  35.     -457°. 

36.  Mnd  the  sir.es  and  cosines  of  all  angles  in  the  first  four  quadrant 
v.: lose  tangents  art:  ei[ual  to  cos  1-lisV'. 

Prove  that 

37.  sin  {270°  +  A)  =- cos  A,  and  tail  (270°  +  ^)=  -cot  A. 

38.  cos(270°-^)=-sin^,  and  cot  (270°  -4)  =  tan  A, 
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CHAPTER   VI. 

GENERAL  EXPRESSIONS   FOR  ALL  ANGLES   HAVING   A 
GIVEN   TRIGONOMETRICAL   RATIO. 

77.  To  construct  the  least  -posi.tiiui  angle  whose  sine  is 
equal  to  a,  where  a  is  a  proper  fraction. 

Let  OA  be  the  initial  line  and  let  OB  be  drawn  in  the 
positive  direction  perpendicular  to  OA. 

Measure   off  along   OB   a  distance  ...— -f % 

ON  which  is  equal  to  a  units  of  length.       / pT7t\ 

[If  a  be  negative  the  point  N  will  lie  in  L__,UA 

BO  produced.] 

Through  JV  draw  JVP  parallel  to  OA.  With  centre  0 
and  radius  equal  to  the  unit  of  length  describe  a  circle 
and  let  it  meet  NP  in  P. 

Then  AOP  will  be  the  required  angle. 

Draw  PM  perpendicular  to  OA,  so  that 
MP  _0N _a_ 

:  op~  op    i   a- 


muAOP  = 


The  sine  AOP  is  therefore  equal  to  the  given  quantity 
and  AOP  is  therefore  the  angle  required. 
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78.  To  construct  the  lewd  positive  <.u>'jle  whose  cosine 
is  equal  to  b  where  b  is  a  proper  fraction. 

Along  the  initial  line  measure  off  a  distance  OM  equal 
to  b  and  draw  .MP  perpendicular  to  OA, 
[If  b  be  negative  M  will  lie  on  the  other 
side  of  0  in  the  line  AO  produced.] 

With  centre  0  and  radius  equal  to 
unity,  describe  a  circle  and  let  it  meet 
MP  in  P. ' 

Then  AOP  is  the  angle  required.     For 

cos  ^OP  =  ->jp=j  =  i. 

79.  To  construct  the  least  positive  aiu/le  whose  taia/ent 
is  equal  to  c. 

Along  the  initial  line  measure  off 
OM  equal  to  unity  and  erect  a  per- 
pendicular   MP.     Measure    off    MP 
equal  to  c. 
Then 

^AOP^-c, 
so  that  AOP  is  the  required  angle. 

80.  it,  is  clear  from  llm  ([dilution  given  in  Art.  50, 
that,  when  an  angle  is  given,  so  also  is  its  sine.  The 
converse  statement  is  not  correct ;  there  is  more  than  one 
angle  having  a  given  sine ;  for  example,  the  angles  30°, 
150°,  390°,  -  210°,...  all  have  their  sine  equal  to  \. 

Hence,  when  the  sine  of  an  angle  is  given,  we  do  not 
definitely  know  the  angle ;  all  we  know  is  that  the  angle 
is  one  out  of  a  large  number  of  angles. 
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Similar  statements  are  true  if  the  cosine,  tangent,  or 
any  other  trigonometrical  function  of  the  angle  be  given. 

Hence,  simply  to  give  one  of  the  trigonometrical 
functions  of  an  angle  does  not  determine  it  without 
ambiguity. 

81.  Suppose  we  know  that  the  revolving  line  OP 
coincides  with  the  initial  line  OA.  All  we  know  is  that 
the  revolving  line  has  made  0,  or  1,  or  2,  or  3,...  complete 
revolutions,  either  positive  or  negative. 

But  when  the  revolving  line  has  made  one  coin  nick: 
revolution  the  angle  it  has  described  is  (Art.  17)  equal  to 
2tt  radians. 

Hence  when  the  revolving  line  OP  coincides  with  the 
initial  line  OA,  the  angle  that  it  has  described  is  0,  or  1, 
or  2,  or  3...  times  2tt  radians,  in  either  the  positive  or 
negative  directions,  i.e.  either  0,  or  ±  'Ztt,  or  +  4tir,  or  +  6V. .. 
radians. 

This  is  expressed  by  saying  that  when  the  revolving 
line  coincides  with  the  initial  line  the  angle  it  has  de- 
scribed is  2mr,  where  n  is  some  positive  or  negative 
whole  number. 

82.  Theorem.  To  find  a  general  expression  to  in- 
clude all  angle*  which  luioe  the  same  sine. 

Let  AOP  be  the  smallest  positive  angle  having  the 
given  sine  and  let  it  be  denoted 

by«. 

Draw  PM  perpendicular  to  OA 
and  produce  MO  to  M'  making 
MO  equal  to  OM1  and  draw  M'P' 
parallel  and  equal  to  MP. 

As  in  Art.  72  the  angle  AOP'  is  equal  to  i 
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When  the  revolving  line  is  in  either  of  the  positions 
OP  or  OP',  and  in  no  other  position,  the  sine  of  the  angle 
tni.ced  out  is  erpial  to  the  given  suie. 

When  the  revolving  line  is  in  the  position  OP  it  has 
made  a  whole  number  of  complete  re  volutions  and  then 
described  an  angle  a,  i.e.  by  the  last,  article  it  has  described 
an  angle  equal  to 

2™  +  « (1) 

where  r  is  zero  or  some  positive  or  negative  integer. 

When  the  revolving  line  is  in  the  position  OP'  it  has, 
similarly,  described  an  angle  2rir  +  AOP',  i.e.  an  angle 
2r?r  +  tt  —  a, 

ML(2r+l)ir-a (2) 

where  r  is  zero  or  some  positive  or  negative  integer. 

All  these  angles  will  be  found  to  be  included  in  the 


mr  +  (-l)na (3), 

where  n  is  zero  or  a  positive  or  negative  integer. 

For,  when«.  =  2r,  since  (— 1)23'  =  +  1,  the  expression  (3) 
gives  27-7r  +  a,  which  is  the  same  as  the.  expression  (I). 

Also,  when  n  =  2r+  1.  since  (— 1}2,'+1  =  —  1,  the  expres- 
sion (3)  gives  (2r  +  l)w  — «,  which  is  the  same  as  the 


Cor.     Since  all.  angles  which  have  the  same  sine  have 
also    the    same    cosecant,  the   expression   (3)  includes  all 

angles  which  have  the  same  cosecant  as  a. 

83.     Theorem.     To  find  a  general  expression  to  in- 
clude all  angles  ivhich-  h«.*v,  the  same  cosine. 

Let   AOP   be   the   smallest   angle   having  the  given 

cosine  and  lot  it  be  denoted  by  a. 


,Google 


SO  TRIGONOMETRY. 

Draw  PM  perpendicular  to  OA  and  pro .._ 

duce  it  to  P',  making  PM  equal  to  MP'.  y\ 

When  the  revolving  line  is  in  the  position  A  ^  t 
OP  or  OP',  and  in  no  other  position,  then,  as  X\  j 
in  Art.  78,  the  cosine  of  the  angle  traced  out  ^>p' 

is  equal  to  the  given  cosine. 

When  the  revolving  line  is  in  the  position  OP  it  has 
made  a  whole  number  of  complete  revolutions  and  then 
described  an  angle  a,  i.e.  it  has  described  an  angle  2jwr  +  a, 
where  n  is  zero  or  some  positive  or  negative  integer. 

When  the  revolving  line  is  in  the  position  OP'  it  has 
made  a  whole  number  of  complete  revolutions  and  then 
described  an  angle  -  a,  i.e.  it  has  described  an  angle  %m-a. 

All  these  angles  are  included  in  the  expression 

2n7r±» (1) 

where  n  is  some  positive  or  negative  number. 

Cor.  The  expression  (1)  includes  all  angles  having 
the  same  secant  as  «. 

84.  Theorem.  To  find  a  general  ex/iresdon  for  all 
aw/leu  which  h.ave  the  same  tangent. 

Let  AOP  be  the  smallest  angle  having  the  given 
tangent,  and  let  it  be  denoted  by  a. 

Produce  PO  to  P  making  OP'  _, 

equal  to  OP  and  draw  P'M'  per-  ,.-''  \ 

pendicular  to  OM'. 

As  in  Art.  73  the  angles  AOP 
and  AOP  have  the  same  tangent; 
also  the  angle  AOP'  =  ir  +  a. 

When  the  revolving  line  is  in 
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the  position  OP,  it  has  described  a  whole  number  of 
complete  revolutions  and  then  turned  through  an  angle 
a,  i.e.  it  has  described  an  angle 

2rTT  +  a (1), 

where  r  is  zero  or  some  positive  or  negative  integer. 

When  the  revolving  line  is  in  the  position  OP',  it  has 
similarly  described  an  angle  2?"7r  +  (7r  +  a), 
i.e.  0-  +  l)77  +  a (2). 

All  these  angles  are  included  in  the  expression 

mr  +  a (3). 

For,  when    n  is  even,  (=  It  say),  the   expression   (3) 
gives  the  same  angles  as  the  expression  (1). 

Also,  when  n  is  odd,  (=  %r  + 1  say),  it  gives  the  same 
angles  as  the  expression  (2). 

Cor.     The  expression   (3)    includes    all    angles  which 
have  the  same  cotangent  as  «. 

85.     Ex.  1.      WfiU:  ti'j'i-::.  lii/\  .',',-;■,. ■■(■/;;  ar.piY-isinitfor  all  auijlt'i. 

(1)  whose  nine  is  ajiial  to  ^j-, 

(2)  whnse  cosine  is  equal  to  -  „, 
and     (Li)     icJifiM  tuii'icM  is  eiiji.nl  I. 

(1)     The  smallest  angle,  whe 


Hence,  hy  Art.  S'2,  llu  ,;!i;no;-ai  expronsln!!   I'jr  all   the-  arifiliiS   which 
have  this  sine  is 

«r+(-l)"j. 
(2)    The  smallest  positive  niidc,  whose  cosine  is 
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n  for  all  the  angles  which 


(3)     The  smallest  positive  iii:j;](\  whoso  lament  is 

J5  ■»"•'••■  I- 

Hence,  by  Art.  84,  the  general  expression    for  all  the  anglB.i  v^iidi 
have  this  tangent  is 


Ex.2.      What  is  tli,-   most  iriimii  value  of  0  sali-fnlto/    the  equation- 

Hint:  wo  have  a'md—  ±-  . 
Taking  the  upper  sign, 

smfl=2=srae 

.-.  fl-«r+(-l)»r, 

liikin;';  ll'io  lower  sign, 

Puitin;:  both  soluLious  together  we  have 
or,  what  is  the  same  expression, 

Ex.  3.     IFJ(U(  is  the  most  general  v.due.  of  i!  which  satisfies  both  of  the 

equations  sin  0  —  -  -  and  tan0  =  -75? 
I  -J* 

CoUHklciiri;;  onl.y  angles  lit'tw.icn  (I-  ;iri .1  St'llV'  the  only  nuglcs,  who.-e 

sine  is  -5,  arc  2J0a  and  a:-i(j':.     Similarly  the  only  angles,  whose  tan- 
gent is  -^ ,  are  30°  and  210°. 
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The  only  angle,  between  0°  and  '-iliO'.  salisfyiut!  both  conditions  is 
therefore  210°,  i.e.  ~. 

The  liiosi;  gc-noral  value  is  honce  oi'L-iiined  by  eilditiL;  n?iy  multiple 
of  four  right  angle-i;  to  tbi*  anide,  and  hence  is  2»)r  +  -r  where  »  is  any 
-pf-MiiAv-  ov  siccative  integer. 


EXAMPLES.    XI. 

;l.  f.;c:icr:Li  valuus  of  i!  whidi  satisfy  Lbe  cjuauo: 


=  "3' 


18.  What  is  the  mo-rA  i^-ic-a'.  value  of  :V  thiit  satisfies  both  of  the 
equations 

19.  What  is  tlio   most  jwjtcral   value  of  9  t.lnil;  satisfies  both  of  the 

cot0=-*/3  and  ooseoS=  -2? 

20.  If  oos(^-B}  =  -,  and  Bia{A  +  B)=-*,  nud  the  smallest  positive 

values  of  A  and  ./>'  imd  hIko  their  most  general  values. 


21.    Iftaa(J-JB)  =  l,ajidseo(4  + 

values  of  J  and  B  ami  also  their  most 


.^,  find  the  smallest  posiiivi 
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TRIGONOMETRY.  [ExS.  XL] 

Find  the  angles  between  0'-  and  3C0':  wbiuli  have  respectively  (1) 
sices  en. 
gents  equal  1°-^. 

23.  Taking  into  consideration  only  angles  le-*  than  ISO3,  how  many 
values  of  x  are  there  if  (1)  sms  =  |,  (2)  ooBa=g,  (3)  eosz  =  -  |,  (4) 
tan.i!=|,  and  (5)  eota=-7f 

24.  Given  the  angle  x  construct  the  angle  y  if  (1)  sin  $,  =  2  sin  a,  <3) 
tan y  =  3 tana:,  (3)  cosy  =  - cos i,  and  (4)  secy  =  cosecx. 

25.  Shew  that  the  same  angles  are  indicated  by  the  two  following 
formulae;  (1)  (2™-l)|  +  (-l)ng  ,  and  (2|  2mr±g,  fi  being  any  integer. 
.   26.    Prove  that  tin;  two  formulae 

(1)   f&i  +  iWa  and  (2)  mr  +  ( - 1}"  f|  -  a  J 

dcnor.e  the  saint-  ungies,  ji  belli!?  any  inwgev. 
Illustrate  by  a  figure. 

27.  If  0-ct=mir  +  (-l)n/3  prove  that  0=2mn-  +  a  +  jS  or  else  that 
9=(2m  +  l)ir  +  a-0  where  m  and  11  are  any  Integers, 

28.  If  cospfl4-cosgfl  =  0,  prove  that  the  different  vfiluos  of  S  form  two 

aTitliuiWiiiiiil  pu'OsiJ'Cisioni-.  in  which  tlu:  uniiiirinn  di:fe(:iees  are  and. 

p  +  q 

x  -  respectively. 


Construe;  the  angle  whose  si 


2-1- vV 


86.  An  cquittinti  involving  the  trigonometrical  ratios 
of  an  unknown  angle  is  called  a  tr  ig  on  onus  trie  al  equation. 

The  equation  is  not  completely  solved  unless  we 
obtain  an  expression  for  all  the  angles  which  satisfy  it. 

Some  elementary  types  of  equations  are  solved  in  the 
following  article. 
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87.     Ex.  1.     fit/he  tin:  t:ijitn!-i.on  1  sin":i;  -i-  v,r3  oos.r-l- 1  = 
The  equation  may  be  written 

2-2ooea3!  +  ^3cos;i:  +  l  =  0, 

The  irritation  is  thiirelVne  satislicil  by  oos:r-  V'S,  or  cos 

There  is  no  angle  whose  cosine  is  ^5,  so  that  the  lirst  facto;  gives  u 


_V! 


The  smallest  positive  a>i;ilc,  whose  cosine  is  -  ""—,  is  150°,  i.e.  -r- 
Henee  the  most  general  value  ot  tin-,  mi^le.  whose  cosine  is  - 
is  2mr±-jp     (Art.  83.) 

This  is  the  j;eneial  solatioii  ot  the  ijiven  equation. 

Ex.  2.    Soiue  tfte  equation  tan  58  =  cat  2$. 
The  equation  may  be  written 

tan5e  =  tan(|-2eV 

Now  the  most  general  value  of  the  angle,  that  has  the  same  tangc; 

| -20,  is,  by  Art.  84,      mr  +  ^-28, 

where  n  is  any  positive  or  negative  integer. 

Tlii'  most  gtnor.il  solution  <ii'  lin;  equation  is  therefore 


where  it  is  any  integer. 

EXAMPLES.    XII. 

Solve  the  equations 
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6  TRIGONOMETl 

5.    4cos0-3sec9  =  2tan9.  6.     si 

7.    tan*0  -  (1  +  </3)  tan  0  +  ^3  =  0. 


9. 

cot  f  -  ii6  tan  9  =  a  -  b. 

10. 

tans0  +  cot29  =  2. 

11. 

sect»-l  =  (V2-l)tan( 

12. 

*.»-£. 

13. 

3m99  =  Sm0. 

14. 

Sm39  =  sin29. 

15. 

OMarf-COBB*. 

1(5. 

sin20  =  eos30. 

17. 

cos  5S  =  ooS  46. 

18. 

co9m9=Bin«9. 

19. 

cot  fl  =  ton  89. 

20. 

eot0  =  tanji9. 

21. 

tan20=Un-. 

22. 

tan  29  tan  0  =  1. 

23. 

Urf»-«#a. 

24. 

tan  39  =  cote. 

25. 

tan53e  =  tanaa. 

20. 

3  tan2  9=1. 

27. 

ta&«  +  «rtns=0. 

28. 

Liifi  it  cot  f)  =  eot  (it  tan  ■ 

29.  wn(0-#)-=s,  and  cos(9  +  ^.)  =  g. 

30.  cos(;te  +  %)=*,  008(8*  +  %)=^. 

31.  Find  ali  the  angles  between  0°  and  90'-1  ivLm;li  smUfy  the  uijuatio 

32.-  K  tan29  =  ^  ,  find  vei-shi  0  and  cspliUn  the  double  result. 

33,  If  the  covcrssiu  of  an  angle  be  ;■■ ,  iind  its  cosine  and  cotiUifjcui. 
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CHAPTER  VII. 

TRIGONOMETRICAL   RATIOS  OF   THE  SUM   AND   DIFFERENCE 
OF   TWO   ANGLES. 

88.     Theorem.     To  prove  that 

sin  {A  +  B)  =  sin  A  cos  B  +  cos  A  sin  B, 
and  cos  (A  +  B)  =  cos  A  cos  B  —  sin  A  sin  B. 


Let  the  revolving  line  start  from  OA  and  trace  out 
the  angle  AOB  (=A),  and  then  trace  out  the  further 
angle  BOG  (=  B). 

In  the  final  position  of  the  revolving  line  take  any 
point  P,  and  draw  PM  unci  PiV  perpendicular  to  0^  and 
OB  respectively;  through  N  draw  N~R  parallel  to  AO  to 
meet  MP  in  jR  and  draw  NQ  perpendicular  to  OA. 
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TIlIOONOMETIiY. 


The  angle 
RPN=90*-^PNB  =  zRNO  =  zNOQ  =  A. 


OP  ' 

QN    BP_QNON    RPNP 


OP  +  'OP     ON  OP^NPOP 

=  sin  A  cos  B  + cos  MPN  sin  B. 

.'.  sin  (A  +  B)  =  sin  A  cos  B  +  cos  A  sin  B. 

*     ■  tA  ,  m  ^d     OM    OQ-MQ 

Again    cos  {A  +  B)  =  cos  A  OP  =  -^p  =  — ^  p  - 

_0Q     RN_  OQ  ON    JtN  NP 
OP     OP     ON  OP     NP  OP 
«=  cos  A  cos  B  —  sin  UPN  sin  £. 
,*.  cos  (A  +  B)  =  cos  A  cos  B  -sin  A  sin  B. 

89.  The  figures  in  the:  last  artielc  have  hecii  drawn  only  for  the  case 
in  which  A  and  B  are  anus-;  angles. 

Hie  same  proof  will  he  IVnuid  to  apply  to  antics  of  miv  size,  due 
attention  bein;;  paid  to  :.:ie  sii,ms  of  the  quantities  involved. 

The  results  may  however  he  sii;:»-ti  to  be  true  of  all  angles,  without 
drawing  any  more  figures,  as  follows. 

Let  A  and  B  be  acute  angles,  90  that,  hy  Art.  88,  we  know  that  the 
theorem  is  true  for  A  and  B. 

Let  A1=90°-t-A,  so  that,  by  Art.  70,  we  have 

Then  sm{A1  +  B)  =  s,m{SI}°  +  (A  +  B)}  =  eas(A  +  B),      by  Act.  70, 

=  COB  A  COS  B- Bin  ^810  5=8111^1008  5+008^1  8111  5. 

Also  cos(Jii  +  B)  =  cos[90o+(J  +  B)]--sin(/(+B) 

=  -waAeoa£-eo6ABmB=BOBA1BOiB-einA1miiB. 

Similarly,  we  nitiy  iiroeeed  if  />  be  increased  by  HO'-'. 
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ADDITION    AND    I-iUbTh  ACTION    FORMULA, 


if  either  A  or  B  be 
nt  angles  lie  betwet 


Hence  the  formulae  of  Art.  88  are  tru 
hy  90°,  Le.  they  are  true  if  the  compon 
180°. 

Similarly,  by  purring  A2  —  lW  +  Al,  we  Can  prove  the  truth  of  the 
■theorems  when  either  or  both  of  tlio  component  iiLi^lea  have  values 
between  0°  and  970°. 

Til'  nrocrjciliri"  in  this  way  we  sc-e  that  the  IbjiOi'MUS  are  true  uni- 
versa-Ily. 

90.     Theorem.     To  prove  that 

sin  {A  —  B)  =  sin  A  cos  B  —  cos  A  sin  B, 
and  cos  {A  —  B)  =  cos  A  cos  B  +  sio  A  sin  B. 

Let  the  revolving  line  starting  from  the  initial  line 
OA  trace  out  the  angle 
A0B  (=  A)  and  then  re- 
volving in  the  opposite  di- 
rection, trace:,  out  the  tingle 
HOC,  vvIiohc  magnitude  is 
B.  Theangle^OCisthere- 
fore  A  -  B. 

Take  a  point  P  in  the 
final  position  of  the  revolv- 
ing lino,  and  draw  PM  and  ]'l\r  perpendicular  to  0A  and 
0B  respectively ;  from  N  draw  NQ  and  NR  perpendicular 
to  OA  and  MP  respectively. 

The  angle  RPN=  90°-  /.  PNR=  L  RNB=  z  QOffi=*A. 
Henee 

MPMR-PRQN    PR 
0P~       01'       ~0P     OP 
_QNON__PRPN 
~0N0P     FN  OP 
=  sin  A  eos  B  -  cos  RPN  sin  B, 
y  that        sin  (A  —  B)  —  sin  A  cos  B  —  cos  A  sin  B. 


sin  (A  -  B)  =  sin  AOC  =  ^t-=  - 
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90  TRIGONOMETRY. 

. ,  , ,      D,     OM     OQ  +  QM     OQ     NR 

Also   cos  (A  - B)  =  oy  =  -^-  =o%+m 

OQ  ON    Nil  NP  .        n      .„„„... 

=  ON  OP +  NP  OP  =  cos     cos     +  Bm  5m    ' 

so  that     cos  (A  -  B)  =  cos  A  cos  B  +  sin  A  sin  B, 

91.  The  proofs  of  the  previous  article  will  be  found,  to  apply  to 
angles  of  any  size,  provided  that  due  av.ev.Lion  be  paid  to  the  signs  of 
the  quantities  involved. 

Assumin;.'  the  liuth  of  tlie  forinulie  for  Siuiilc  :i.tig!fts!,   v,t  can  shew 
them  to  lis  true  nnivoi-sally  wiihouL  dtawmi;  any  more  figures. 
For,  putting  /l,  =  90°  +  <4,  we  have, 

(ainaetaaA^eo&A,  and  cosAl_--aaA), 
Bm(A1-B)=mn[9(f+{A-B)]=<x>6[A-S)  (Art.  70) 

=  003^008  if  +  sin  A  sin  If 


is  [Aj  -B)  =  cos  [90°  +  {A  -B)]= 


Similarly  we  ma}-  proceed  if  ]i  be  tncrt-siPCfl  hy  Hip. 

Hence  the  theorem  is  true  for  all  angles  which  are  not  greater  than 
two  right  angles. 

So,  by  putting  As  =  W  +  Alf  we  may  shew  the  theorems  to  be  true  for 
all  angles  less  than  three  rielit  angles,  and  so  on. 

l.lencc,  by  proseedin:)  in  this  manner,  we  may  shew  that  :'ie-  theorems 
are  true  for  all  angles  whatever. 

92.  The  theorems  of  Arts.  88  and  90  which  give 
respectively  the  trigonometrical  functions  of  the  sum  and 
differences  of  two  angles  in  terms  of  the  functions  of  the 
angles  themselves  are  often  called  the  Addition  and  Sub- 
traction Theorems. 
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ADDITION    AND    SUBTRACTION'    FORMULA.  91 

93.    Ex.  1.     Find  the  -KuiiiM  <;/'  sin  75"  uj«I  cos15°, 

sin  75°  =  sin  (45°  +  30°)  =  sin  i5D  eos  30°  +  eos  46°  sin  30° 

_JL     i£       1    *-^5±i 
"V2'  2    +^a  2     "2V2"' 

and  cos750=eos(45°  +  30D)=eos450cos30°-sin450siu30Q 

V2   2    _  V2  2       V2   ' 

Ex.  2.     jlssiujiiii.;)  (l(j  formulae  for  fin(;c4-;/)  oni.(  cu6{;c-i-i/),  deduce 
the  foniiuiut'.for  fhi(x-ij)  and  COS  (a;-f/|. 
We  have 

£ax=tm{tj>:-y)+y)  =  tia(x-y)<iQty+aoa{x-y)&ay (1), 

and     cosx  =  cos{[x-y)--ry}=cos{x-y)coHy-5M(z-1!}amy (2). 

Multiplying  (1)  by  co*;/  ancl  (2)  by  -in  ;/  and  subtracting,  we  have 

35na-oos!/-ooaKsinj/=Bin(.i-?/]{G032!/  +  3m2^i  =  Km(^-i/). 
Multiplying  (I)  by  sin  y  and  (2)  i'.yco-j/  and  adding,  wo  have 

unx^y  +  aaaxBOBy=eoB(x-y){cto*y  +  awty}=aD9(x~y). 
I  [i::ii:(i  the  two  fomiuliic  ri'iinivod  o  i--:1  nwi'i'i. 

These  two  formulae  are  true  for  all  values  of  the  angles  since  the 
formulae  from  whifiii  th«y  mi.:  du.iiuu  ai.t  trar;  for  all  values. 

EXAMPLES.    XIII. 

1.  If  sin  a  =  |  and  cos  (3  =  —,  find  thevalueof  sin(a-jS)anaooa(o  +  JS). 

2.  If  aino  =  ^|  and  BJn(3=3=,  find    the  values   of  sin(a-|3)and 
•infa  +  fl)- 

3.  If  gin«  =  ^|  and  0OB/J=jg,  find  the  values  of  sin(ffl  +  /3),oos(«-p), 

and  tan  (a  +  (3). 
Prove  that 

5,  oos  (J  +  B)  oos  (^  -  B)  =  oosa  4  -  sin3  B. 

6.  eos(43°--J)eo9{4G;'-i;)-siu(45!'-Ji}sin(45D-B)  =  sirt(il  +  JB). 
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TRIGONOMETRY. 

[Exs.  XIII 

{i5"  +  A)c 

s(45°-B)  +  ooe(46°  +  Ji)8i 

n(45c 

-B)  =  ws(A-B) 

JA-B)  ] 

sin(B-C)  (  sin(C-^) 

0. 

„eos(> 

-.)-».*(,-.)...... 

<■+» 

oI7-to=(U  +  v)oo.«..inS> 

„(,-.). 

(»  +  !)< 

.in(»-l)i  +  ra(»+l)^oo 

(h-1M  =  c 

*24. 

(»  +  l). 

.iD(,  +  2)J+0O.(»+l)^O0 

(•+a)4-< 

»-*■ 

From 

Arts.  88  and  90,  we  have,  for  all  values  of 

14.   i 

94. 
.4  and  _B, 

sin  (^1  +  B)  —  sin  ji  cos  B  +  cosA  sin  i?, 

and  sin  (A  —  B)  —  sin  A  cos  5  —  cos  A  sin  _B. 

Hence,  by  addition  and  subtraction,  we  have 

sin  (A  +  B)  +  sin  (A-  B)  =  2smAcosB (1), 

and         sm(A  +  B)-sm(A-B)  =  2cosAsinB (2). 

From  the  same  articles  we  have,  for  all  values  of  A 
and  B, 

cos  (A  +  B)  =  cos  A  cos  B  —  sin  A  sin  B, 

and  cos  (A  —  B)  =  cos  j4  cos  5  +  sin  A  sin  B. 

lie  nee,  by  addition  and  subtraction,  we  have 

cos  (A +U)  + cos  (^-5)  =  2  cos  4  cos  5 (3), 

and        cos  (A-B)-  cos  (A  +  B)  -  2  sin  4  sin  5 .(4). 

Put  ,4  +  S  =  G,  and  ,4  -  B  =  D,  so  that 
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PRODUCT    FORMULA.  93 

On  making  these  substitutions  the  relations  (1)  to  (4) 
become,  for  all  values  of  G  and  D, 


sin  0  +  sin  D  =  2  sin  - 


s  C  +  cos  D  =  2  cos  — i —  c 


and     cos  D  -  cos  C  =  2  sin  — — —  sin    — -   -  ...  IV". 

[The  student  should  c.ii'O fully  notice  that  tin;  left-hand 
member  of  IV  is  cos  D  —  cos  C  and  not  cos  0  -  cos  D.] 

95.  .  These  relations  I  to  IV  are  extremely  important 
and  should  be  very  carefully  cum  mil  ted  to  memory. 

On  account  of  their  great  importance  we  give  a  geo- 
metrical proof  for  the  case  when  C  and  D  are  acute  angles. 

Let  AOG  be  the  angle  0  and  AOD  the  angle  D. 
Bisect  the  angle  GOD  by  the  straight  line  OR  On  OE 
take  a  point  P  and  draw  Qi'li  perpendicular  to  OP  to 
meet  OC  and  OD  in  Q  and  R  respectively. 

Draw  PL,  QM  and  RN  perpendicular  to  OA,  and 
through  E  draw  RHiT  perpendicular  to  PL  or  QM  to 
meet  them  in  S  and  T  respectively. 

Since  the  angle  DOG  is  G  —  D,  each  of  the    angles 

DOE  and  E00  is  G~,  and  also 


Since  the  two  triangles  POR  and  POQ  are  equal 
ail  respects  we  have  OQ  =  OR,  and  PR=PQ,  so  that 
RQ  =  2RP. 
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!  TKIGONOMETRY. 

Hence  QT  =  2PS,  and  RT  -  SRS,  i.e.  MS  .  2ML. 
Therefore  MQ  +  SB  =  TQ  +  11B-  2SP  +  2ZS  =  2LP. 
Also  OM  +  OS -SOU  +  MN -20M  +  1ML  =  10L. 


_MQ    jra_ 


Q  +  Slt 
OB    ' 


Q.I 

1 

,-£ 

I 

yy 

A;;:u;i 


.    _       .     n     MQ     MR     MQ-SR 
»mC-emI>-0Q-6R=—0R— 


OR       MP'  OR 

O  +  B  .    0~D 


-  2  cos  SPR  sin  BOP 


•-£SPO-£LOP-  -? 
OM     OS     0M+  OS 


""■"'"     .Eg"""  BE — 

,0_L_    010P 
0R~ OP  OR 
I  oos  LOP  cos  POR=  2  cos 


G  +  D        C-L> 
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PRODUCT     FOHMULJi. 

_ON_OM  __ 
OR      O'Q  OR 

_Mtf_  SR  _  2SR  PR 
~0R  OR"  PR  OR 
=  2  sin  8PR.  sin  POP 

-J) 

■2      ' 

96.  The  student  is  strongly  urged  to  make  himself 
perfectly  famili.Hr  with  the  formulae  of  the  Inst  article  and 
to  carefully  practise  himself  in  their  application ;  perfect 
familiarity  with  these  formulae  will  considerably  facilitate 
his  further  progress. 

The  formulae  are  very  useful  because  they  change 
sums  and  differences  of  certain  i|uan.titi.cs  into  products  of 
certain  other  quantities,  and  products  of  quantities  are,  as 
the  student  probably  knows  from  Algebra,  easily  dealt 
with  by  the  help  of  logarithms. 

We  subjoin  a  few  examples  of  their  use. 


BX.  2. 

cos  30 -co 

"»-»™--F»»- 

^-BitaWA 

Ex.  3. 

sin  75"- s 

75°+ 15° 

in  15°         C°S     "  2 

.    75° -15° 

3111   -       2 

cos7ij°  +  c 

os  16°     3     s75^+150^ 

..  ,  "'"''"     lr>' 

■1  c«>*  45° 

£5—»-*- 

^-■57735 

[This  is  an  exfini;>i«  of  \\v.-  simplih^Liion  ;;iveii  by  tliosi.-  ionniilnij;  it 
would  be  a  very  Ion:;  ii-id  lircsoun:  jn'ososs  to  look  onl  from  the  tables  the 
values  of  sin  75°,  sin  15",  eos75'\  and  cos  15s,  and  then  to  perform  the 

division  of  one  long  decinuU  iTaction  by  an-jlhor.] 
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Ex.  4.     Simplify  the  cvprtwaini, 


(«*■*    ■^■•:(v!i--is.,  !  sin  -2.0) 

fsin  :lt»  -  iin  01  (00=.  -i&  -  cob  6P) " 

On  n.pph  i TijL.'  rlii-  fonnuliU;  of  Art.  1)  1  this  expression 

.   e+ae  .  se-e       ,  80+29     sg 

2 

Bc^-'rin^xlrin^fdn^ 

4.  sin  20  sin  0.  sin  50  cos  3D 

EXAMPLES.    XIV. 


cosa/i  - 

MS  %A 

' 

sili  2/i  4- 

in  2ft 

tany_ 

U) 

Hin  2/i  - 

in  aft 

-J*) 

sinJ+s 

n2A 

J 

COS  -■(  -  1! 

m2A 

cos  2ft- 

sob  2.1 

ton  (A 

B). 

5111  'it',  + 

in  2.1 

00s  (.4+ 

BRsin 

[A-B) 

=  2ain( 

00s  3j1- 

003,1    , 

eos  2.J 

cos4J 

sin  3.4  - 

nini.-l 

sin  2,4 

sin  (U. 

2B)  + 

in  (4ft  - 

2.4J 

eosl.l.l 

2#)  + 

ip  (1ft  - 

1U)     ' 

tan  50  + 

an  80 
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[EXS.  XIV.]  PRODUCT   FORMULAE. 


OfS+2H 

s39  + 

iosSfl 

Bin  A  +  Bin 

W  +  -, 

n5J  +  sin74 

COS  J  -1- cos 

L-i  -!■  C 

jeEJ+eOB?,! 

sin(0  +  0> 

-2sin 

0  +  sin 

{0-<P) 

cos  (<?  +  ?) 

-2008 

fl+oo 

{<>-$) 

sic /I +2 

itt3<*+aine 

4      sic  3 

-iii  ::,'-■: 

ria5d 

+  em' 

A     sin  5 

flm  (J  -0) 

+  3  aii 

J+S 

n^+O) 

sin^-C 

+  2sii 

U  +  b 

"C'tCI 

sin  .4 -sin 

5J+s 

n§A 

-sinls.4 

S      ,^-B 


in(A+J3  +  C)  +  siii( -■.■!-/-'  :■(.;;     sin  .-!     /;-:  (./)-!■  sin  (J +  £-<?) 


)s(-j4  +  B+C)  +  oob(J-B  +  C)  +  cob{^  +  B-C)  +  co8(J  +  5 

.n  50°  -  Bin  70°  +  sin  10'  =  0. 

n  10°  +  sin  20°  +  sin  40°  +  sin  50°  =  sin  70°  +  sin  B0°. 


Simplify 

»  -M"5M~M"!M- 

L.  T. 
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97.  The  formulae  (1),  (2),  (3),  and  (4)  of  Art.  94  are 
also  very  important.  They  should  be  remembered  in  the 
form 

2  sin  AcosB  =  sin(A  +  B)  +  sin(A-B)...(l), 
2  cos  A  sin  B  =  sin  (A  +  B)  -  sin  (A  -  B) . .  .(2), 
2  cos  A  cos  B  =  cos  (A  +  B)  +  cos  (A  -  B).  ..(3), 
2  sin  Asm  B  =  cos  (A  —  B)  -  cos{A  +  B)...(4). 
They  may  be  looked  upon  as  the  converse  of  the 
formulae   f — IV.  of  Art.  94. 


Ex.  1. 

2  si 

130<K 

3  0=;  sin  4 

Ex.  2. 

2  si 

nSSsi 

n  30=  cos 

Ex.  3. 

Z« 

sue 

os20=co 

Ex.  4. 

Hhr  ■::■'..:.  V 

JjO'.T   i'orm 

fin  SO  co 

By  the 

iLlu  Hie  i.' 

l<- 

in9*  +  3ir 

i 

eoa  36  +  c 

sin 

70 -sin  3 

=  - y     |      "       Ijv  the  formulae  of  Art.  94, 

=  tan  20. 

[The  sluilent  should  r-r.roiully  notice  the  nrlilieo  of  liisil  employing 
the  formulae  of  this  article  and  then,  to  obtain  a  further  simplification, 
employing  the  convene  formulae  of  Art.  94.  This  artifice  is  often 
successful  in  simplifications.] 

EXAMPLES.    XV, 

]']';pr<H»s  as  ii  -uni  or  ciifiijreiice  tins  follo'.viu;; 
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[Exs.  XV.]       TANGENT   OF  'IIIE  SUM   OF   TWO   ANGLES.       99 
Prove  that 

6.  cos  as  oo8  -  -  ooa3eooa-2-  =  sinEesinT. 

7.  8mAsm(A  +  2B)-smBfiin(B  +  2A)  =  £m(A-B)sm{A+B). 

8.  (Bin84+da^)Bini  +  (ooaai-ooa4)oos4=0. 
n(^-<7)oosC-sm(^-2C) 


2sin(B-C)<» 

aC-si 
in  3.4 1 

a(B-2C)     siaB' 
JnG.J+sin-U  sin  13/1 

.  .  _.       .. ...TJ»U„1^ — "- 

11.  Tin44sin3/l-sina^.Era'r»l  +  sin-lJ!sin7/l =  cot  6^  cot  5,4 . 

12.  co3(3eo-^)oo3(360  +  J)  +  oo8(54°  +  J)oos(54"-Jl)  =  oos2^. 

13.  ooa/i  sin  (B-R)  +  cosJJ  sin  {C-A)-i-cosC  sin  fJ-JJ)  =  0. 

14.  sin(45°  +  ^)ain{4Eo-Jl)  =  ^0O83^. 

15.  verain  (J  +  B)  versin  (A  -  B)  =  (cos  J  -  soa  B)> 

16.  Bin(^-T)0o8(o-B)  +  8rn(7-a)cos(l8-5)  +  Hin(a-/S)oos(7-a)=0. 

17     ^cos^cos^  +  cos^  +  cos^-O 
i'1  13        13  13  13 

98.     To  prove  that  tan  (^  +  B)  =  **£  +  *£?     and 

1  — tan  A  tan  If 
,,    ,,      ,  .      „.       tan  A  —  tan  B 

that  t-Mi  ( A  - B)  = .    ■■■   --,— =, 

v  '     1  +  tan  A  tan  B 

By  Art.  88,  we  have,  for  all  values  of  A  and  B, 
.  ,      ,,,      sin  (A  +  B)     sin  A  cos  5  +  cos  ^  sin  5 

tan  (A  -h  £>  = n-    »"^      —j      -7-. — ■     ,    ■     „ 

cos  (A  +  B)      cos  ^  cos  if  —  sin  A  sinU 

sin  ^1      sin  J3 

^T4+^Tff         .      ,.  ...      w, 

= 1 — •. — s — ?,,      by  dividing  both 

sin  A  sm  B         J  B 

~  cos  A  cos  B 

numerator  and  denominator  by  cos  A  cos  B, 

, .      — -,       tan  A  +  tan  B 

■.  tan  (A  +  B)=  = — - — ^— — - 

s  '      1  -tan  A  tan  B 

7—2 
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Again,  by  Art.  90, 

sin  (A  —  B)  _  sin  A  cos  5  —  cos  A  sin  i 


tan  (A-B)  = 

sin  j!     sin  fi 

,  by  dividing  as  before. 


{A  —~B)      cos  A  cos  Jl  +  sin  7l  sin  B 
sin  J.     sin  J5 
cos  A 


.  tan  (A  -  B)  = 


cos  A  cos  .B 

tan  A  -  tan  B 


1  +  tan  A  tan  B ' 


99.     The  formulae  of  Iha  |jieeoiiinr;  article  may  lit-  obtained  geometri- 
cally from  the  figures  of  Arts.  88  and  90. 
(1)     Taking  the  figure  of  Art.  88  we  have 

_MP  _QN+RP 

~OM~ OQ-BN 

HP 


a[A+B)  = 


1-^ 


??  oq 


But,  since  the  ancles  ./-.i'.V  and  ^O.V  are  equal,  tin:  t:ian;;bs  UPS  and 
QON  are  similar,  si 


EP     OQ 

PN~  ON' 

and  therefore 

RP     FN 
0Q"ON 

mB. 

H„«     .. 

n(A- 

hB'  =  l-tanBWl 

;J5           tanJ:  +  tanB 

an  B  ~  1  -  tan  A  tan  B  ' 

(2)     Taking  the  figure  of  Art.  90,  we 

have 

-«-■>-§ 

QN  -  PR 

"  '  OQ  +  Nti 

QN     FR 
0Q~OQ       aC 

1  +  ™        1  + 

PR 

A"OQ 
Xli  PR' 
PBOQ 
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But,  sinci 

:  l':i!;  ».nu\an 

KPN  and  NOQ 

are  equal,  \ 

.ehave^ 

.mil  iherti'iirt 

PS 

OQ* 

PN 

mB. 

liiT.iV; 

tan[A~B] 

"t+i; 

■■,nl.!/>Nl 

S           tat 

an  B  ~~  1  + 

l^SI 

100.     As  particular  cases  of  the  preceding  formulae, 
we  have,  by  putting  H  equal  to  45°, 

/.       j-a\      tan  A  + 1      1  +  tau^l 

tan (.A  +  45°)  =  ,     ^       .  =  ,— /-  -;, 

7     1  —  tan  j1      1  -  tan  A 

,  ,  .       ,.„,       tan  .4  —  1 

and  tan  (A  —  4o  )  =  = , . 

v  '     1  +  tan  A 

Similarly  as  in  Art.  98  we  may  prove  that 


cot  (A  +  B) 
cot  (A  -  B)  = 


cot  A  cot  B  —  1 
cot  j!  +  coOJ' 
cot  ,4  cot  B  + 1 


cot  5  —  cot  A 
101.    Ex.i.    tan  75°  =  tan  (45° +  30°)=  *""' 


tiLii4iV'fcLii30'' 


J3     ^3  +  1     W3  +  1)" 
1      ^/3-l        "3-1 

tt^-w. 

73 

2  +  1-73205...  =  8*78206.... 

tan  15°  =  tan  (45° -30°)  =  : 

tan  45" -tan  30° 
L  + tan  45°  tan"  30° 

1_^     V3-1      W3-1)- 
1   "VS  +  X        3-1      - 
+  7* 

l"Va-2      A 
2        -8     V3 

2-1-73205...  =  '26795. ... 
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EXAMPLES.    XVI, 


1.  If  tan^  =  g  and  tanB  =  --,  find  the  values  of  tan  (2A  +  B)  and 
,n{2A-B). 

2.  If  tan  A  -  rPj,  and  tanB=j^^  ,  prove  that 

tao(/i-.ft)  =  -3T5. 

3.  If  toaA  =  -  -.  andtan£=  - ,  find  tan  (A+B). 

4.  If  tan  a=  ■„  and  tan /?;=-- ,  prove  that  a  +  j3  =  - . 


'*  (l +  P)  C°t  (j  ~  e)=1" 


102.  As  further  examples  of  the  use  of  the  formulae 
of  the  present  chapter  we  shall  find  the  general  value  of 
the  angle  which  has  a  given  sine,  cosine  or  tangent.  This 
has  been  already  found  in  Arts.  82 — 84. 

Find  the  genera/  value  of  all  angle.-  having  a  given  sine. 

Let  a  be  any  angle  having  the  given  sine  and  0  any 
other  angle  having  the  same  sine. 

We  have  then  to  find  the  most  general  value  of  0 
which  satisfies  the  equation 

sin  8  =  sin  a, 
i.e.  sin  0  —  sin  a  =  0. 

This  may  be  written 

_        0+a   .    6-a 

2  cos  — ^—  sin  — =—  =  v: 
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ANGLES    HAVING   A    GIVEN    COSINE. 

and  it  is  therefore  satisfied  by 

&  +  a      A  J  1 

cos  — ^—  =  0,  and  h 

i.e.  by  —^—  =  any  odd  multiple  of  ^ 

and  by  — = —  =  any  multiple  of  it 

i.e.  by  8  —  —  a+  any  odd  multiple  of  tt (1), 

and  0  =  a  +  any  even  multiple  of  tt  (2), 

i.e.   6  must  =(—  Vftn  +  mr,  where  n  is  any  positive   or 
negative  integer. 

For  when  n  is  odd  this  expression  agrees  with  (1),  and 
when  n  is  even  it  agrees  with  (2). 

103.      Find  the  general  value  of  all  angles  havinr/  the 
same  cosine. 

The  equation  we  have  now  to  solve  is 

cos  0  =  cos  a, 

i.e.  cos  a  —  cos  0  =  0, 

_    .     0+a    .     6-a      . 
i.e.  2  am -g- am -^--0, 

and  it  is  therefore  satis  Hoc]  by 

sin  — ^—  =  0,  and  by  sin  —    -   =  0, 

9+o 
2 

and  by  — 5-  =  any  multiple  of  -n 


,GoosIe 


104  TRIGONOMETRY. 

i.e.  by  8  =  —  a+  any  multiple  of  2w. 

and  by  0  =  a  +  any  multiple  of  2tt. 

Both  these  sets  of  values  are  included  in  the  solution 
8  —  2?wr  +  a,  where  n  is  any  positive  or  negative  integer, 

104.     Find  the  a&naral  value  of  all  angles  having  the 
same  tangent. 

The  equation  we  have  now  to  solve  is 
tan  0  —  tan  a  =  0, 
i.e.  sin  8  cos  a  —  cos  6  sin  a  =  0, 

i.e.  sm(0-a)  =  O. 

.'.  8  —  -x  =  any  multiple  of  tt 

=  mr,  where   n  is  any  positive   or 
negative  integer, 
so  that  the  most  general  solution  is  0  =  mr  +  a. 
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CHAPTER   VIII. 

THE    TRIGONOMETRICAL   RATIOS   OP   MULTIPLE    AND 
SUBMULTIPLE    ANGLES. 

105.     To  find  the  trigonometrical  ratim  of  an  angle  2A 
in  terms  of  those  of  the  angle  A, 

If  in  the  formulae  of  Art.  88  we  put  B  =  A,  we  have 

sin  2A  =  sin  A  cos  A  +  cos  A  sin  A  —  2  sin  A  cos  A, 

cos  2A  =  cos  A  cos  A  —  sin  A  sin  A  =  cose  A  —  sin3  A 

=  (1  -  sin2  A)  —  sin3  A  =  1  —  2  sin2  A, 


and  also 

=  C08! 

A 

-(1-co, 

iM)  =  2 

cos'A-l 

;uii] 

tan  2A 

1 

tan  A  +  tan  A 

—  tan  tl  .  tan  ,4 

2  tan  A 
1  —tan2  A 

Now  the  formulae  of  Art.  SS  are  true  for  all  values  of 
A  and  B;  hence  any  formulae  derived  from  them  are  true 
for  all  values  of  the  angles. 

In  particular  the  above  formulae  are  true  for  all  values 
of  A. 
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106.  An  independent  geometrical  proof  of  the  formulae 
of  the  preceding  article  may  be  given,  for  values  of  A 
which  are  less  than  a  right  angle. 

Let  QGP  be  the  angle  24. 

With  centre  G  and  radius  GP 
describe  a  circle  and  let  QG  meet 
it  again  in  0. 

Join  OP  and  PQ,  and  draw  FN 
perpendicular  to  OQ. 

By  Euc.  in.  20,  the  angle 

QOP  =  itQCP  =  A, 
and  the  angle         NPQ  =  Z  QOP  =  A. 

Hence 

■    *> ,,      -^  ^  2.ffP        ArP        JVT    OP 
sm  LA  -  c-p-  -  2CQ-  - 1  qq  ~Z0P-  OQ 

=  2  sin  NOP  cos  POQ,  since  OPQ  is  a  right  angle, 
=  2  sin  A  cos  A  ; 


■s  2  A 


_  ON  _  2CN  _  (0G+CN}-(0G-CN) 


GP      OQ 

OQ 

ON -NO, 
OQ 

ON  OP 
'  OP  OQ 

NQPQ 
'PQ'OQ 

eoa*  A  —  sir 
IA     NF 

.'A; 

2it 
0N- 

A 

rp 
■NQ 

,NP 

iA     CM 

2  tan 

NQPN 
PNON 

1  -  tan2  A 
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MULTIPLE    ANGLES. 

Ex.     To  find  tin'  ■<•'»  fiiirs  n/s/u  ]  :7"  «.wrf  t;ns  l.y'. 
Let  the  angle  2^  be  30°,  so  that  A  is  15°. 
Let  the  radius  CP  be  2a,  so  that  we  have 

id  tfP=2arin80°=a. 

Henee  OW=OC+CW=b(2+V3), 

id  NQ  =  CQ-CN=a(2-J3). 

:.   OP2=0N.OQ=a(2  +  J3)  x4a 
.that  0P  =  oV2W3  +  l), 

id  PG>  =  QN.  QO  =  a  (2-V3)xdo, 

ithat  PQ=a^a(V3-l). 

-  ?9  -  V3^3-1)  _  V^-l 


107.      2'o  find  the  triijono'inetric'd  functions  of  SA  i 
terms  of  those  of  A. 

By  Art.  88,  putting  B  equal  to  2A,  we  have 
smZA=fAn(A  +  2A)  =  sinA  cos  2  J.  +  cos  A  sin  2.4 
=  sin  A  (1  —  2  sin'  A)  +  cos  A.  2  sin  .4  cos  A 
=  smA  (1  -  2  sin'J  4)+  2  sin  ^  (1  -  sin*  A). 

Hence  sin3A=3sin  A-  4 sin3  A (1). 

So 

cos  3.4  =  cos  (A  +  2A)  =  cos  A  cos  2A  —  sin  A  sin  2A 
=  cos  A  (2  cos3  4  -  1)  -  sin  A  .  2  sin  A  cos  4 
=  cos  A(2cosM  —  1)  —  2  cos  A(l  —  cosM). 
Hence         cos3A  =  4  cos' A  -3  cos  A (2). 
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tan  3,4  =  tan  (A  +  2-4)  = 
.        2  tan  J. 


tan  A  +  tan  2A 


1  -  tan'  A   _  tan  A  (1  -  tan2  A)  +  2  tan  -4 
.    _2_ta.ii  A     ~~        (1  -  tan2  j!)  -  2  tan2  /I 


Hence       tan  3A 


3  tan  A  —  tan8  A 
1-3  tan'  A 


108.     By  a  process  similar  to  that  of  the  last  article, 

the  trigonometrical  ratios  of  any  higher  multiples  of  8 

may  bo  expressed  in  terms  of  those  of  0.  The  method  is 

however  long  and  tedious.  In  a  later  chapter  better 
methods  will  be  pointed  out. 

As  an  example  let  us  express  cos  59  in  terms  of  cos  0. 
We  have 

cos  50  =  cos  (30 +  20) 

=  cos  30  cos  20  -  sin  30  sin  20 

=  (4  cos8  0  -  3  cos  0)  (2  coss  0  - 1 ) 

-  {3  sin  0  -  4  sin3  8) .  2  sin  0  cos  8 
=  (8  cos6  0-10  cosa  0  +  3  cos  8) 

-  2  cos  0 .  sin2  8  (3  -  4  sin5  0) 
=  (8  cos0  0  - 10  cos3  0  +  3  cos  0) 

-  2  cos  0  {1  -  cos2  0)  (4  cos3  0-1) 
=  (8  cos5  0  -  10  cos3  0  +  3  cos  0) 

-  2  cos  8  (5  cos2  0  -  4  cos1 0  -  1) 
=  16  cosB  0-20  cos8  0  +  5  cos  0. 
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EXAMPLES.    XVII. 

1.  Find  thB  value  ol  fin  'An  whsjii 

(1)     i».-|,     (3)    fim«  =  i|  and  (3)    to 

2.  i'illd  L-llO  Villus:  of  i;(!S  2a,  wilful 

(1)     eOS«  =  ^.      (2]     Hn.^(uid(B)      " 

3.  If  tan  9  =  -  ,  find  the  value  of  a  coa  26  +  b  sin  2r 

I'VOVI!  T ] : : l: 


6.     i  +  e0B2^  =  ta°°jJ-  7"     tan  J +  00*^  =  3  oo 

8.    tan  4  -  cot  A  =  - 2  cot  %A .  9.    ooseo  24  +  cot  24  = 

,-J+coa_B-oos(J-l  +  B)_        J        B 


}"    1  +  eosyl-eoaB-eosl^  +  B 

-tan  3  oot 

_        C0H.        =  tan  (  45°=b  $\  . 

12.     ~ 

l  +  tanW-4> 

■     l-ton*W-A)     LuaB<''"1' 

tan  tt  +  ^ 

Bkt1>  +  $_             2 
'■    sin(tt-£J     tat]^' 

Bin"4-Bm"B 

(A  +  B). 

■     sin4co8  4-emBcDBB 

.    tan(|  +  fl  J  -  tan  ( j -9  1=2 

tan  20. 

Oos4  +  sin4     cos4-Bin4_ 

2  tan  34. 

.    oot  {A  + 16°)  -  tan  (J  -  15°)  = 

4  cos  24 

1-  ■>  siu  24 

1 84  - 1     tan  84 
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_gMttj-iM-'*'<»-iM_ 
oos(n  +  lM  +  2oosn4  +  eoa(n-l)J 
sin(rc  +  l),4  +  2am^  +  smfr-lM_ 
"■  oos^-lM-eosfrc+lM 

24.  - 

25.  Btn3^  +  Bin2Ji-ain^-:49inJoos|<K 

26.  tan  2A  =  {aeo  2A  +  1)  J  see?  A -1. 

27.  eos320  +  Scos20  =  4(coi>'i0-8in60]. 

28.  1 +  0032  29=2  (cos1  8  +  sin*  6). 

29.  6ecM(l+see24)=2sec2J4. 

30.  ooMaA-2<sot2AeoaA=2anA. 

31.  cot^  =  2  feot^-tan-gj. 

32.  BinaBin(60,)-.a)siDt60o+a)  =  jsiii3a. 

33.  eoSttcos(60-n>co3(G0°.|-a)  =  jCoS3o. 

34.  Got  a  +  cot  (60  +  a)  -  cot  (60°  -  a)  =  3  cot  3 

35.  cos20oeos40°cos(i0°cos80°  =  ^. 

38.  sin  20°  Bin  40°  sin  60°  sin  80°  =  -|. 
37.  cos4a  =  l-8c052a-h8eos1a, 

^8  sin  4^  =  4  sin  ^.  eos3^  -  4  cos  A  sill8  *4 

39.  eoa  6o  =  32  cobb  a  -  48  cob4  a  + 18  cohs  a  - 

40.  tan  3  A  tan  2i  tan  J  =  tan  3A  -  tan  2A  - 


=  (2co8e-l)(2cosye-l)(2eo3  2!fl-l} 

(2coB2"-1e-l). 
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SUBMULTIPLE   ANGLES.  Ill 

Submultiple  angles. 

109.     Since  the  relations  of  Art.  105  are  true  for  all 
values  of  the  angle  A,  they  will  be  true  if  instead  of  A 

we  substitute  -^ ,  ami  therefore  if  instead  of  2A  we  put 

Hence  we  have  the  relations 

sinA  =  2  sin-    cos  _:  (1), 

cos  A  =  cos2  ■=  —  sin3  -= 

=  2cos*~-  l  =  l-28lnA (2), 


2  tan  -= 
and  tanA  = —  (3). 

From  (1)  we  also  have 

,   .    A        A 
■2  sin  j  cos  j 

siuA=      SA       .,A 


iUxw   , 


1  -ftan5- 
tor  and  denominator  by  cos2  -=  . 


,  by  dividing  nun: 
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cob"  ^- sin' -g 

So  008-4= -, -. 


coss -tj -t- sin5  - 


1  —  tans - 


\      7\A' 

1  +  tan  -^ 


110.      To  express  the.  trijtonometric'il  ratios  of  tie  ovtjl 


-=  in  terms  of  cos  A 


From  equation  (2)  of  the  last  article  we  have 
cos  A  =  1  —  2  sin2  -^  , 
so  that  2  sin2  — -  =  1  —  cos  A, 

and  therefore       ^""n  =  ±  \l  7T (!)■ 

Again,  cos  A  =  2  cos2  ~-  —  1, 

so  that  2  cos2  ■=■  =  1  +  cos  At 


and  therefore      cos  —  =  ±  */ ^-   - (2). 


Hence,  tan  - 


2  _  +     /I  -  cos  A 
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111.  In  each  of  the  preceding  formulae  it  will  he 
noted  that  there  is  an.  ambiguous  sign.  In  any  particular 
case  the  proper  sign  can  be  determined  as  the  following 
examples  will  shew. 

Ex.  1.     Given  can  45"—   -,;( ,  find  the  Valium  of  sin.  'I'll '  'i»d  co-s  32.','-. 
Tim  eiiuation  (1)  of  the  lisst  ;u  fciele  ^ivcK,  by  puitins  .-(  isqiml  to  45°, 

Now  ein22fc  is  oecessiuily  positive,  so  that  the  upper  sign  most  be 
Henee  mn22r=|  Jz-Jl 

s„     ,o.2Si-,*yi«pi2=*v/?^.i!.ywir: 

also  008  23  J°  is  positive  ; 

Bs.  a.    Giwen  cos  330°=^-  ,  j$nd  tfe  raiucs  o/  sin  165°  nnd  cos  165°. 
The  equation  (1)  gives 

Va-i 

"      2./2    ' 
Also 

eo,  165-,  *  ,/-±°f=_  „  7^?"  *  v^ 
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Now  165°  lies  between  90°  and  180°,  so  that,  by  Act.  32,  i 
positive  and  its  uusiiie  i?  iic^itivr. 

■-\/-2    ■ 


Hence  mnl65°=X 


...IM-.-^t1. 
From  the  above  examples  it  will  be  seen  that,  when  the  angle  A  and 

its  cosine  are  givou,  the  ratios  for  the  allele '    may  i:ie  determined  without 

any  ambiguity  of  sign. 

When  however  onlycos.1  is  given,  there  is  an  ambiguity  in  finding 
sin^-  and  cos  -.     The  explanation  of  this  uiiilii^iiiiy  is  given  in  the  next 


*#112.    To  explain  vjhy  there  is  winbiguily  -when,  cos  ~- 
and  sin-jr-  are  found  from  Ike  value  of  cos  A. 
We  know  that,  if  n  be  any  integer, 

cos  A  =  cos  (2«7r  ±  A)  =  k  (say). 

Hence  any  formula  which  gives  us  cos  —  in  terms  of  k, 

L     u     ■  t     ^  c  %tm±A 

sin i i i .( I  give  ur 

w  „ftw±i 


=  cos  mr  cos    ■  ■  -y  sin  bit-  sin  -; 
4 


according  as  ra  is  even  or  odd. 
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Similarly  any  formula  giving  us  sin -^   in  terms  of  ^ 

should  give  us  also  the  sine  of  — ^- — , 

..  .    Sim- ±4       .     I  A\ 

Also       sin    —  —  =  sin  [  tim  ±  -^  1 

=  Sin  «.7rC:(lS    ..,   ±  COSW7T  Hi.i;  ■      —  +  COS  Ji-r  Sill 


Hence  in  each  case  we  should  expect  to  obtain  two 
values  for  cos  —  and  sin  —  ,  and  this  is  the  number  which 
the  formulae  of  Art.  110  give. 

113.      To  express  the  friffoiiometri'xd  ratios  oi"  the  angle 

L=  in  terms  of  sin  A . 
2  J 

From  equation  (1)  of  Art.  109  we  have 

lv*.\«*\-**A (1). 

Also  ma.3 -s  +  cos2  —  =  1,  always (2). 

First  adding  these  equations,  and  then  subtracting 
them,  we  have 


-  2  sin  -Q-  cos  -g  +  cos2  -=  =  1  —  sin  A ; 

8—2 
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i.e.  (sin  -    +  cos-=-)  =  1  +  wo. A, 

and  fsin-^  —  cos-h  )  =  1  — sinJ.; 

so  that  sin  -^  +  cos  -=  =  ±  "/l  +  sin  A (3), 

and  sin  -^  —  cos-  -  =  +  Vl  —  sin  A (4). 

By  adding,  and  then  subtracting,  we  have 

2  sin  2-  =  +  VT+"  sin"  A  +  Vl-slnA (5), 

and  2 C06^  =  +  VI  -f  sin  A  +  Vl  -sin  A (6). 

The  other  ratios  of       are  then  easily  obtained. 


114.  In  each  of  the  formulae  (•">)  and  (6')  there  are 
two  ambiguous  signs.  In  the  following  examples  it  is 
shewn  how  to  determine  the  ambiguity  in  any  particular 
case. 

Bjc  1.     Given  that  ain  SO"  is  -,  find  ike  valuet  of  sin  15"  and  cos  15". 
Putting  -4  =  30",  we  have  from  relations  (8)  and  (4), 
sin  15°  + cos  15°=  ±  JT+em  30°  =  A 


±3* 


■a  15"=  ±  ,/l^~s 


-3" 

Now  sin  15°  and  cos  IS"  are  both  positive  anil  eosl.5!i  is  grailer  than 
sin  15°.     Hence  the  expressions  sin  l.^'-j-cos  ]S°  and  sin  15"  -cos  15°  are 

lv-'i^ilivolv  fjusiLivo  a.);,:L  '.iL'iT.f.tive. 
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Ilenci:  1J10  ;;i;ove  two  v.; In,-.:;); is  should  be 


ji15°  + 

uosl5°  = 

s/8 

inl5°- 

cos  15°  = 

""V2' 

_ 

sin  15°  = 

isl5°- 

^3  +  1 
"  V2   ' 

Ix.  2. 

fli 

to.  Mart  fC 

■i  570°  i 

;  i:qiiu.l  !ii 

j»"'  the  indues 

qfi 

ro*28E 

'uoytm 

J. 

squal  to  570°,  we  i 
sin  285°  + cos  285°. - 

ave 

f"j2' 

=  ±Vi+ 

Bm57i 

±Vi-ein570°=±v/|. 


and  sin  285°  - 

Now  sin  285°  is   negative,  cos  285°   is  positive,  and  tha  former  i 

Tiinjii'uii.Uv  :-iaiia'  '.iim  Lb:  latiur,  ;:-s  may  bo  sci:n  liy  a  figure. 

Hence   sm285°  +  eos2850  is  negative  and  sin  285°  -  cos  285a  is  als 

.-.  sIn2850+oos285°=--^, 

and  sin  285° -cos  285°= -^|. 

Hence  ^286°=-^, 

and  «.W-^. 


**115.     To  iijipknii  why  /here  is  u/ml 
and  cos  -^  are  found  from  the  value  of  sin  A. 
We  know  that,  if  n  be  any  integer, 

ehi{nw  +  (-iyiA}  =  smA  =  k{Bay).     (Art.  82.) 
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Hence  any  formula  which  gives  us  sin  -^-  in  terms  of  k, 
should  give  us  also  the  sine  of ^ — - , 

First,  let  n  he  even  anil  equal  to  2m.     Then 
.    m +  (-!)••  A  I  A\ 


=  sin  mi7  cos  -^  +  cos  rnir  sin  ^-  =  cos  mir  sin  -^ 


according  as  m  is  even  or  odd. 

Secondly,  let  n  be  odd  and  equal  to  2p  + 1. 
Then 


i+fc-lM. 


T+TT-jt         .     r  . 

— 2 =sinjp7r+  - 


2 

ir-A  .     ir-A  A 

sni_M7r  cos  — ^ —  +  cos  fm  sin  — ^ —  =  cos  pir  cos  - 

A 
+  008 -j, 

■p  is  even  or  odd 
Hence  any  formula  which  gives  us  sin  -^  in  terms  of 

sin  A  should  be  expected  to  give   us,  in   addition,  the 
values  of 


i.e.  4  values  in  all.  This  is  the  number  of  values  which 
we  got  from  the  formulae  of  Art.  113,  by  giving  all  possible 
values  to  the  ambiguities. 
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In  a  similar  maimer  it  may  be  shewn  that  when  cos  -^ 
is  found  from  sin  A,  we  should  expect  4  values. 

116.  In  any  general  case  we  can  shew  how  the 
ambiguities  in  relations  (3)  and  (4)  of  Art.  113  may  be 
found. 

We  have 

.    A  A      ,_  / 1    .    A      1         A\ 

sin2+COS2=V2lv28in"2  +  V2C°82J 

._  f  .    A       7T  ,        A  .    if]       lo  .    (ir  ,  A\ 
=  V2  [mil  -  cos  i+  cob  -g  on  ^J  =  V2  Bin  (j  +  -gj  - 

The  right-hand  member  of  this  equation  is  positive  if 

t  +-^"  lie  beiwcen  -.''.I'.-r:  and  'hi.-rr+  -rr. 
4       2 

i.e.  if         -,,  lie  between  2n7r  —  -.-  and  2mr  +  -r  . 


it  la  negative  otherwise. 

Similarly  we  can  prove  that 

.A  A       ,_   .    (A 


("9  ~~  ~l )  ^e  between  2ftw  and  2jw 

i.e.  if  --,-  lie-  between  Sutt-t--'-  and  2».77  +  -,'  . 
2  4  4 
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It  is  negative  otherwise. 

The  results  of  this  article  are  shewn  graphically  in  the 
following  figure. 


OA  is  the  initial  line  and  OP,  OQ,  OR  and  OS  bisect 
the  angles  in  the  first,  second,  third  and  fourth  quadrants 
respectively. 

Numerical  Example.    Wilkin  vikal   limits  must  1(-  lip.  if 

In  this  case  tlie  formulae  of  Art.  113  must  clearly  be 

ain!  +  MB^=-Vl+^   (1), 


^-«.|-jrnE2 

For  the  addition  of  tliono  tivo  fcvmiilae  gives  the  given  formula. 


From  (1)  it  follow;;  that  (he  rovolvmj;  Y.v.r.  v-hich  baaniia  the  angle  7- 
mnat  be  between  OQ  find  01!  or  vbo  bct'.vpL-n  07';  and  0.?. 
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i'rom  {2)  It  follows  Unit  i-lio  rovolviii;:  lino  nasi  l'o  hut \i ii i?n  OR  and 
OS  or  else  between  OS  and  OP. 

Both.  tl-.L--.-t'  coiirlilit)!!"  !:r.'  si[!,!-.:ii  J  only  ivlien  iln;  involving  linft  lifts 

between  OH  and  OS,  and  tli«n:foiu  tin;  ^njj'ti  -  lies  between 
2j(tt  -  -r-    and   2«7r  -  -  . 

117.      To   express   the   trigonometrkid   ratios  of  -g-   in 
terms  of  tan  A. 

From  equation  (3)  of  Art.  109  we  have 

2  tan  | 

tan  A  =  . 


Hence        tan3  - 


tan2  A 
1  +  tana  A 
tan2  A 


A  1      _      s/ 1  +  tana  -4 

l2      tan  J.-  -       tan.d       ' 

4      ±  Vl  +  tauM  - 1 


tan  A 


118.  The  ambiguous  sign  in  equation  (1)  can  only 
be  determined  when  we  know  something  uf  the  magnitude 
of  A 

Ex.     Given  tanH>°~2~^'i,  find  tan-Hf. 

Putting  A  — 15"  wo  liavo,  from  equation  (1),  of  the  last  article, 
tan  7,0_  *  ■yi  +  ^-V3)'-l  _  ±^8^V3-  1 
tsm'3-  2-J3  ~  2-^3     "    l  '" 
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Sow  tun  7 J:!  is  positive  so  lliat-  v,o  must  take,  the  upper  sign. 

=  (V6-Va--l)(2+V3)=n/6-^8+V8-3  =  W8-^)y3-l). 

Since  tan  l.S1  —  lan  lfl;j'J  ,  the  ojr.ii.i  ion  which  stives  us  tan  ^-  in  terms 
of  tan  15°  may  lie  expected  to  givu  uh  tan  ~  in  terras  of  tan  195°.  In 
fact  the  value  obtained  from  (1|  by  taking  the  negative  sign  before  the 

,.     ,  .    ,      195° 

i-riilinn,  is  tan  -^- . 

Hence        tan  -j-  =  — j-^ =      W_^ 

aothat  -oot7i°=tan97J0=-(V3+V2)(N/2  +  l), 

**119.    To  explain  vihij  there  is  ambiguity  when  tan -^ 
is  found  from  the  mine  of  tan  A, 

We  know,  by  Art.  84,  that,  if  n  be  any  integer, 
tan (mr  +  A )  =  tan  A=k  (say). 

Hence  any  equation  which  gives  us  tan  ■=-  in  terms  of  & 
may  be  expected  to  give  us  tan  — - —  also, 

First,  let  n  he  even  and  equal  to  2m. 

Then 

t      iwt  +  t!      ,       Zmr  +  A      t 
tan— -5 —  =tan  —5 =ti 

=  tan  -^  ,  as  in  Art.  84. 
Secondly,  let  n  be  odd  and  equal  to  2p  +  1. 


"1) 


,Google 


RATIOS   OF  -j-   IN  TERMS  OF  SIN  A.  123 

„,                          717!"  +  ^      ,       (2p  +  l)7T  +  A 
Then  tan  - — =-      =  tan  -  r- ^ — - 

=  tan  (pw  +  -~)  =  tan ?~A  (Art.  84) 
=  -cot=^.     (Art.  70.) 
Hence  the  formula  which  gives  us  the  value  of  tan  y 
should  be  expected  to  give  us  also  the  value  of  —  cot  ■=- . 

An  illustration  of  this  is  seen  in  the  example  of  the 
last  article. 

EXAMPLES.    XVIII. 

1.  If  sin  S  =  -  and  sin  0  =  g,  find  the  values  of  sin  (9  +  0)  and 

sin  (20  +  2#), 

2.  The  tangent  of  an  acfile  is  '2- 1.  Iiiul  its  cosecant,  the  cosecant  of 
half  the  angle  anil  the  cosecant  of  the  supplement  of  double  the  angle. 

3.  If  co3<j  =  ^r-  and  81110=:=,  find  the  values  of  gin8  „  and 
cos-  ^-^- ,  the  angles  a  and  0  bcinj;  positive  acute  angles. 

4.  If  eosa  —  i-  andcosj3=;,  fine!  the  value  of  cos  — =--i  the  angles 
a  and  ft  being  positive  aoute  angles. 

5.  Given  sec  d  =  1},  find  tan  ^  and  tan  $. 

g.  If  oos  A  —  '28,  find  the  value  of  tan  — ,  and  explain  the  resulting 
ambiguity. 

7,  Find  the  values  of  (1)  sin  71°,  (2)  eos7£°,  (3)  tan22£°,  and 
(4)  ten  111° 
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8. 

Ifsin0-[-sin0  =  aand  cobO  +  cos^,  fin 

Pro 

re  that 

9. 

(0M«  +  aMtf+pni~iliLA'-l«*±± 

10. 

(CM<H-OW0'  +  (SU1B  +  JM1  #»=4  0W»"  = 

11. 

(0M«-ratf+(ilBa-diiri*-4riii^ 

2tan- 

12. 

BJQ  ji  =  — .                                 13.        COS  , 

1  +  ton*- 

14. 

-'(H-G-0-— 

15. 

»("i)Vi£2--'~ 

16. 

-(HWi-i)^-- 

17. 

oo^a  +  ^t.+iaooj  +  ^ta-lffl)'')^ 

4ir           43tt            45tt            47ir      3 

21.  (tan  44  +  tan  31)  (1  -  tan5  3J  tan2  J)  =2  tan  SA  sec3  / 

22.  (l+tan|-eeo|)  ( l  +  tan|+seo|  J  =  sina  aec2^. 


±  V1  -  sin  4  i  V1  +  s™  J*.  when  o  ~  278°' 
i  ^/l^siii 4 ±  Jl  +  rinA,  when  -  =  -  "r". 
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25.  2 eo3 ^  =  ± ^1-aaA^  Jl  +  ninA,  when  |=  - 140°. 

26.  K  ^  =  340°,  prove  that 

27.  If  4=460",  prove  that 

28.  If  4 =680°,  prove  that 

29.  Within  what  respective  limits  must  ^  lie  when 

(1)    9sta|=     JuT^J+JlZ^nA. 

and  (4)    2cr*|  =     Vl+^^-Vl-sin"4. 

30.  In  t'le  formnla 

find  within  what  limits  -g  must  lie  when 

(1)  the  two  positive  signs  ace  taken, 

(2)  the  two  negative     „     ,,       ,, 

and  (3)     the  iii-.-it  sign  is  uugative  and  the  second  positive. 

31.  Prove  that  the  sine  is  Jii^Kordsdly  lo?.-:  than  the  cosine 
\;r»lv.  bftiwcoji  'Inn     '■  ■■■  iuid  2iur  -      where  »  is  any  integer, 
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32.  H  sin '—  be  determined  from  the  equation 

pruvo  il'ii.r.  ivo  shrv.ild  nxjirat  to  rj'iitiiin  n,:<:o  vie  values  ;iV 

33.  H  cos  ^  te  found  from  the  equation 

prove  that  »c  should  expect  to  oHiiiii  a'_;-;o  isiH  values  or 
Utt-A       ,  2tt  +  .4 

120.  By  the  use  of  the  formulae  of  the  present 
chapter  we  can  now  find  the  trigonometrical  ratios  of 
some  important  angles. 

To  find  the  trifionohirtric/.d  fitMitions  of  av  angle  o/"LS". 
Let  0  stand  for  18°,  so  that  20  is  36°  and  30  is  54°. 
Hence  20  =  90°  -30, 

;nn]  therefore 

sin  29  =  sin  (90°  -  30)  =  cos  30. 

.-.  2  sin  0  cos  0  =  4  cos3  9  -  3  cos  0  (Arts.  105  and  107). 

Hence,  either  cos  0  =  0,  which  gives  6—  90',  or 

2  sin  0  =  4  cos2  0  -  3  =  1  -  4  sin2  0. 

.-.  4sin20  +  2sin0  =  l. 

By  solving  tills  q  it  ad  vatic  equation,  wo  have 
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In  our  case  .sin  8  is   necessarily  a    positive   quantity. 
Hence  we  take  the  upper  sign,  and  have 


ioo       /, -TT^        /,       6-2V5         /10  +  2V'5 

cos  18  =  VI  -  sin2 18  =  y  1 yT~  =  V  ~~16     " 

_Vlf)  +  2v'5 
4 

Tho  remaining  trigonometrical,  ratios  of  1SJ  may  be 
now  found. 

Since  72'""  is  the  complement  of  18°,  the  values  of  the 
ratios  for  72°  may  be  obtained  by  the  use  of  Art.  69. 

121.     To  find  the  trir/onoiiu-tricul  fv.ndiom  of  an  angle 

Since         cos  28  =  1  -  2  sin2  6,  (Art.  105), 

.-.  cos  36°  =  1  -  2  sin2 18?  =  1  -  2  (— ~^ ) 

.._,      3-V5 
4       ' 

^5+1 


so  that  cos  36 

Hence 


=  Vr-cos236' 


-      A     6+2 
=  V1-_16 


6  +  2j/5  _  VlQ-gyj 


The  remaining  trigonometrical  functions  of  36°  may 
now  be  found. 

Also,  since  54°  is  the  complement  of  36°,  the  values  of 
the  functions  for  54°  may  be  found  by  the  help  of  Art.  69. 

122.  The  value  of  sin  18°  and  cos  36°  may  also  be 
found  geometrically  as  follows. 
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Let  ABC  be  a  triangle  constructed, 
a.s  in  Euc.  IV.  10,  so  that  each  of  the 
angles  B  and  C  is  double  of  the  angle 
A.     Then 

1 80°  -  A  +  B  +  C  =  A  +  2A  +  2 A , 
so  that  A  =  36°. 

Hence,  if  AD  be  drawn  perpendicu- 
lar to  BG,  we  have 

Z  BAD  =18°. 
By  Kuolid's  construction  we  know  that  BG  is  equal  to 
AX  where  X  is  a  point  on  AB,  such  that 
AB.BX  =  AX*. 
Let  AB  =  a,  and  AX^w. 
This  relation  then  gives 

a  (a  -  x)  =  «* 
i.e.  a^  +  cw  =  a?: 

\/5  -  1 


Hence      sin  18"  =  sin  BAD 


BD 


I  BO 
=  2  HA 


V5-1 


Again  (by  Euc.  IV.  10)  we  know  that  .<1X  and  XG  are 
equal;  hence  if  XL  be  perpendicular  to  AG,  then  Z 
bisects  j!(7. 

Hence 

„„«>      4Z     a  1 

00836  -ZT-5+--v»=l 

_  V5  +  1  V5  +  1 

(V6-1)(V5  +  1)=      4       ' 
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123.    To  find  the  trir/onuriieiricalf'i/'i.ct'ioiis  for  an  angle 

Since  sin  9°  and  cos  9°  are  both  positive  the  relation 

(3)  of  Art.  113  gives 

sin  9"  +  cos  9  °  =  VI  +  Bin  18°  =  a/  1  +  ~ —  =  — ~— 

(!)■ 

Also,  since  cos  9"  is  greater  than  sin  9°  (Art.  53),  the 
quantity  sin  9°  —  cos  9"  is  negative.     Hence  the  relation 

(4)  of  Art.  113  gives  

sin  9°  -  cos  9°  =  -  Vi  -  sin  18°  =  -  */ 1  -  --^ 

-Gj& <•> 

By  adding  (1)  and  (2),  we  have 

.    no     V3  +  V5  -  V5  -  V5 

am  9  = — ; . 

and,  by  subtracting  (2)  from  (1),  we  have 

„„     V3  +  V5  +  V5^V5 

cos  9  =      * — ; —  ■ 

4 

The  remaining  functions  for  9°  may  now  be  found. 

Also,  since  81°  is  the  complement  of  9",  the  values  of 
the  functions  for  81"  may  be  obtained  by  the  use  of 
Art.  69. 

EXAMPLES.    XIX. 

Prove  that 

n      „„,,a  ia«  _  „;„a  ,  no-*/5*1 
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7.    tanG°tan42°taii6( 


lecos^ooB^o 


10,  Two  parallel  chords  of  :i  circle,  which  an'  on  the  saii5.o  aide  of  Hie 
Centre,  subtend  angl«K  of  72"  and  Lf±"'  roFpecr.ivfdy  at  the  centre.  Prove 
that  the  perprjndiouliir  iiisli.i:c;.'  ;.ictv>o(-'i  rho  cLerus  is  half  the  radius  of 
Lin:  circle, 

U,  In  any  circle  prove  that  the  chord  which  snUtonds  108°  at  the 
centre  is  equal  to  the  Bum  of  the  two  chords  which  subtend  angles  of  36° 

and  60°. 

12.  Construct  the  angle  whose  cosine  is  equal  to  its  tangent. 

13,  Solve  the  cpsitjon 


,Google 


CHAPTER  IX. 

IDENTITIES   AND   TRIGONOMETRICAL   EQUATIONS. 

124.  The  formulae  of  Arts.  88  and  90  can  be  used  to 
obtain  the  trigonometrical  ratios  of  the  .sum  of  more  than 
two  angles. 

For  example 
sin  ( A  +  B  +  G)  =  sin  (A  +  B)  cos  0  +  cos  (A  +  B)smC 
=  [sin  A  cos  B  +  cos  A  sin  B]  cos  G 

4-  [cos  A  cos  B  —  sin  A  sin  B]  x  sin  C 
=  sin  A  cos  B  cos  G  +  cos  A  sin  B  cos  G 

+  cos  A  cos  £  sin  G  -  sin  A  sin  B  sin  0, 
So 

cos  (.4  +  B  +  C)  =  cos  (A  ■+  B)cosG-sm(A  +  B)s,uiC 
=  (cos  A  cos  £  —  sin  A  sin  5)  cos  C 

-  (sin  A  cos  .B  +  cos  -A  sin  5)  sin  C 
=  cos  jI  cos  J?  cos  G—cosA  sin  5  sin  C  -  sin  j4  cos  B  sin  (7 
-  sin  A  sin  5  cos  (?. 
9—2 
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■2  TRIGOXOMJ'TRY. 

, ,      _     „       tan  (A  +  B)  +  tan  C 
Also     tan  (A  +  B+C)=-     v   -—   '■-■-■■- 

N  '      1  -  tan  {A  +  B)  tan  V 

tan  A  +  tan  B  „ 

I- tan  G 


1  —  tan  A  tan  B 

ianA  +  tanif         „ 
1  -tan  .4  tan  B 

_  tan  A  +  tan  B  +  tan  (7  -  tan  A  tan  J?  tan  C 
X  —  tan  5  tan  G  —  tan  (.7  tan  A  —  tan  .d  tan  B ' 

125.     The  last  formula  of  the  'previous  article  is  a 

particular  case  of  a  very  general  theorem  which  gives  the 

tangent  of  the  sum  of  any  number  of  angles  in  terms  of 

the  tangents  of  the  angles  themselves.     The  theorem  is 

tan  (Aj  +  Aa  +  A,+  ...  +  A„) 

_  s1-3a+s5-B?+  ...  ., , 

i_S2  +  Sj_aii""+"";.". W' 

where 

s,  —  tan  Ai  +  tan  As+ ...  +  tan  An 

=  the  snm  of  the  tangents  of  the  separate  angles, 
s3  =  tan  .Aj  tan  A2  +  tan  A1  tan  A3  +  ... 

=  the  sum  of  the  tangents  taken  two  at  a  time, 
s3  —  tan  A,  tan  A.,  tan  As  +  tan  .4,  tan  A.s  tanX4  +  ... 

=  the  sum  of  the  tangents  taken  three  at  a  time,  and  so 


!  the  relation  (1)  to  hold  for  n  angle; 
on  another  angle  A^.,. 

Then  tan  (A,  +  A,  +  . . .  +  Aw) 

=  tan  \_{Al  +  A,  + . . .  +  An)  +  An+1] 

tan  (Al  +  As+...  +  An)  +  tan  An^ 
~~  1  -  tan  (A,  +  A\  + ...  +  A„) .  tan  A^ 
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1  -  p^l»  +  8*  —  ban  An+1 

Let  tanjln  tanjia, ...  tan  An+1  be  respectively  called 
i,,  £,,...  i.,m- 

Then  tan  (A,  +  A3  +  . . .  +  All+1) 

=  (slT  sa  +  s6...)  +  tn+1(l-s3  +  s1  ,^) 
(l-*,  +  *4. ..)-(*!-«„  +  $,  ...)*«+i 

1  -  (sa  +  «i  Vh)  +  (st  +  s3  Vh)  -  (sB  +  sB  *»+,) 
But  Sj  +  *,m  =  C*i  +£,+  ...  f»)  + 1,[+1 

=  the  sum  of  the  (n  + 1)  tangents. 

*+*4m  =  (*A  +  *A+— )  +  (*i  +  *+"  -  +  *»)Vh 

=  the  sum,  two  at  a  time,  of  the  (n  +  1)  tangents. 

Ss  +  sa  Vh  =  (*i*A  +  U-A  +..-)  +  (hU  +  Us  +  ■■■ )  *»+i 

=  the  sum  three  at  a  time  of  the  (n  +  1)  tangents 
and  so  on. 

Hence  we  see  that  the  same  rule  holds   for  (ra  +  1) 
angles  as  for  n  angles. 

Hence,  if  the  theorem  he  true  for  n  angles,  it  is  true 
for  (n+  1)  angles. 

But,  by  Arts.  98  and  124,  it  is  true  for  2  and  3  angles. 

Hence  the  theorem  is  true  for  4  angles ;  hence  for 
5  angles ....     Hence  it  is  true  universally. 

Cor.     If  the  angles  be  all  equal  and  there  be  n  of 
them  and  each  equal  to  0,  then 

s,  =  «.,tan#;  s2  =  ,l02tan;fl;  .s'B  =  "C- tan" ft 
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_      4  tan  9  -V:l  tan3  6 
~  1  -  4C2  tan20  +  4C4  tan1 6 


4  tan  9  - 

■i  tun-'  fl 

1  -  (5  tan2 

i'  I  ran*  £■ 

5  tan  9  - 

-10  tan*  < 

l  +  tan5 1? 

1  -  10  tana0  +  5  tan40 

Ear.     Prove  diet  iav.  r,0 

126.  By  a  method  similar  to  that  of  the  last  article 
it  may  be  shewn  that  sin  (At  +  Aa  + . . .  +  Aa) 

=  COS-d1COS_d!!...  COS  An  (Si  -  S3  +  55  —  ...), 

and  that  cos  (it,  +  .4,  +  . . .  +  A„) 

=  COS  jlx  COS  j4a  ...  C0Sj4„(1  — s2  +  s,  —  ...), 
where  alt  s2,  s3, ...  have  the  same  values  as  in  that  article. 

127.  Identities  holding  between  the  trigono- 
metrical ratios  of  the  angles  of  a  triangle. 

When  three  angles  A,  B  and  0,  are  such  that  their 
sum  is  180°,  many  identical  relations  are  found  to  hold 
between  their  trigonometrical  ratios. 

The  method  of  proof  is  best  seen  from  the  following 
examples. 

Ex.  1.    If  A.+B +0=1X0',  to  prove  that 

sin  2A  +  sin  2B  +  sin  2(7= 4  sin  A  sin  B  sin  C. 
sin2^  +  sin2B  +  sin2C 
=  2sia[A  +  B)ooa(A-B)  +  2mnCcosC. 
Since  A+B+C=1$QP, 

wahave  A  +  B  =  IW-C, 

and  therefore  sin  {A  +  B)  =  ain  C, 

and  003(^  +  5)=  -cosC.  (Art.  72) 
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=  2  sin  0  (cob  (A  -  B)  -  cos  {A  +  JO)] 
=2gm0.2.sinJainS 

=  4sin,4siriBsinC. 
Bx.2.    7f  J+B  +  C=180°, 

prows  (fori        ooB4+cosB-ooBC=^l  +  4oos|eos|sm~, 
The  expression  — oo.s  J  —  (uos  /(  -  co.-i  G) 

Now  5  +  0=180°-^, 

so  that  — ±—  =  90°  -  g  . 

and  therefore  sin  ■  ■        =  cos  =■ , 

and  eos^Uain- 

Hence  the  expression 


»2L       2+  2    J 

A  r  .  s+c  ,  .  c-^b-i 
a  L       a    +"n   a  J 


B    .     C 


Ex.3.    1/  J+B  +  C  =  190°, 

prove  that       sm2A+  sina B  +  sin2 C  =  2  +  2 cos ^  cos B coa  C. 
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136  TBIGO_V<!>;imiY, 

Let  S=Mii*J  +  Biii!1B  +  BiniC, 

so  that  2S  =  2ninM  +  l-cos2fi  +  l-cos2C 

.-.   S=2+oobj1[0O9(B-C)  +  oo8(B  +  C}], 
since  eosA  =  cots  [ISO0- (B  +  C)}= -co* (B  +  C). 

,:  S=2+aoaA.2eoaBaoaO. 
=2+2oobJoobBoo«C. 
Ex.4.    If  J+.B+(7=iaO°, 

prove  that  tan  A  +  tan  B  +  tan  G  -  tan  A  tan  B  tan  C. 

By  the  third  formula  of  Art.  124,  we  have 

tan  A  +  tan  B  +  tan  C  -  tan  A  tan  B  tan  C 


n{A  +  B  +  C)  = 


'  I     (km  /;ti.:L"<;'-LLu  C'taii.-l-i  tan  ,-i  tan  />) ' 
But  tan(A  +  .B  +  <7)  =  ta)ll30°  =  0, 

Hanoe         0  =  tan  A  +  tan  B  +  tan  C  -  tan  A  tan  B  tan  C, 
t.  tan  ji  +  tan  B  +  tan  C= tan  J  tan£  tan  C. 

This  may  also  be  proved  independently.     For 

tan  (A  +  .B)  =  tan(180°-  0)=  -  tan  C. 
tanji  +  tanJi  _  _ 

1  --  tan  .4  tau.fi' 
.■.   tan  .4  +  tanB—  -  tan  C  +  tan.4  tan  B  tan  C, 
.8.  tan  A  +  tanC  +  tan  C^tmA  Ian  B  tan  C. 

Ex.  5.     If  x-i-y-r^^ .:■!!".  prove  that 

2k  %_        J^__2£        %         2e 

1  -  a3  +  1  -  J2  +  1  -  **  ~  1  -  3?  '  1  -"  Sa  '  !  -  ** ' 
Put  a  =  tan  A,  y=taaB,  and  a  =  tan  C,  so  that  we  have 
tan  ,4+ tan  B  + tan  C  =  tan,i  tan  B  tan  C. 
tan  A  +  tan  B  .      „ 

■'•r--tan-Jta!TB=-taG<;' 
.othat  tanfi+B)  =  tan(7r-C).  [Art.  72.] 
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Hanoe  A  +  B  +  C=nir  +  a, 

2x  2i/  2z    _    2  tan  A  2  tan  B  2  taj 

"   iTP  +  l^y*  + 1  "^?-~  1  -  tan*  A  +  l"~to3TB  +  1~-  ta 
=  tan  2,i  +  tan  2B  +  tan  2(7=  tan  2 A  tan  2B  tan  2C, 

(by  a  pro;;:  Miinliir  l;>  Lli.i':  of  lIh;  lwt  cxaiiiplo) 


EXAMPLES..  XX. 

If  4 +B  +  C= 

180°,  prove  that 

1.    sin2J  +  s 

in2i}-shi2C=4eosJ4  cos  B  sinC. 

2.    ootf24+i 

«b2B+oob2C=-1-4oos4oobB 

3.    cos  2.1 +  < 

sos2B-oos2C=l-4sin^sinBc 

4.     sin  ,1  + si 

■**«-i-W' 

5.    BhU  +  H 

aS-nnCrfun^nnS.OB-. 

6.    eosA  +  c< 

..—..♦«*$*|*< 

7.     »nM  +  B 

itfB-Bi^C  =  2sinJsinBcosC. 

8.    cosVl  +  c 

»■.»+«»•  0=1- a  omUoob  Boot 

9.       COSM  +  O 

05s  jj-  eoa*  C=l  -  2  sin  J  sin  if  cos 

10.    sin2|  +  s 

.  aB      .  aO              .    4   .    B   . 

11.    ^+H 

^-«J..-,«.|„> 

12.  tan -g  tan  „  +  tan -^  tan  —  +  tan  -tan  g  =  l. 

13.  cot|  +  cot-  +  oot2^oot|ootgcot-. 

14.  cot  5  oot  G  +  cot  (7  cot  A  +  cot  A  cot  B  =  ] . 
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A  ,    .   B      .    G 


1=4  id 


17     8in2/C  +  Bin3B  +  am2C_ g  ^  A  ^  B  ^  C 

18.  Bm(B-t-0-A)  +  ma(C+A-.B)  +  iB*L{A+B-0 

=  4sin.isinB3mC. 
II  A+B+C=%S  prove  that 

19.  3in(S-^)air,(5,-B)  +  sinSBiii(S-C)  =  siiiJamB. 

20.  sin  S  sin  (S- .4)  sin  (S-B)  sin  (S-C) 

=  1  -  oos2  A  -  cob2  B  -  eos2  C  +  2  eoa  ^  cos  B  cos  C. 

21.  Bin  (S  -  ^)  +  sin  (S  -B)  +  ain(S-C)-  sin  S 

.    ,4    .    B   .    6* 
-4  Bin  a  sin  3Bln3  ■ 

22.  co^S  +  ao^(S-A)  +  ooas(B-B)  +  aoS^S-Gj 

-l  +  ioosSeoe{S  -  A)eos  {S-B)  cos  (S-C). 

24.  Ifo  +  /3  +  7  +  5  =  27f,  prove  that 

and       Sina-Sin^  +  Sin7-Bin;  +  4eos^Bina^0OB<'-+-^0. 

25.  If  the  sum  of  four  angles  be  180°  prove  that  the  sum  of  their 
cosines  talien  two  and  two  together  is  equal  to  the  sum  of  their  sines 
taken  similarly. 
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[EXS.  XX.]  'J'lilGONOMKTltiCAl,  EQir.lTIOXS. 

27.    Bjn2a+Sin2p+Biii2-Y 


28.  v;.TLiy  that 
ain=*Bin(6-e)+Bin»6Bin(0-«)+Hbi»osdn(a-B) 

+8m(«+6+(!)Bin{6-0)Hiii(0-<I)Bin(0-i)=0. 

If  A,  IS,  C,  and  I)  be  any  angles  prove  that 

29.  sm4smBBiH(J-B)  +  smBsinCsin(B-C) 

4-sinCsm^sin(O-^)  +  sm(i-IS)sm(B-C)idn(C-,£)  =  0. 

30.  em(A~B)aoii(A+B)+elii[B-C)ooB[B+C) 

+  sin(C~D)DM{C  +  B)  +  aa(D-A)«OB(l>  +  A)  =  0. 

31.  sin(,l  +  B-2C)cosB--sin(Jf  +  C-2B)eDS<7 

=  sin(fi-C){oos(B4-C-^)+eos{C  +  ^-B)  +  oos{^  +  B-C)f. 

32.  fdnm-B+C+D)+amiA+B-C-D)+sm(A+B-G+D) 

+  Bm{A  +  B  +  C-D)  =  iaia{A+B)ooBCeosD. 

33.  If  any  theorem  he  true  for  values  of  A,  B,  and  C  such  that 

^  +  B  +  C=180°, 
prove  that  the   theorem  is   still  true  If  we  substitute  for  A,  B,  and  C 
respectively  the  quantities 

fl)     W°-±,WP-^,*dAW>-£, 
or  (3)     19CP-2A,  180°~2B,  andW-SC. 

If  x-i-y-t-z  —  xys  prove  that 


34. 


l-3^+r-3y=+l-3^     1-&E*"  1- 


ana  35.  ^(l-^a-^+^a-^d-^+^a-^ta-^)^^' 

128.     The  Addition  and  Subtraction  Theorems  may  be 

used  to  solve  some  kinds  of  trigonometrical  equations. 

Ex.     Solve  the  equation 

sin  x  +  sin  5w  =  sin  Sx. 


/Google 


140  TRIGONOMETRY. 

By  the  formulae  of  Art.  94  the  equation  is 
2  sin  3ic  cos  2«  =  sin  3«. 
.-.  sin  3#  =  0,  or  2  cos  2x  =  1. 
If  sin  3a;  =  0,  then  3%  =  mr. 

If  cos  2x  =  s , 


129.      To  sofe  on  equation-  of  the  form 

a  cos  0  4-  &  sin  #  =  c, 

Divide  both  sides  of  the  equation  by  V«-  +  ?J'J,  so  that 
it  may  be  written 


Find   from  the   table  of  tangents   the   a 
tangent  is-  and  call  it  a. 

Then  tan  a  —  - ,  so  that 
a 

b  ,  a 

sma=  -t  --:---,  and  cos  a  =     —-——, 
Va5+63  Va'+o' 

The  equation  can  then  be  written 

cos  a  cop  $  +  sin  a  sin  # 


va2*  ft" ' 

cos((?-a)  =    ,_-—.. 
W  +  b2 
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GRAPHIC    SOLUTION.  14; 

Next  find  from  the  tables,  or  otherwise,  the  angle  / 
so  that  cos  8  =    ,  , 


[N.E.     This  can  only  be  done  when  c  is  <  Va.a  +  b2.] 

The  equation  is  then  cos  (6  —  a)  =  cos  B. 

The  solution  of  this  is  0  -  a  =  2nw  ±  B,  so  that 


0  =  2nw  H 


ai/3, 


where  w  is  any  integer. 

Angles,  such  as  a  and  8,  which  are  introduced  into 
trigonometrical  work  to  facilitate  computation  are  called 
Subsidiary  Angles. 

130.  The  above  solution  may  be  illustrated  graphically 
as  follows ; 

Measure  OM  along  the  initial 
line  equal  to  a,  and  MP  perpen- 
dicular to  it,  and  equal  to  b.  The 
angle.  MOP  is  then  the  angle  whose 

.   b    . 

tangent  is  - ,  i.e.  a. 

With  centre  0  and  radius  OP, 
i.e.   vV  +  62,  describe   a   circle   and    measure    ON 
the  initial  line  equal  to  c. 

Draw  QNQ'  perpendicular  to  OJV  to  meet  the  circle  in 
Q  and  Q ;  the  angles  NOQ  and  Q'ON  are  therefore  each 
equal  to  8. 

The  angle  QOP  is  therefore  a  -  8  and  QJOP  ma. +  8. 
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Hence  the  solution*  of  tin;  oc[ iuttio.it  are  respectively 

ftwr  +  QOP  and  %vw  +  Q'OP. 
The  construction  clearly  fails  if  c  be  >  V«*  +  b'\  for  then 
the  point  iV"  would  fall  outside  the  circle. 

131,    As  a  numerical  example  lei  us  solve  the  equation 
5cosS-2sinS=a. 
given  that  tan  21°  48'=  =  . 

Dividing  both  sides  of  the  equation  by  jf\ 

,/p+a"  u.  V29,  m^    2 


«.!•■>■*  ' 


^9  V29' 

cos  6  cos  21°  48'  -  sin  0  sin  21"  -IS' 
=  sin  21°  48'=  sin  (90  -  68"  12') 

.-.   eos(0  +  2le48')  =  cos68°12'. 

£<  +  21048'  =  2nir±68°12'. 
.-.    0  =  2mit-21°48'±68°12' 


-Hitir--'     0 


+  ■](;■' ac. 


where  s:  in  ;u'!;-  !;il::.\(.!cr 


EXAMPLES.    XXI. 


i+oofl7fl=ooa4ff. 
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[EXS.  XXI.]       TRIGONOMETRICAL   EQUATIONS. 
11.     cos  (30  +  a)  cos  (39  -a)  +  cos  (50  +  «)  Cos  (50-  a)  =  e, 


14. 


15. 


30  +  cos20  =  O. 
S>  + cos  0=^2. 
i  +  eoM-V*" 


16.  Bin'nP-Bin^ft-lJfl^Bin^.       17. 

18.  V3  cos  fl  +  sin  9=^2.  19, 

20.  ^3Binfl-oosfl=V2.  21. 

22.  5  sin  0  +  2  cos  0  =  5  (given  ten21°48'=-4). 

23.  6cos x  +  3 sin  *=  9  (given  tan  53° 8'  =  1  J). 

24.  l+Braa0=3ameooB0  (given tan 71a34'=3). 

25.  coseo^ootfl  +  ^3.  26.    O05ec»  =  l  +  cota: 
27.  (2  +  ^3)0060  =  1-3^10.  28.1    tan  0  + see  0  =  ^3. 


is  20  = 


31. 


3?.. 


>s30  + 


**=w»+d(«*-^)- 


34,    cot  0  -  tan  0  =  2.  35.    4  cot  20=  cot5  6  -  tan2  0. 

36.  3tan(0-15°)  =  tan(0  +  15°). 

37.  tan  0  +  tan  20  +  tail  30=  0. 

38.  tan  0  +  tan  20  +  ^3  tan  9tan  20  =  ,A 

39.  inn  8a  =  1  Bin  a  rill  (1  + a)  sin  (a -a). 

40.  Prove  that  t-bc  equation  x3  -  2a:  + 1  =  0  is  satisfied  by  put-tins  for  .r 
either  of  the  vulnes 

V2sin46°,  2sinX8°,  and  2  sin  234°. 

132.     Ex.     To   trace   the   changes   in    the    sign    and 

magnitude  of  the  e.':pre~ia~ion-  sin  9  -»-  cos  0  as  6  increases  from 
0  to  360°. 


We  have  sin  0  +  cos  #  =  n/2  .    .    =±u  .,  -,-     .    .. 

=  V2  [sin  #  cos  45°  +  cos  6  sin  45°]  =  \/2  sin  {#  +  45"). 


LV2 
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TRIGONOMETRY. 


As  8  increases  from  0  to  45",  sin  (#4-45°)  increases 
from  sin  45°  to  sin  90°,  and  hence  the  expression  increases 
from  1  to  V2. 

As  6  increases  from  45°  to  135°,  8  +  45°  increases  from 
90°   to   180°,  and   hence   the   expression  is  positive  and 
$  from  V2  to  0. 

9  increases   from    135"    to   225°, 
i  from  V2  sin  180°  to  -J2  sin  270°,  i 
and  decreases  from  0  to  —  \/2. 

As  8  increases  from  225"  to  315°, 
changes  from  V2  sin  270°  to  V2  sin  360°,  1 
and  increases  from  —  \/2  to  0. 

As  8  increases  from  315"  to  360°, 
changes  from  V2  sin  360°  to  V2  sin  405°, 
and  increases  from  0  to  1. 


!.  it  is  negative 


the   expression 
\e.  it  is  negative 


the    expression 
i.e.  it  is  positive 


133.  Ex.  To  trace  the  changes  in  the  sign-  and 
magnitude  of  a  cos  8  +  b  sin  8,  and  to  find  the  greatest 
value  of  the  expression. 

We  have 

00o,#+j»n#.V5rFP[^«-«+7=^Ai«]. 

Let  a  be  the  smallest,  positive  angle  such  that 

a  .  b 

cos  a  =    ..—■■-— . ,  and  sin  a  =  — . 

Va.3  +  b*  vV  +  b2 

The  expression  therefore 
=  •Ja?  +  b2  [cos  8  cos  a  +  sin  8  sin  «]  =  Va2  +  6'J  cos  (8  —  a). 

As  8  changes  from  a.  to  360°  +  a,  the  angle  8  -  a 
changes  from  0  to  3G0",  and  hence  the  changes  in  the 
sign  and  magnitude  of  the  expression  are  easily  obtained. 
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Since  the  greatest  value  of  the  quantity  cos  (8  —  a)  is 
unity,  i.e.  when  8  equals  a,  the  greatest  value  of  the 
expression  is  Va.2  +  b\ 

Also  the  value  of  8  which  gives  this  greatest  value  is 


Aa  6 

magnitude  of 

.fl-eos0: 


rv.B. 


EXAMPLES.    XXII. 


a  from  0  to  360",  trace  the  c 


..=..rj*,.+=f».]-i  *■»+«,.] 
e.  SUSS- 


10.    Trace  tae  changes  in  the  sign  and  magnitude  of  - 
s  from  0  to  90°. 
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CHAPTER  X. 


LOGARITHMS. 


134.     Supposing  that  we  know  that 

lO"*"*"  =  253,     10*"™"'"  =  407, 
and  io»**"»  =  102971, 

we  can  shew  that  253  x  407  =  102971  without  performing 

the  opera  Lion  of  multiplication.     For 

253  x  407  =  10M°312»S  x  103'6°85M1 

_  J(JS-41i3lil5T2.il-.SWill 

=  10>wui  „  102971. 

Here  it  will  he  noticed  i.iiat.  the  process  of  multiplier  ■ 
tion  has  been  replaced  by  the  simpler  process  of  addition. 
Again  supposing  thiit  we  know  that 
10**"""«  79507, 
and  that  io«»*m  =  43, 

we  can  easily  shew  that  the  cube  root  of  79507  is  43. 
For         ^79507  =  [79507]*  =  (lO4-1™^)* 

_  iQi"**"""  =  i<jm«**>  =  43. 
Here  it  will  be  noticed  that  the  difficult  process  of 
extracting  the  cube  root  has  been  replaced  by  the  simpler 
s  of  division. 
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135.     Logarithm.     Def.     If  a,  he  any  mmiber  and  :e, 

and  N  tiwo  other  umnhers  such  thai  ax  —  N,  then  x  is  called 

the  lo'jnrlllim  0/ .X  to  the  bate  a  and,  is  wnlk-ii-  loga  ;V. 

Exs.    Since  102  =  100,  therefore  2  =  log,„  100. 
Sinee  105  =  100000,  therefore  5  =  log,„  100000. 

Hi;ice  '*'■--  Iii,  i/iotcion;  i  — log..  I  ij. 

Since  Bi=[8i]»=2a=41  therefore  ^=loga4. 


N.B.     Since  a?  =  1  always,  the  logarithm  01  unity  to  am-huse  is  jihvays 

136.  In  Algebra,  if  m  and  n  be  any  real  quantities 
whatever,  the  following  laws,  known  as  the  laws  of  indices, 
are  found  to  be  true : 

(i)      am  x  an  =  ctm+n, 

(ii)     am  -j-  an  =  a™"", 

and  (iii)    (am)™  =  a"™*. 

Corresponding  to  these  we  have  three  fundamental 
laws  of  logarithms,  viz. 

(i)     loga  (mn)  s=  loga  m  +  loga  n, 
(ii)     logaf  — J  =  logam-logan, 

and  (iii)    Ioga  m"  =  n  loga  m. 

The  proofs  of  these  laws  are  given  in  the  following 
articles. 

10—2 
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TRIGONOMETRY. 


137.     The  logarithm  of  the  ■product-  of  two  quantities  in 
equal  to  the  sum  of  the  logarithms  of  the  quantities  to  the 


loga  (mil)  =  Ioga  m  +  loga  n. 
Let  w  =  log0  m,  so  that  ax=m, 

and  y  —  \ogan,  so  that  o?  =  n. 

Then  mn=axx  aP  =  aa+y. 

:.  \ogamn  =  x-\-y    (Art.  135,  Def.) 

=  log0  1*  +  logs  "~ 

138.     27te  logarithm  of  the  quotient  of  two  '/v.antities  is 
equal  to  the  difference  of  their  logarithms,  i.e. 

log*  ( ™ J  -  log*  m  -  loga  n. 

Let        a;  =  log0m,  so  that  a?  =  wt,     (Art.  135,  Def.) 
and  y  =  log«  /(,  so  that  av  =  n. 


■■-  logfl(-)=a?-y  (Art.  135,  Def.) 

=  lognTO—  log0K. 

139.  The  logarithm  of  a,  quantity  raised  to  any  power 
is  equal  to  the  logarithm,  of  the  quantity  ■multiplied  by  the 
index  of  the  power,  i.e. 

loga(mn)  =  nlogam. 
Let  x=  logam,  so  that  of  =  in.    Then 
m™  =  (ax)n  =  tt™1. 
■■•  log„(m")  =  rca  (Art.  135,  Def.) 
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140.  Common    system    of    logarithms.      In    the 

system  of  logarithms  which  we  practically  use  the  base  is 
always  10,  so  that,  if  no  base  be  expressed,  the  base  10 
is  always  understood.  The  advantage  of  using  10  as  the 
base  is  seen  in  the  throe  following  articles. 

141.  Characteristic  and  Mantissa.     Def.     If  the 

logarithm  of  any  nmnboi'  be  partly  integral  and  partly 
fractional,  the  integral  portion  of  the  logarithm  is  called  its 
characteristic  and  the  decimal  portion  is  called  its  mantissa. 

Thus,  supposing  that  log  795  -  2*9003671,  the  number 
2  is  the  character  is  tic  ami  '9003671  is  the  mantissa, 

Nequiiije  chaiucleristics.     Suppose  we  know  that 


log  2- -30103. 
Then 

log  J  =  log  1  -  log  2  =  0  -  log  2  =  -  -30103, 

so  that  log^  is  negative. 

Now  it  is  found  convenient,  as  will  be  seen  in  Art.  143, 
that  the  mantissas  of  all  logarithms  should  be  kept  positive. 
We  therefore  instead  of  -  "30103  write  -  [1  --69897],  so 
that 

log  J  =  -  (1  -  -69897)  =  - 1  +  -69897. 

For  shortness  this  latter  expression  is  written  r09SfJ7. 
The  horizontal  line  over  the  1  denotes  that  the  integral 
part  is  negative  ;  the  decimal  pari  however  is  positive. 
As  another  example  3'\t7712i3  stands  for 
-3+ '4771213. 

142.  The  elumielerUHc  of  Uie  loyirithm.  if  iwy  a  n/iaber 
can  always  be  chter-nvined  by  inspection. 
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(i)    Let  the  number  be  greater  than  unity, 

Since         10°=  1,       therefore  iogl      =0; 
since  101  =  10,     therefore  log  10    =1; 

since  10=  =  100,  therefore  log  100  =  2, 

and  so  on. 

Hence  the  logarithm  of  any  number  lying  between  1 
and  10  must  lie  between  0  and  1,  that  is,  it  will  be  a 
decimal  fraction  and  (.hero fore  have  0  as  its  characteristic. 

So  the  logarithm  of  any  number  between  10  and  100 
must  lie  between  1  and  2,  i.e.  it  will  have  a  characteristic 
equal  to  1. 

Similarly  the  logarithm  of  any  number  between  100 
and  1000  must  lie  between  2  and  3,  i.e.  it  will  have  a 
characteristic  equal  to  2. 

So,  if  the  number  lie  between  1000  and  10000,  the 
characteristic  will  be  3. 

Generally,  the  characler-Utk  of  the  logarithm  of  any 
number  will  be  one  less  than  the  number  of  digits  in  its 
integral  part. 

Ess.  The  iramnnv  [?:>!;■  :>■.!. o"  iias  3  Nl;iuts  in  Lis  ii-.tegval  part  and 
tlicrel'DiW  tin1  dliliTicir'i'lstie  (>:  ii-  lr!!>i;ritl):i!  \k  '2. 

The  characteristic  of  the  logarithm  of  29634-57  will  be  S  - 1,  i.e.  4. 

(ii)     Let  the  number  be  less  than  unity. 
Since  10"=      1,  therefore  log      1  =  0; 


=  -1,  therefore  log  1  =  —  1 ; 
=  -01,  therefore  log  "01  =  -2 ; 
=  ■001,  therefore  log  001  =-3; 
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The  logarithm  of  any  number  between  1  and  '1  there- 
fore lies  between  0  and  —  1,  and  so  is  equal  to  —  1  +  some 
decimal,  i.e.  its  characteristic  is  1. 

So  the  logarithm  of  any  number  between  "1  and  "01 
lies  between  —  1  and  —  2,  and  hence  it  is  equal  to  —  2  + 
some  decimal,  i.e.  its  characteristic  is  2. 

Similarly  the  logarithm  of  any  number  between  '01 
and  '001  lies  between  —  2  and  —  3,  i.e.  its  characteristic  is  3. 

Generally,  the  ch-aracleriMic  of  the  loiiarithm  of  any 
decimal  fraction  v.: ill  be  ■negative  and  numerically  will  be 
greater  by  unity  than  the  number  of  cyphers  following  the 
decimal  point 

For  any  fraction  between  1  and  "1  (e.g.  '5)  has  no 
cypher  following  the  decimal  point  and  we  have  seen  that 
its  characteristic  is  T. 

Any  fraction  between  '1  and  '01  (e.g.  '07)  has  1  cypher 
following  the  decimal  point  and  we  have  seen  that  its 
characteristic  is  2. 

Any  fraction  between  "01  and  '001  (e.g.  '003)  has  two 
cyphers  following  the  decimal  point  and  we  have  seen  that 
its  characteristic  is  3. 

Similarly  for  any  fraction. 

Exi,     The  characteristic  nf  the  'o-;av!lhn:  ol'  ihiu  number   ('OSBo  !;•  it- 
The  characteristic  of  the  login-it hm  of  the  number  '0000053  is  6. 
The  characteristic  of  the  logarithm  of  the  number  '34567  is  1. 

143.     Tiie  mantissa?  of  the  logarithm  of  all  numbers, 
cunsixf  ing  of  the  same  digits,  are  the  same. 
This  will  be  made  clear  by  an  example. 
Suppose  we  are  given  that 


/Google 


.2 
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Then 

log  66818 

,      66818 

-  log  66818  -  log 

100  (Art.  138) 

=  4-8248935  ■ 

-  2  =  2-8218935 

log '66818 

66818 
g 100000 

-  log  66818  -log  100000 

=  1-824893.5- 

-  5  =  1-8218935, 

(Art.  135) 

10e 
=  4-8248935  -  8  -  4-8248935. 

Now  the  numbers  66818, 66818,  -66818,  and  -00066818 
consist  of  the  same  significant-  figures  and  only  differ  in 
the  position  of' the  decimal  point.  We  observe  that  their 
logarithms  have  the  same  decimal  portion,  i.e.  the  same 
mantissa,  and  they  only  differ  in  the  characteristic. 

The  value  of  this  characteristic  is  in  each  case  deter- 
mined by  the  rule  of  the  previous  article. 

It  will  be  noted  that  the  mantissa  of  a  logarithm  is 
always  positive. 

144.  Tables  of  logarithms.  The  logarithms  of  all 
numbers  from  1  to  108000  are  given  in  Chambers'  Tables 
of  Logarithms.  Their  values  are  there  given  correct  to 
seven  places  of  decimals. 

The  student  should  have  access  to  a  copy  of  the  above 
table  of  logarithms  or  to  some  other  suitable  table.  It 
will  be  required  for  many  examples  in  the  course  of  the 
next  few  chapters. 

On  the  opposite;  page  is  a  specimen  page  selected  from 
Chambers'  Tables,  ft  gives  the  mantissa  of  the  logarithms 
of  all  whole  numbers  from  52500  to  53000. 
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■,iii  hV.i:l 
2120 
3817 
4074 
4901 
5727 
6564 


7:Ui:..-,:-:j 
1508 

2:s3l 


1676  1758  1841  1924 
2503  9586  2668  2751 
3330  3413  34%  3578 
4157  4239  4322  4405 
4983  5066  5149  5231 
5810  5892  5973  6058 
6636  6719  6801  6884 
7462  7545  7628  7710 


9114  9 

9940  0023  0 

0766  0848  (1 
1591    167!    ] 

2  ho  2  too  '2 
3211  332-1  :'. 
4005  ±149  -l 


2007  2089  2172  2257  2337 

2831   '29 111  2999  (1082      ' 

3001    3713  3526  3909 

4-187  4570  465;i  47*"-  48 in 

5311  5397  5-179  5502  51115 

G010  622.1  0306  6388  6471 

6967  7049  7132  7215  7297 

7793  7875  7958  8041    ■■" 

8619  8701  8781  8867  89-19 

9115  9527  9010  1(692  9775 


0105  ill. Hd 

0931  101:! 

1750  1639 

2.-.-SI  200! 

:;-t'ii;  ;»,!H9 

4231  4314 
4809  4891  4973  5056  5138 

5031!  5710  57118  5881  5903 
(.1158  (5510  0023  0705  07--<7 
7262  7361  7147  7529  7612 
8106  8189  8271  8353  8436 
8930  9013  9095  9177  9260 
9754  9836  9919  "00~0l"  0084 
0.778  0000  0712  0825  0907 
1401  1481  1506  1618  1731 
2225  2307  2389  2472  255-1 
3018  3130  3212  3295  3377 
3871.  3953  403(1  4118  4200 
1094  4770  -1858  19-11  5023 
5517  5599  5081  5703  5816 
6539  0121  6501  0580  0008 
7162  7244  7326  7408  7491 
7981  8006  8148  8231  8313 
6600  8838  8971  9053  9135 
9710  9792-  9875  9957 
0532  0614  0696  0779 
1354  1436  1518  1600 
2175  2257  2340  2422 
2997  3079  3161  3243 
3818  3900  3982  4064 
4639  4721  4803  4885 
6  5160  5542  5024  5706 

8  OidO  0502  0115  (1527 

9  7101    7183  7205  7317 

:i  792;  sorts  80h:,  hii:-7 

0  8742  682-1  6900  8988 
0  9502  9011  9720  9808 
0  0362  0101  0510  OOiS 
0  1202  12H3  1565  1-117 
9  2i)2l  2103  21.-5  2207 
9  28U   :>!!■>:{  5005  ;lOsfi 


0270  0353  0435  0 
1096  1178  1261  1 
1921  2004  2086  2 
2746  2829  2911  2 
3571  3654  3736  3 
4396  4479  4561  4 


72:10150 
1272 
20d3 

2911 

1557 


7691  7777  7859 
8518  8601  8683 
JI342  9421  9507 
0166  0248  0331 
0990  1072  1154 
1613  1895  1978 
2636  2719  2801 
3459  3542  3624 
4262  4305  4147 
5105  5188  5270 
5928  6010  0092 
6750  6833  6915 
7573  7655  7737 
8395  8477  8559 

0039  0121  0203 

0861  0943  1025 

1682  1765  1847 

2504  2586  2668 

3325  3407  3-189 

4146  4228  4310 

4967  5049  5131 


5  !0s  5571 
0293  0375 
7117  7201) 
79:i  8024 
8705  8813 
9689  9072 
0413  0-195 
1237  1219 
2i'00  21-12 


1529  .;:112 

5352  7  13: 

0175  02.77 

0997  7079 


7429  7511  7593 
8250  8332  8114 
9070  9152  9234 
9890  9972  0054 
0710  0792  0874 
1529  1611  1693 
2349  2431  2513 
3108  3250  3332 


1107  1.189 

19'2:t  2011 

27.7..)  Wi 

3571  3051 

1393  .7177 

52.1.3  5290 

0054  6110 

0855  0937 

7075  7777 

■viSiO  857s 

9510  9398 

(1130  0318 

0950  ;0:^ 

1775  .1.877 

2795  2077 

3-1.11  319(1 
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154  TRIGONOMETRY. 

145,  To  obtain  the  logarithm  of  any  such  number,  such 
as  52687,  we  proceed  as  follows.  Run  the  eye  down  the 
extreme  left-hand  column  until  it  arrives  at  the  nnmber 
5268.  Then  look  horizontally  until  the  eye  sees  the  figures 
7035  which  are  vertically  beneath  the  number  7  at  the  top 
of  the  page.  The  number  ui  trrespoiiduig  R>  .'i2687is  there- 
fore 7217035.  But  this  last  number  consists  only  of  the 
digits  of  the  mantissa,  so  that  the  mantissa  required  is 
■7217035.     But  the  characteristic  for  52687  is  4. 

Hence  log  52687  =  4*7217035. 

So  log  -52687  =  1-7217035, 

and  log  -00052687  =  4-7217&J5. 

If  again  the  logarithm  of  52725  bo  m-uired  the  student 
will  find  (on  running  his  eye  vertically  down  the  extreme 
left-hand  column  as  far  as  5272  and  then  horizontally 
along  the  row  until  he  comes  to  the  column  under  the 
digit  5)  the  number  0166.  The  bar  which  is  placed  over 
these  digits  denotes  that  to  them  must  be  prefixed  not 
721  but  722.  Hence  the  mantissa  corresponding  to  the 
number  52725  is  -7220166. 

Also  the  c  ha  motoric  tie  of  the  logarithm  of  the  number 
52725  is  4. 

Hence  log  52725  =  4-7220166. 

So  log  -052725  =  2*7220166. 

We  shall  now  work  a  few  numerical  examples  to  shew 
the  efficiency  of  the  application  of  logarithms  for  purposes 
of  calculation, 

146.    Ex.  1.    Find  the  value,  of  $2^4.. 

sothat  log  »=£  log  (23-4),  by  Art.  139. 
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la  the  table  of  logarithms  we  find,  opposite  the   number  234,  the 
logarithm  3692159. 

Hence  log  23^=  1-3602159. 

Therefore  Ioga;=jj[l'S692159J=12788432. 


logl-878M=-273B432. 
.-.   a= 1-87864. 

Ex.  2.     Find  t)i-  value  of 

(6-45)3x  %/-t)UOS-t 
(9-37)5x  f/frm 
Let  x  be  the  v;irju^\:d  vnhus  .-;>  U.nl.  ;iy  Ari~.  J.'IS  ki;.;I  l;i!J. 
log  k=Iob  (6-45)3  +  108  ( -00034)*  -  log  (9-37)"  -  log  ^(RlS 
=  3  log  (6-45)  +  |log  (-00034)  -2  log  (9-37)  -\  log 8-93 


Now  in 

the  table  c 

:  logarithms  we 

in-:l 

Oll)J0>iL0 

he  number  645  the  logarithm  8005597, 

34 

5314789, 

937 

9717396, 
„         „          9508515. 

Uor.cc 

10] 

£  =  Sx-8095o97 

+  |  (I  -5314789) 

-  2x  -9717396  - 

[  x  -9508515. 

~  (4-5314789)  =  g  [6  +  2-5314789] 
=2  +  -8438263. 
.  log^=2-4286791  +  [2  +  -8438263]-l-9434792-  -2377129 
=  3-2725054-4-1811921 
=  l  +  4-272505i-4-181192I 
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In  the  table  of  log  mi  dims  wn  find,  opposite  the  number  128-10  the 
logarithm  0913162,  so  that 

log -12340  =  1-09 13162. 

Hence  loga;=log  '12340  nearly, 

and  therefore  i  =  -12340  nearly. 

When  the  logarithm,  of  any  number  dons  uoi  quite  aja'ce.  with  any 
logarithm  in  the  tddcH  but  Ilc.h  between  two  consecutive  logarithms,  ir 
will  be  shewn  in  the  nest  chapter  how  the  number  may  be  accurately 

Ex.  3.  Bavin*:  ula'n  /i.';i  2  —  -80103.  find  tin:  nainbi'.r  y  digits  in  2'" 
and  the  position  of  Out  first  si.;:nifir.ant  figure  in  2~3r, 

We  have  log  2"?  =  67  x  log  2  =  67  x  -30103 

=  2016901. 

Since  the  charact eristic  of  the  lo^Liithin  of  2''  is  20  it  follows,  by  Art. 
142,  that  in  2B  there  are  21  digits. 

Again  log2"37=  -371og  2=  -37  x  -30103 

=  -11-18811=I3-86189. 

Hence  by  Art.  112,  in  2"37  there  are  1.1  cyphers  ft  libra-ins  the  -lieeimal 
point,  i.e.  the  fi:st  sis-i:ii:Ciint  ;i-.-;ni-e  is  in  the  '.wdlLli  pb:ce  of  decimals. 

Bx.  4.     Gi*m!1>fl3=-4771213,to37=  -8i5Q9SQaudIog  11  =  1-0413927, 

■itihv  ■'!■.<:  equation 

Taking  logarithms  of  both  aides  we  have 

[ogS*+Iog7u*-1=logllsl*. 

.-.  alog3  +  (2a;4-l)log7=^  +  5)logll. 
.-.   .T[log3  +  21og7-logll]  =  51ogll-log7. 

_       61ogll-log7 
'   ,r-iog~3'+21og7-logll 

5-2069635  -  -8450980 
_:4T71213"+l-iii)01;lf;n-l-()"n3<w7 

4-3618855  _n.on 
-ri259246-dH7'- 
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147.     To  'prove  that 

loga  m  ~  logb  m  x  loga  b. 

Let  loga  "»  =  xi  so  that  a"  =  in. 

Also  let  logb  m  =  y,  so  that  6"  =  m. 

.-.  a"  =  6*. 
Hence  log„  (aa)  =  log„  (6"), 

.-.  a-ylog.b  (Art.  139). 
Hence  log„  m  =  log;,  m  x  log0  6. 

By  the  theorem  of  the  foregoing  article  we  can  from 
the  logarithm  of  any  number  to  a  base  b  find  its  logarithm 
to  any  other  base  a.  It  is  found  convenient,  as  will  appear 
in  a  subsequent  chapter,  not  to  calculate  the  logarithms  to 
base  10  directly,  but  to  calculate  them  first  to  another 
base  and  then  to  transform  them  by  this  theorem. 

EXAMPLES.     XXIII. 

1,  Given  log  4=  -60206  and  log  3=  "4771213,  find  the  logarithms  of 
■8,  -003,  -0108,  and  (-00018)*; 

2,  Given  log  11  =  1-0413927  and  log  13  =  1-1139434,  find  the  values  of 
(1)  log  1-43,  (2)  log  133-1,  (3)  log  tfm  and  (4)  log^;00l69. 

3,  What  are  the  characteristics  of  the  logarithms  of  243-7,  -0153, 
2-8713,  -00057,  -023,  ^24615,  and  (24589)3? 

1    Find  the  6th  root  of  -003,  having  given  log  3  =  -4771213  and 

log  312936^.5-4954243. 

5,    l'ind  the  value  of  (1)  7?',  (2)  (84)»  and  (3)  (-021)£,  having  given 

log  3  = -30103,  log3  =  -4771213, 

log7  =  *8450980,  log  132057  =  5-1207283, 

log  588453  =  5-7697117  and  log 461791  =  5-6644438, 
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6.  Having  given  log  3  =  '4771213, 
find  the  number  of  digits  in 

(1)  3"      (2)  3",  and  (3)  B™, 

and  the  position  of  th-s  first  siyuineimt  figure  in 

(4|  3"13,    (5)  8-«,  and  (6)  3-fls. 

7.  Given  log  2  =  -30103,  log  3  =  -4771213  and  log  7  =  -8450980,  solve 
the  equations 

3".  3***= 7", 

and  7B"-T-2"-4=3>I-r. 

8.  From  the  tables  find  the  seventh  root  of  '000026761, 

Jliuing  i;hc  of  too  tab!< v.  find  :r.i>  iLiiproynii;i.-i>  vii.Ui.oM  oi 

9.    #646^3.  10.    ^82357.  11.    w^||- 


■  VTtxW      13     J****. 

V  B-4  +  1B-5"      iJl       V    JTlv.^l^ 
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CHAPTER  XI. 

TABLES  OF   LOGARITHMS  AND  TRIGONOMETRICAL   RATIOS. 
PRINCIPLE  OF  PROPORTIONAL   PARTS. 

148.  We  have  pointed  out  that  the  logarithms  of  all 
numbers  from  1  to  108000  may  he  found  in  Chambers' 
Mathematical  Tables,  so  that,  for  example,  the  logarithms 
of  74583  and  74584  may  he  obtained  directly  therefrom. 

Suppose  however  "we  wanted  the  logarithm  of  a 
number  lying  between  these  two,  e.g.  the  number  74583'3. 

To  obtain  the  logarithm  of  this  number  we  use  the 
Principle  of  Proportional  Parts  which  states  that  the 
increase  in  the  logarithm  of  a  number  is  proportional  to 
the  increase  in  the  number  itself. 

Thus  from  the  tables  we  find 

log74583  =  4-8726398 (1), 

and  log  74584  =  4-8726457 (2). 

The  quantity  log  74583'3  will  clearly  lie  between 
log  74583  and  log  74584. 

Let  then      log  74583-3  =  log  74583  +  x 

=  4-8726398  +  * (3). 
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160  TRIGONOMETRY. 

From  (1)  and  (2)  we  see  that  for  an  increase  1  in  the 
number  the  increase  in  the  logarithm  is  ■0000059. 

The  Theory  of  Proportional  Parts  then  states  that  for 
!  of  -3  in   the  number  the  increase   in   the 


■3  x  0000059,  i.e.,  '00000177. 
Hence   log  74583'3  -  4-8726398  +  '00000177 

=  4-87264157. 
149.     As  another  example  we  shall  find  the  value  of 
log '0382757   and  shall   exhibit  the  working  in  a  more 
concise  form. 

From  the  tables  we  obtain 

log -038275  =  2-5829152 
log  038276  =  2-5829265. 
Hence  difference  for 

■000001=    -0000113. 
Therefore  the  difference  for 

•0000007  =  -7  x  '0000113 
=  -00000791, 
.-.     log -0382757  =  2-5829152 
+    '0000O791 
=  2-58292311. 
Sinco  we  only  require  logarithms  to  seven  places  of 
decimals   we    omit    the    last    digit    and   the   answer   is 
2  585 


150.  The  converse  question  is  often  met  with,  viz., 
to  find  the  number  whose  logarithm  is  given.  If  the 
logarithm  be  one  of  those  tabulated  the  required  number 
is  easily  found.  The  method  to  be  followed  when  this  is 
not  the  ease  is  shewn  in  the  following  examples. 
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Find  Ik?  niunJ/t-r  n-hiu?  Inri/irirhm  f«  :>'i;:!8;W2l. 

On  vcfemntiK  to  llic;  utbk'K  we  iind  I'lii:  Ihu  lo^iuiLhiii  (i283y21  :s  not 
tabulated,  but  that  the  near  us  t  io^uriihnu  ,m:  i'>2S3HH9  and  6288991, 
between  whioh  our  logarithm  lirn. 

Wehavetb.eE  log  425-00  =  2-6283889 (I), 

and  log  425-01  =  2'62S3991 (2). 

Let  log  (425-0O  +  .r)  =2-6283924 (3). 

From  (1]  and  (2)  we  see  that  corresponding  to  a  difference  '01  in  the 
niii'i].i...r  Ll:,;Lc  L-  ii.  d;:Ii:ri'];ci'  ■ijni:010;>  ;:i  ;■:!:  ,:);;;irithiii. 

From  11)  an 1 1  (;))  we  500  that  con'«sjiomliii}j  to  1:  diffeveacc  s:  in  the 
number  there  is  a,  iLiLiu)  i>i:m  'iU'iiiili^i?.  in  the  logarithm. 

Hence  we  have      a  :  -01 : :  '0000035  :  '0000102. 

Hence  the  required  number  =  425-00  +  '00343  =425-00343. 

151.  Where  logarithms  are  taken  out  of  the  tables 
the  labour  of  subtracting  successive  logarithms  may  be 
avoided.  On  reference  to  page  1511  there,  is  found  at  the 
extreme  right  a  column  headed  Biff.  The  number  82  at 
the  head  of  the  figures  in  this  column  gives  the  difference 
corresponding  to  a  difference  unity  in  the  numbers  on 
thai  page. 

This  number  82  means  '0000082. 

The  rows  below  the  8:2 give  the  differences  correspond- 
ing to  1,  '2,....  Thus  the  fifth  of  these  rows  means  that 
the  difference  for  5  is  0000041. 

As  an  example  let  us  Iind  the  logarithm  of  o2!7-l-lj,7-.t. 
From  page  153  we  have 

log  52746       =  4-7221895 
diff.  for  -7    =    -0000057 

diff.  for  -04 

(=  ~  x  diff.  for  i\       =    '0000003 

log  5274674  =  4-7221955. 
l.  t.  11 
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162  TRIGONOMETRY. 

152.  The  proof  of  the  Principle  of  Proportional  Parts 
will  not  be  given  at  this  stage.  It  is  not  strictly  true 
without  certain  limitations. 

The  numbers  to  which  the  principle  is  applied  must 
contain  not  less  than  five  significant  figures,  and  then  we 
may  rely  on  the  result  as  correct  to  seven  places  of 
decimals. 

For  example,  we  must  not  apply  the  principle  to 
obtain  the  value  of  log  2'5  from  the  values  of  log  2  and 
log  3. 

For,  if  we  did,  since  these  logarithms  are  '30103  and 
■4771213,  the  logarithm  of  2-5  would  be  "389075. 

But  from  the  tables  the  value  of  log  2'5  is  found  to  be 
■3979400. 

Hence  the  result  which  we  should  obtain  would  be 
manifestly  quite  incorrect. 

Tables  of  triyunomctrk-o.l  ratios. 

153.  In  Chambers'  Tables  will  be  found  tables  giving 
the  values  of  the  trigonometrical  ratios  of  angles  between 
0°  and  45°,  the  angles  increasing  by  differences  of  1'. 

It  is  unnecessary  to  separately  tabulate  the  ratios  for 
angles  between  45"  and  90°,  since  the  ratios  of  angles 
between  45°  and  90"  can  be  reduced  to  those  of  angles 
between  0°  and  45°.     (Art.  75.) 

For  example, 

[sin  76°  11'  =  sin  (90°  -  13°  49')  =  cos  13°  49', 
and  is  therefore  known]. 

Such  a  table  is  called  a  table  of  natural  sines,  cosines, 
etc.  to  distinguish  it  from  the  table  of  logarithmic  sines, 
cosines,  etc. 
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If  we  want  to  find  the  sine  of  an  angle  which  contains 
an  integral  number  of  degrees  and  minutes  we  can  obtain 
it  from  the  tables.  If,  however,  the  angle  contain  seconds 
we  must  use  the  principle  of  proportional  parts. 

Ex.1.     Given  sm29°14'  =  -4883674, 

and  sin  293 15'  =  -4886212, 

find  the  value  nf  sin  29"  14'  3: 


[Jv  H!;rj!v;i.;;tic»i  wo  have- 
difference  in  the  si 
,-.  difference  in  the  sine  for  3 


iforl'=-0002E88. 
.     32 


-■m.'\A.,?,i;: 


:.    siu-2fl-i14'32"=--18HHI.:7-l 
+  ■00013536 
=  ■48850276. 
Since  v.-ij  wain  u'.it  answer  only  to  si  vim   places  of  decimals  we  omit 
the  last  6,  and,  since  76  is  nearer  to  80  than  70,  we  write 

N.B.  When  we  omit  a  figure  in  the  eighth  pliu;«  of  dud  mats  we  add 
1  to  the  figure  in  the  seventh  place,  if  the  omitted  figure  oc  5  or  a  number 
greater  than  5. 

Ex.  3.     Given  cos  16°27'  =  -9590672: 


ial6°2 


.find  cos  16°  27' 47". 

We  note  that,  a*  was  shown  in  Art.  5;">,  the  eosine  decreases  . 

Hence  for  an  increase  of  ]',  i.e.  (10",  in  the  angle,  there  i; 
of  -0000824  in  the  cosine. 

Hence  for  an  increase  of  47"  in  the  angle  there  is  a  decrease  of 


x  -0000824  in  the  c< 
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154.  The  inverse  question,  to  find  the  angle,  when 
one  of  its  trigonometrical  ratios  is  given,  will  now  be 
easy. 

Ex.  Find  the  angle  whose  cotangent  is  1-4103325,  having  yi-cen 
coi  35°  19' =  1-4114799,  and  cot  35°  20' =  1-4106098. 

Lcl  the  rofjuirert  an^le  be  35°19'  +  iC, 
so  that  oot{36°19'+a!)  =  li4109326. 

Pram  these  t-ln-i.-i:  oiiuations  ivcs  lisLva 
For  an  increase  of  60"  in  the  angle  a  decrease  of  -0008701  in  the  cotangent, 
a"        „        ,.        „        „      -0006474 
.-.   x  :  60::  6474:  8701,  so  that  s=B7-7. 
Hence  the  required  aiigle  =  35°  19' 37-7". 

155.  In  working  till  questions  involving  the  applies  l- 
tion  of  the  Principle  of  iVoportional  Parts  the  student  must 
be  very  careful  to  note  whether  the  trigonometrical  ratios 
increase  or  decrease  as  the  angle  increases.  As  a  help  to 
his  memory  he  may  observe  that  in  the  first  quadrant  the 
3  trigonometrical  ratios  whose  names  begin  with  co-,  i.e. 
the  cosine,  the  cotangent,  and  the  cosecant,  all  decrease  as 
the  angle  ii 


Tables  of  l'.y/anti!iiiic  s-ii/cs,  cosines,  etc. 

156.  In  many  kinds  of  trigonometric  calculation,  as 
in  the  solution  of  triangles,  we  often  require  the  logarithms 
of  trigonometrical  ratios.  To  avoid  tho  inconvenience  of 
first  finding  the  sine  of  any  angle  from  the  tables  and 
then  obtaining  the  logarithm  of  this  sine  by  a  second 
application  of  the  tables,  it  has  been  found  desirable  to 
have  separate  tables  giving  the  logarithms  of  the  various 
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trigonometrical  functions  of  angles.     As  before  it  is  only 

necessary  to  construct  the  tables  for  angles  between  0° 
and  45°. 

Since  the  sine  of  an  angle  is  always  less  than  unity, 
the:  logarithm  of  its  sine  is  always  negative  (Art.  142). 

Again,  since  the  tangent  of  an  angle  between  0°  and 
45°  is  less  than  unity  its  logarithm  is  negative,  whilst  the 
logarithm  of  the  tangent  of  an  angle  between  45°  and 
90°  is  the  logarithm  of  a  number  greater  than  unity  and  is 
therefore  positive. 

157.  To  avoid  the  trouble  and  inconvenience  of  print- 
ing the  proper  sign  to  the  logarithms  of  the  trigonometric 
functions,  the  logarithms  as  tabulated  are  not  the  true 
logarithms,  but  the  true  logarithms  increased  by  10. 

For  example,  sine  30°  =  £. 

Hence  log  sin  30°  =  log  J  =  —  log  2 

=  -■30103  =  1-69897. 

Tlie  logarithm  tabulated  is  therefore 

10  +  log  sin  30°,  ie.  9-69897. 

Again,  tan  60°  =  V3. 

Hence     log  tan  60°  =  \  log  3  =  £  (-4771213) 


The'  logarithm  tabulated  is  therefore 

10+ -238.5606,  ie.  10-2385606. 

The  symbol  L  is  used  to  denote  these  "  tabular 
logarithms,"  i.e.  the  logarithms  as  found  in  the  English 
books  of  tables, 

Thus        isin  15s1  25'  =  10  + log  sin  15°  25', 
and  L  sec  48°  23'  =  10  +  log  sec  48°  23'. 
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158.  If  we  want  to  find  the  tabular  logarithm  of  any 
function  of  an  angle,  which  contains  an  integral  number 
of  degrees  and  minutes,  we  can  obtain  it  directly  from  the 
tables.  If,  however,  the  angle  contain  seconds  we  must 
use  the  principle  of  proportional  parts.  The  method  of 
procedure  is  similar  to  that  of  Art.  152.  Wo  give  an 
example  and  also  one  of  the  inverse  question. 


Ex,  1.     Given        L  cmec  32°  21'  =  10-2715733, 

and  Lccsee  32°  22'  =  10 '271.1740, 

find  L  cone  33PB1.' 61". 

For  an  increase  of  60"  in  the  angle  there  ia  a  decrease  of  -0001993  in 

the  logarithm. 

Hence  for  an  increase  of  51"  in  the  single  the  conv^iomling  decrease 

it  |j  x  -0001993,  i.e.  -0001K94. 

Hence  L  coseo  33°  21'  51"  =  10-2715733 


=  H>271,10:!!) 

Ex.  2.    Find  th. 

i  angle  » 

cii.  t-liat  th-:  lab'ihij-  it; 

9-4417250. 

From  the  tables 

we  have 

£tnnl5n37'  = 

■9-44151 15, 

id 

if 

an  15°  38'  = 

.5M42O002. 

et 

L  tan  (IE 

"2T  +  x-')-- 

^  9-4417350. 

We  then  have 

W'  = 

3-44172S0- 

ij'-i-i-ioyii^ 

■  !M  115145 

■  9- 1115145 

= 

■(1002105 
■000"(Ui.7; 

othat 

.» 

60,1  mi= 

..«,i?M. 

Lieritie  tin:  ti.'q.iiiT'd  a.iip.'.<r 

ial5°27'i 
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Ex.  3.     Given  Lain  14° 8'= 9 '8667040 

findLcoteeWW. 

Here  IogBinl4o6'  =  £sinl4o6'-10 


-*— — " ■  Bin  146  & 

=  -  log  sin  14°  6' 

=  1--3867040  =  -6132960. 

Hence  i  cosec  14"  6'=  10*0132960. 

The  error  to  be  avoided  is  this ;  the  student 
because 

log coaee  14°  6'=  -  log  sin  14°  6', 

he  may  therefore  assume  that 

LeosecH°6'=  -I  sin  14°  6'. 

This  in  obviously  untrue. 

EXAMPLES.    XXIV. 

1.  Given  log  8  5705  =  4-5527290 
and  log  35706  =  4-5527142, 
find  the  values  of  log35705-7  and  log  35-70585. 

2.  Given  log  5"S748  =  -7689487 
and  Iog587'44  =  2-7689561, 
find  the  values  of  log  58743-57  and  log  -00587432. 

3.  Given  log  47847  =  4-6798547 
and  log  47848  =  4-6798638, 
find  the  numbers  whose  logarithms  are  respectively 

2-6798593  and  3*6798617. 
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4.  Given  log  258'36  =  2'4122253 
and  log2-5837  =  '4122421 
find  the  numbers  whose  logarithms  are 

■4122379  and  2'1122237. 

5.  From  the  tabic  on  p;i.p:  15:-l  hud  the  logarithms  of 
[1)     52538-97,        (2)     527-286,         (3)     '000529673, 

;i.ud  the  numbs]1:;  whose  logarithms  urc 

{4)     3  '7221098,        (5)     2'7240075  and  (6)     -7210386. 

6.  Given  6in43°23'  =  -68687Gl 
and  sin43°24'='6870875, 
find  the  value  of  sin  43"  23'  47" 

7.  Find  also  the  angle  whose  sine  is  '6870349. 


8.  Given 

find  the  values  of    co 

9,  Find  also  the  i 


Knd  the  values  of     tai 

11.  Given 

find  the  values  of    oos 

12.  Find  also  the 

13.  Given 

find  the  value  of 


cos  32°  16'  = -8455726 
oos  32°  17'= '8454172, 
32°  16'  24"  and  of  coe  32°  16'  47". 
igics  whose  msiriKs  are 
-8454832  find  '8455170. 
tan  76°  21' =  4-1177784 
tan  76°  22' =  4-1230079, 
76°21'29"  and  tan 76" 21' 47". 
eoseel3°8'=4-4010616 
coseel3°9'=4-3955817, 
m  13°  8'  19"  and  coseo  13°  8'  37". 
ingle  whose  cosecant  is  4-396789 
Leos34044'  =  9'9147729 
Loos34°45'-9-9146852! 
L  cos  34°  44'  27". 


14.     Find  also  the  angle  0,  wlii  re 

Lcos9  =  9-9147328. 
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15.  Given  L  cot  71°  37'=9-6267778 
and  L  cot  71°  28' =  9-5253589, 
find  the  ralue  of  L  cot  71°  27'  -17 

and  solve  the  equation        L  oot  9  =  9'5254782. 

16.  Given  I,sealSo27'=10-02291G8 
and  £  see  18°  28'  =  10-0229590: 
And  the  value  of  L  see  18°  27' 36". 

17.  Find  also  the  angle  whose  L  see  is  10-0229285. 

IS,  Find  in  decrees,  minutes,  ami  seconds  tli«  imiAv  whose  sine  is  'G, 
given  that 

log  6  =  7781.313,    r,sin3U!,i)2'  =  9'77SllSf3 

and  Z,  am  36°  53'  =  9  -7782870, 

159.  On  the  next  page  is  printed  a  specimen  page 
taken  from  Chambers'  tallies.  It  gives  the  tabular  log- 
arithms of  the  ratios  of  angles  between  32"  and  33°  and 
also  between  57"'  and  58". 

The  first  column  gives  the  L  sine  for  each  minute 
between  32"  and  33°. 

In  the  second  column  under  the  word  Diff.  is  found 
the  number  2021.  This  means  that  -0002021  is  the 
difference  between  £sin32°0/  and  £sin32°l';  this  may 
be  verified  by  subtracting  9-7242097  from  9'724411S.  It 
will  also  be  noted  that  the  figures  2021  are  printed  half- 
way between  the  numbers  97242097  and  9-7244118, 
thus  clearly  shewing  between  what  numbers  it  is  the 
difference. 

This  same  column  of  Differences  also  applies  to  the 
column  on  its  right-hand  side  which  is  headed  Co.sec. 

Similarly  the  fifth  column,  which  is  also  headed  Diff., 
may  be  used  with  the  two  columns  on  the  right  and  left 
of  it. 


.Google 


LOGARITHMIC    MINKS,    TANCKXTS,    AND    filiCASTS. 


j  by  Google 


PROPORTIONAL   PARTS.  171 

160.  There  is  one  point  to  be  noticed  in  using  the 
columns  headed  Diff.  It  haw  been  pointed  out  that  2021 
(at  the  top  of  the  second  column)  menus  ■0002021.  Now 
the  790  (at  the  top  of  tin:  eighth  column.)  means  not  '000790, 
but  '0000790.  The  rule  is  this;  the  right-hand  figure  of 
the  Diff.  must  be  placed  in  the  seventh  place  of  decimals 
and  the  requisite  number  of  cyphers  prefixed.     Thus 

Diff.  =  9  means  that  the  difference  is  '0000009, 

Diff.-        74  „  „  „  -0000074, 


Diff.  =      735" 

Diff.=    2021 

whilst  Diff.  =  12348 


■0000735, 
0002021, 
■0012348. 


161.  Page  170  also  gives  the  tabular  logs,  of  ratios 
between  57°  and  58°.  Suppose  we  wanted  L  tan  57s  20', 
We  now  start  with  the  line  at  the  bottom  of  the  page  and 
run  our  eye  up  the  ('■ohi'mii  which  ha*  Tang,  at  its  foot.  We 
go  up  this  column  until  we  arrive  at  the  number  which  is 
on  the  same  level  as  the  number  20  in  the  extreme 
right-hand  column.  This  number  we  find  to  be  10'1930286, 
which  is  therefore  the  value  of 

L  tan  57°  20'. 


EXAMPLES.     XXV. 


1.  ■  Find  6  given  that      cos  0=  -9723;iS2, 

eosl3°27'=-9725733,  diffi  for  1'= 677. 


2.    Find  the  angle  whose  sine  is  - ,  given 

sin  22°  l'=-874876S,  diff.  for  l'=2896. 
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3.  Given  0088066°  24'= 1-0898248, 

ditf.  foe  l'=1464, 
9nd  the  value  of  cosee  65"  24'  37" 

and  the  angle  whose  oosec  is  1  '0997938. 

4.  Given  Ltan22°37'  =  9-6197205, 

oiff.  for  l'  =  3557, 
find  the  value  of  L  tan  22°  37'  2*2" 

and  the  angle  whose  L  tan  is  9*6195283. 

5.  Find  the  arjf-lo  wlioao  1,  cos  is  iHK.N.l,  given 

L  eos  10°  IS'  =  9-9930131,  diff.  for  1'= 229. 

6.  Find  the  angle  whose  I.  see-  ■*  10- 1  5,  ;ri v.-n 

L  see  44°  55'  =  10*1498843,  diff.  for  l'  =  1260. 


From  the  tabie  Qi-  p:;;.;o  170  tinil  tli:j  raluos  of 

(1)    Lain 32°  18' 23", 

(2)    Xei 

-s  32°  16' 49", 

[3}    Loot 32=  29' 43", 

(4)    Lb, 

ho  32°  52'  27", 

(5)    L  tan  57"  45'  28", 

(6)    La 

isec  57"  48'  21", 

(7)    L  eoa  57°  58'  29". 

Willi  tin':  help  of  the  Bairn 

i  page  solve  the  iiqr.iitioin 

(1)    LtanS  =  10-1859361, 

(2)    Zcos- 

!cfl  =  I0-0738125, 

(3)    L  cos  0  =  9-9259283, 

and  (4)    ism 

(9  =  9 -9241352. 

Talce  out  of  thu  tablets  I. 

tanlG3G'23"  and  calculate  the  value  of 

the  square  root  of  the  tangent. 

10,     Chango  into  a  form  move  cijiivemurtt  for  logarithmic  compulation 
[i.e.  express  in  the  turn;  o:  produei-  uf  quantities)  the  quantities 

(1)    l+ta>1.nj,  (2)    l.tonitnir, 

(3)    col.  +  t.n,,  (4)    notl-tans, 
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CHAPTER   XII. 


RELATIONS  IVKTWiCKX  THE  SIDES  ASM)  THE  TRIGONOMETRICAL 
RATIOS  OF  THE  ANGLES  OF  ANY  TRIANGLE. 


162.  In  any  triangle  ABO,  the  side  BO,  opposite 
to  the  angle  A,  is  denoted  by  a;  the  sides  OA  and  AB. 
opposite  to  the  angles  li  and  0  respectively,  are  denoted 
by  b  and  c. 

163.  Theorem.     In  any  triangle  ABC, 

sin  A  __  sin  B  _  sing 
a    ~     b    ~    c    • 

i.e.  the  sines  of  the  o./uilev  are  jiroportu/iml  to  the  opposite 


Draw  AB  perpendicular  to  the  opposite  side  meeting 
it,  produced  if  necessary,  in  the  point  D. 
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In  the  triangle  ABD,  • 


that  ji/)  =  csin  R 


In  the  triangle  AGD,  we  have 


[If  Uib  angle  ObetAtuso, 


isu,  as  in  the  pccuhhi  lijju 

re,w 

shave 

ACD=wiu(lW-G)  =  t 

nC 

(Art.  72), 

AD  =  6  sin  C] 

Equating  these  two  values  of  AD,  we  have 
c  sin  B  =  b  sin  G, 

sin  .B  __  sin  G 

l'6'  b     ~     c 

In  a  similar  manner  by  drawing  a  perpendicular  from 
B  upon  GA  we  have 

sin  C  _  sin  .A 
c  « 

If  one  of  the  angles,  G,  be  a  right  angle  as  in  the  third 
figure  we  have  sin  (7  =  1, 

.a         ,    .    n     b 

sin  A  =  -  ,  and  sin  B  =  -  . 

c  c 

sin  A.  _  sin  g  _  1  _  sin  0 

a  b         o        c 

We  therefore  have,  in  all  eases, 

sin  A     sin  B     sin  C 
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J.64.     In  any  triaa.r/ie  to  find  the  cosine  of  mi  angle  i 
tei-mlofthe  sides. 


a     D 


Let  ABC  be  the  triangle  and  let  the  perpendicular 
from  A  on  BC  meet  it,  produced  if  necessary,  in  the 
point  I). 

First,  let  the  angle  C  he  acute,  as  in  the  left-hand 
(i  ;_p.i  re. 

By  Euc.  II.  13,  we  have 

AB"  =  BC'  +  OA'-iBG.OD (i). 

But         y.,-r  =  cosC,  so  that  CD  =  & cose. 

Hence  (i)  becomes 

c-  =  a1  +  b*  -  2a .  b  cos  C, 
i.e.  2a&cosC=a'  +  &"-C, 


cos  0  = 


~2T,b 


Secondly,  let  the  angle  G  be  obtuse,  as  in  the  right- 
hand  figure. 

By  Euc.  II.  12,  we  have 

AB^BC'  +  CA°-  +  2BC.CD    (ii). 

But     CJ?  =  cos  AGD  =  cos  (180"  -  C)  =  -  cos  C 

(Art.  72) 


>  that 


CD  =  -&cosC. 
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Hence  (ii)  becomes 

ca  =  a2  +  b*  +  2a  { -  b  cos  C)  =  a"  +  b2  -  2ab  cos  G, 

so  that,  as  in  the  first  case,  we  have 

_     a5  +  b-  —  c3 
cosC=  -     _  . — — . 
2ab 

In  a  similar  manner  it  may  be  shewn  that 

fo  +  c*—  a- 
cos  A  = iii > 

,                                    n     c?  +  a*-b> 
and  cos  if  =    .....  — , 

2ca 

If  one  of  the  angles,  0,  be  a  right  angle,  the  above 
formula  would  give  c2=a?+b\  so  that  cosO  =  0.  This 
is  correct,  since  C  is  a  right  angle. 

The  above  formula  is  therefore  true  for  all  values  of  C. 
Ex.    If  0  =  15,  6  =  36,  and  c  =  39, 

_  bf''  "■  3t)2  -  15a  _  33  (12'  +  1H1  -  s!)  _    288     _  12 
then  C09  "*  -  -2  x"  86  x  39    ~  Tx  32  x  12  x  13    ~  24x18  ~  13' 

165.  To  find,  the,  ninea  of  half  the  anr/I.e?  in  terms  of 
the  nj'J-e-1. 

In  any  triangle  we  have,  by  Art.  164, 
y  +  &  _  a? 
com  A- si——  ■ 


By  Art.  109,  we  have 

cos  A  =  1  —  2  sin2 


__  a*  -  (¥  +  c2  -  2bc)  _  aa  -  (6  -  e)3 


[a  +  (6-c)][o-(6-c)]     (a  +  5-c)(»-ft  +  c) 
26c  26e 


,(1). 
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Let  2s  Stand  fur  a  +  b  +  c,  so  that  8  is  equal  to  half  the 

sum  of  the  sides  of  the-  triangle,  i.e.  a  is  equal  to  the  semi- 
perimeter  of  the  triangle. 
We  then  have 

a  +  6-c=a  +  &  +  c-2c  =  2s-2c  =  2(s-c), 

and     a  -  6  +  c  =  a  +  b  +  c  -  26  =  2s  -  26  =  2  (s  -  b). 
The  relation  (J.)  therefore  becomes 

■■■  <  W(EWS » 

Similarly, 


.    S         /(.-«)(»-»)         ,     .     C         /(s-ti)(»-6). 


166-      To  _/ui,rf  if/is  cwiwis  of  half  tla:  aaales  in  terms  of 
the  sides. 

By  Art.  109,  we  have 

cos  A  =2  cob* -=  —  1. 


26c  +  b2  +  c*-a*  =  (i  +  c)-  -  aa 
""""""26c    ~        26c 


[(&  +  c)  +  a]  j(b  +  c)  -  o]  _  (a  +  b  +  c)  (6  +  c  -  a) 

26c  ~  26c  ■"'■  '' 

New    6  +  0  -  a  =  a  +  b  +  c  -  2a  =  2a  -  2a  =  2  (s  -  a), 

L.  T.  12 
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so  that  (I)  becomes 

a_^A      2sx2(s-«)     _a(*-<i) 


A         /s  (s  —  a) 
2      V       be 

Similarly, 


B         /s(s-b)         ,         G         /*'(*-") 

167.     To  find  the  twirjents  of  half  the  angles  in  terms 
of  the  sides. 


we  have,  by  (2)  of  Arts.  165  and  166.. 
Similarly, 

Since  j!  is  always  <  180c,  -^-  is  always  <  90°. 

The  sine,  cosine,  and  tangent  of  -;  are  therefore  always 

positive  (Art.  52). 

The  positive  sign  must  therefore  always  be  prefixed  to 
the  radical  sign  in  the  formulae  of  this  and  the  last  two 
articles. 
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Ex.    If  a=lS,  6  =  14  and  h  =  15 

13  +  14+16    01    .    „_„  .     ,,_, 


-      /  7*6    -J.-1   /5 
"  V   14xl6_VS~5v°' 


Sm  2  ~  V  15  x  13  ~  J66  "  65  v     ' 

,      £  /"6T8"     4 

169.     To  express  the  sine   cf  any   angle  of  a  triangle 
i  terms  of  the  sides. 
We  have,  by  Art.  109, 

■     a      a   ■    A        A 

Bllli-2  Sill  -fr-  COS  -j- . 

But,  by  the  previous  articles, 

.    A         /(s~b)(s~^c~)         ,        .4         A(*-o) 
B"12=V  6c  '  ai'd  C°S2  =  V  — ! ic  "  ■ 

Hence 

>-6)fr-o)     A^oj 
6c  V       6c 


sin  j1  =  2  W  v— 

.-.   sin  A  =  =—  V  b  (b  -  a)  (b  -  b)  (b  -  c). 

EXAMPLES.     XXVI. 
iangle 

veil  «  =  25,  &  =  52andc  =  G3, 

tan-    tan-    and  tan- 
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2,  Given  a  =  125,  6  =  123  and  c  =  G2, 
find  the  sines  of  half  the  angles  and  the  sines  of  the  ai 

3.  Given  a=18,  6  =  24  and  c  =  3D, 


[Em.  XXVI.] 


4.     Given  a  =  35( 

nd  tan  A, 


sin  B,  and  sin  C. 

&  =  8-l  nnde=91, 
tan  B,  and  tan  G. 
&  =  14ande=lS, 


5.        GlVBH 

find  the  sines  oi  the  angles. 

(j.     Given  a  =  287,  6  =  816  and  c  =  S65: 

find  the  values  of  tan  -g  and  tan  A. 

7.    Given  a.=V3,  6=V2  and  e=^~^-  , 

find  the  angles. 

170.     In  any  triangle  to  prove  that 
a  =  bcosC  +  c  cosB. 
Take  the  figures  of  Art.  164. 
In  the  first  case,  we  have 
BD 


BA~ 
CD 


,sB,  so  thai:    IW^ccmB, 


Hence   a  = BC  =  BD  +  DG  =  cooaB  +  boo»0. 

In  the  second  case,  we  have 

,=-t  =  cos  B,  so  that  BD  =  e  cos  5, 


cos  C  (Art.  72), 
CD  =  -b  cos  C. 


.Google 


HIDES    AND    AMtS.KS    01'    A    1'IUAXGLE.  J 

Hence,  in  this  case, 

a  =  B0=  BD  -  CD  =  ccos B-{- bcosO), 
so  that  in  each  case 

a  =  b  cos  C  +  c  cos  B. 

Similarly,  b  =-c  cos  A  +.  a  cos  G, 

and  c  =  a.cosB  +  b  cos  A. 

171.     In  any  triangle  to  prove  that 
,      B-G     b-c       A 

In  any  triangle,  we  have 

6  _  sin  B 

c     sin  G' 

B  +  G  .    B-G 

.    „       .     „     2  cos  — x—  sin  — = — 

b  —  o     Bin  B  —  flin  G  _  2 2_ 

' '    b  +  o~ 

B-G  B-G 

tan  — ^—  tan  -  5— 


B-C. 
— ^—  (Art.  69). 


-C_b-c 

2      ~b  +  c 
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172.     Ex.     Front  the  funmilae  of  Art.    11)4  il.rdu.ci>  those,  of  A 
nd  vice  versa , 
The  first  and  third  formulae  of  Art.  164  give 


Similarly,  tin:  o^her  f;>rmi;:a!'  fit'  An.  170  may  k  obtained, 
A;/aiti,  tho  tb;oe  lb)'r.iuiae  ol'  Art.  170  give 


Multiplying  these  in  succession  by  n,  i.  and  -  c  «'e  have,  by  addition, 
s  +  S2-cs=«(tooaC  +  eoo8B)  +  6(ceosJ+aoosC)-c(«coBB  +  fioo3^) 


Similarly,  the  other  formulae  of  Arl.  1.02  m.iy  hi1  fovuid. 

173.  The  student  will  often  meet  with  identities,  iriiich  he  isrciiubv:! 
to  prove,  which  involve  both  the  sides  and  the  angles  of  a  triangle, 

It  is,  in  general  desiiTdile  ii:  the  idenfy  re  s;ib-'it:ite  ioi  thy  sides  in 
terms  of  the  angles,  or  to  substitute  for  the  ratios  of  the  angles  in  terms 
of  the  sides. 

Ex.  1.    Prove  that        a  cos  — - — =(6  +  e)  sin  „■■ 
By  Art,  163  we  have 
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Ex,  a.    In  a  triangle  prove  that 

By  Art.  103  we  have 

lluucs  the;  ^ivt-n  t.-ipri;;-ji:m 

=0. 

Tin1  ieft-hund  member 


=  2ccot^. 

This  identity  may  also  be  proved  by  substituting  for  the  sides. 
We  have,  by  Art.  163, 


e  '''  -.     '; 
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.      .C  „         C        A         B 


S      .   o  r  .  2      fi        i.  .  B-i 

D2       9m2  LS"12e0S+'MS2Sm2j 


We  have  therefore 


<"'♦•>  K+'"D= 


Ejc  4.     T('(fe  sides  '.;f  Jl-  irinntjU:  be  in  Avt!hm,:l.i,-al  Tr'Mirefsion,  prove 
that  so  also  aiv  /.!:■■  ■■ataitfteitts  of  /■■'./ f  I  he  uiia'.i's. 

We  have  given  that  a+c=2fc (1), 

and  we  have  to  prove  that 

eot|  +  tot?=2oot| (2). 

Mow  (2)  is  true  if 

/-JF^T  ,  ,  /~M^r~_.   f—*rW~ 

or,  by  multiplying  both  .sides  by 

/(s-a)(s-fi){s^ 

if  (»-a)  +  {«-c)  =  2(.-b), 

i.e.  if  2s-(u  +  e)  =  2s-26, 

t.8.  if  a  +  c  =  26,  which  is  relation  (1). 

Hence  if  relation  (1]  be  true,  so  also  is  relation  (2). 
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EXAMPLES.    XXVII, 

In  any  triangle  ABC,  prove  that 
■    B-C  _b-c        A 

1.  SIH-    a       -     a     OOSg. 

2.  a(O0aB  +  CoaC)  =  2(6  +  «)Sin^. 

3.  rt(<^C-eosB)  =  2(6-e)0o3^. 

4.  ■— ■ b  =  tan  — g-  cot  -g—  . 

5.  (6  +  .-.>(«t|  +  »ot£)->.«*£. 

6.  n2  +  ii  +  c2  =  2(tccoa4  +  McosB  +  a&eoaG). 

7.  (aB-6a  +  ea)taUl.B={(l"  +  &!1-C!1)tHLC. 

8.  ^  =  {O-6)"00B^+(o  +  6)i.8in«|. 

9.  nsin(i?-C)  +  i>5in(C'-.4)  +  <;sin(4-.B)  =  0. 
sin  IB -C)  _  bma(C-A)  _  can  (A-B) 

A    .    li-C    ,    .   B   .    C-A  .     C   ,    J  - ; 


10. 


11.  <*  si 

12.  a3(eo62B-coB=C)  +  ^(TOB3C-eoa^)  +  c2(OOBM-oos2£)  =  0. 

13.  h"  ~  C"  sin  2^i  ^-  e-,:j  -  sin  2B  +  <[2-"~  sin  2C=0. 

.-^         .3        .c 

(„  +  »  +  «)»     cot^co^  +  cot^ 

u-  a'ir^^-Cot^+cotyi+cotc'- 


15.     a3  cos  {B  -  C)  +  h*  cot  (C- A) +  c>cj-,~.  1,1  -/,')  =  3  (ifc.\ 

J.6.     In    a    triangle  '.dioKfl  villus  are  3,   4.   and  V'3H  feet  respectively, 
prove  that  tlii-  i..i.i'-u.ii  iii'i;;Ic  i*  ^n?atc-f  Lhan  1201'-. 
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17.  The  sides  of  a  right- angled  triangle  are  21  and  28  feet ;  find  the 
length  of  the  perpendicular  drawn  to  the  hypothenuse  from  tlie  right 
angle. 

18.  If  in  any  triangle  the  angles  he  to  one  another  as  I  :  2  :  3, 
prove  that  the  corresponding  sides  are  as  1  :  ^3  :  2, 

19.  In  any  triangle  if 


lind  tan-^-,  and  prove  that  in  this  triangle  a  +  c  =  2l. 

20.  In  an  isosoilis  mlc-ai'ide*;  ti'liwiiilo  a  ■•tiai.-.'hl  :ine  is  drawn  from 
the  middle  point  of  one  of  the  equal  sides  to  the  opposite  angle.  Shew 
that  it  divides  the  angle  :a:k<  \iartH  v  i'-O.-o  <:o:atigcnt3  are  2  and  3. 

21,  The  perpendicular  AD  to  the  base  of  a  triangle  All!.:  divide!!  it 
into  segments  such  that  BD,  CD  and  AD  are  in  the  ratio  of  2,  3  and  G ; 
prove  that  the  vertical  sngle  of  the  triangle  is  45". 

bu  inehes  in  diamuter,   is  snspciir'iod   from  a  point  mi..- 

litre*  by  i>  o-.ju.il  strings  attached  to  its  civcnmiereiiee  al 

Find   the   cosine   of    the   angle  between    consecutive 

.nd  cs  be  in  a..?.,  prove  that  eot  A,  cot  H  and  eot  C  are  In 


26.  The   sides   of  a   triangle  are  in  <\.r.  and  the  greatest  and  least 
angles  are  8  and  # ;  prove  that 

4(l-cosS)(l-eos^)  =  cose  +  cos0. 

27.  The  sides  of  a  triangle  are  in  a.p.  and  the  greatest  angle  escoeds 
the  least  by  90°;  prove  that  the  sides  are  proportional  to  -,/7-t-l,  Jl  and 


22.    A  ring, 
foot  above  its  i 
equal  intervals 
strings. 

23.    ItaW 

24. 

If  a,  b 

audec 

-SC'COL^ 
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[Exs.  XXVII.]      SIDES  AND  ANGLES   OF   A  TRIANGLE.      187 

28.  H  C=60°,  then  prove  thai 

1  1         _3 

a  +  l  +  l  +  c~  a  +  li  +  c' 

29.  In  any  triangle  ABC  if  D  be  any  point  ot  the  base  BC,  suoh  that 
BT>  :  DC  ::  m  :  n,  prove  that 

(m  +  n)eot^Z»C=7ieotB-mootC, 
and  (m  +  nf  /lD4  =  (m+u)  (mia4-M3)  -ffliw!. 

30.  If  in  a:  triangle  sue  bisector  of  the  siiio  i;  be  perpendicular  to  the 
side  h,  prove  that 

31.  In  any  triangle  provi-  that,  ii'  0  bo  any  angle,  then 

32.  If  p  and  3  be  the  perpendiculars  from  the  angular  points  A  ami  B 
on  any  line  passing  through  the  vertex  (,'  of  the  triangle  ABO,  then 
prove  that 

33,    In  the  triangle  ABC,  lines  OA,  OB,  and  OC  are  drawn  so  that 
the  angles  OATS,  OTIC,  and  OCA  ace  each  equal  to  w ;  prove  that 
eotw  =  eot  ,4  + cot  /.'  —  tot  0, 
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CHAITKK    XIII. 


SOLUTION   OF   TRIANGLES. 


174.  In  any  triangle  the  3  rides,  and  the  3  angles  are 
often  called  the  elements  of  the  triangle.  When  any  3 
elements  of  the  triangle  arc  given,  provided  they  be  not  the 
3  angles,  the  triangle  is  in  general  completely  known,  i.e. 
its  other  angles  and  sides  can  be  calculated.  When  the  3 
angles  are  given,  only  the  ratios  of  the  lengths  of  the  sides 
can  be  found,  so  that  the  triangle  is  given  in  shape  only 
and  not  in  size.  When  3  elements  of  a  triangle  are  given 
the  process  of  calculating  its  other  3  elements  is  called 
the  Solution  of  the  Triangle. 

We  shall  first  discuss  the  solution  of  right-angled 
triangles,  ie.  triangles  which  have  one  angle  given  equal 
to  a  right  angle. 

The  next  four  articles  refer  to  such  triangles,  and  C 
denotes  the  right  angle. 

175.  Case  I.  Given  the  hypothenuse  and  one  aide,  to 
solve  the  triangle. 
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EIGHT-ANGLED    TRIANGLE.  189 

Let  6  be  the  given  side  and  c  the  given  hypothc-nuse. 
The   angle   B   is   given   by   the 
relation 

sin.  h  =-. 
c 

.'.  isinS  =  10  +  log?)  — logc. 

Since    b    and    c    are    known    we 

thus  have  L  sin  B  and  therefore  B. 

The  angle  ^4  (=  90°  —  B)  is  then  known. 

The  side  a  is  obtained  from  either  of  the  relatio 


tan  B  =  -  ,  or  a  =  J(c  -b)(c  +  b). 


176.     Case  II.     Given,  the  two  sides  a  and  b,  to  solve 
the  triangle. 

Here  B  is  giveu  by 

tan  B  =  -  , 
so that 

Z  tan  5  =  10  +  log  b  —  log  a. 
Hence  L  tan  B,  and  therefore  B,  is  known. 
The  angle  A  (—  90°  —  B)  is  then  known. 
The  hypothenuse  c  is  given  by  the  relation  c  =  Va'3  +6-. 
This  relation  is  not   however  very  suitable  for  loga- 
rithmic calculation,  and  c  is  best  given  by 
b     .        _  _&_ 
""  "     sin£" 


sin  /?  - 


.•.    log  c  =  log  b  —  log  sin  /J 
=  10  +  log6-Isin 
Hence  c  is  obtained. 


,GoosIe 


190  TRIGONOMETRY. 

177.     Case  III.     Given  an  angle  B  and  one  of  the  sides 

A 


Here  A  (=  90"  -  B)  is  known. 
The  side  b  is  found  from  the  rela- 


-  =  tan  B, 
and  a  from  the  relation 


178.     Case  IV.     Given  ah  angle  B  and  the  kypothenuse 
c,  to  solve  the  triangle. 

Here  A  is  known  and  a  and  b  are 

obUiiK-d  from  the  relations 

a  n  j    &        ■      D 

-  =  cos  B,   and  -  =  sin  B. 


EXAMPLES.    XXVIII. 


2.  Solve  tilt  Irian  silo  of  which  t.'.vo  aides  are  O'jual  lo  10  and  flO  font 
und  of  which  the  mdudiid  aiif-le  is  l.)0': ;  ^iv«n  thitt  log  20=  1-30108,  and 

L  tan  36°33'=9'K986847,  diff.  for  l'=S160. 

3.  The  length  of  flip  ptipoiiiliutiliir  from  one  angle  of  a  triangle  tifiim 
thehaseis  3  inch™  and  T It:.-  lesiiuVis  of  tho  sides  con  Laming  this  angle  are 
4  and  5  inches.    Find  the  angles,  having  given 

log2  =  -30103,  log3  =  -47712I3, 
LBin36°62'=9-778118G,  diff.  for  l'=1684, 
Lsin48°35'  =  9'8750142,  diff.  for  l'  =  1115, 

4.  Find  the  ac-viii;  (iiiylHS  of  a  l-JKlit-ARjicJ  triangle  whose  hypotbonusi? 
is  four  times  its  kali;  as  the  rierviendif.ikr  drawn  to  it  from  the 
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SOLUTION   OF   TRIANGLES.  191 

179.  We  now  proceed  to  the  ease  of  ihe  t  riangle  which 
is  not  given  to  be  right  angled. 

The  different  cases  to  be  considered  are; 

Case  I.     The  three  sides  given  ; 

Case  II.     Two  sides  and  the  included  angle  given ; 

Case  III.     Two  sides  and  the  angle  opposite  one  of 
them  given : 

Case  IV.     One  side  and  two  angles  given ; 

Case  V.     The  three  angles  given. 

180.  Case  I.     The  three  sides  a.  b,  and  c  given. 
Since  the  sides  are  known,  the  semi -perimeter  s  is 

known  and   hence  also   the   quantities  s  —  a,   s  —  b,   and 

The  half-angles  ■=- ,  -= ,  and  =  are  then  found  from  the 
formulae 

and  to»a-=V      *(«-")      ' 

Only  two  of  the  angles  need  be  found,  the  third  being 
known  since  the  sum  of  the  three  angles  is  always  180°. 

The  angles  may  also  be  found  by  using  the  formulae 
for  the  sine  or  cosine  of  the  semi-angles. 

(Arts.  165  and  166.) 

The   above    formulae  are   all   suited   for   logarithmic 
computation. 
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192  TRIGONOMETRY. 

The  angle  A  may  also  be  obtained  from  the  formula 

cob  A  -  ^±£- *\     (Art.  164.) 

This  formula  is  not,  in  general,  suitable  for  logarithmic 
calculation.  It  may  be  conveniently  used  however  when 
the  sides  a,  b,  and  c  are  small  numbers. 

Ex.  The  side*  of  a  triangle  nn  32,  -10,  and  (ill  feet  ;  find  the  angle 
opposite  the  greater  side,  having  given  that 

%  207  =  2-3159703,  log  1073  =  3-0305997, 
Leot66°18'  =  9-6424341,  tabulated  difference  for  l'=8431. 
Here  o  =  32,  6  =  40  and  e=6G, 

5othat       ,=H±^±^  =  69,H-n  =  87,  .-ft  =  aBand«-tf  =  S. 

.  C         /      s(»-c)  /  69x3 

Henee      °°*^  =  V  (i-^)(,-6)  =  V   37^9: 

L  cot  |=10  +  =  [1°S  307  " log  1073] 

=  10  +  1  '15798515  - 1-51539985 
=  9-6426853. 

J,  cot  ()  is  therefore  njvafcr  tluin  /.  uot  'Hi"  IS', 
so  that  £is  to  than  66"  13', 


The  different  in  ;:n:  lo;:;Liiiliiii  (.■iji,!\^;;f;-.idin:-v  to  difference  of  x' 
ingle  therefore 


= 

!Mv!->iH>:i 

-9-6424:j41 

= 

■0002512 

jV.so  Uis;  dliTeroaco  lor  (JO "... 

■OOim.il. 

X 

■0002512 

liO 

~~  -0003431 ' 

that 

2512 
^3431 

\60  =  nearly  44, 

■•■  ?-■* 

16'- 

-44"  =  66°17'16",  andheneeC; 

=  182' 

'  34'  32' 

/Google 


THE    THREE   SIDES    GIVEN. 


EXAMPLES.     XXIX. 


1.  If  the  sides  of  a  tviangie  he  illi,  fir,,  and  33  feet,  find  the  greatest 

2.  The  skies  of  a  triai>;rle  arc  7,  4V'3,  and  v'l;5  yards   iTiMpecti^cly. 
.Find  the  number  of  degrees  in  Its  smallest  angle. 

3.  The  sides  of  a  triangle  are  a-a  +  a-  +  l,  2a-  +  l  and  a:2-!;  prove  thai 

the  sreiite-l:  im^le-  is  120r. 

4.  The  sides  of  a  triangle  Lire  a,  ft,  and  J »~ -\- ub -\- b'2  feet;  find  the 
greatest  angle. 

5.  If  n  =  2,  6  =  ^/6  and  e—*J3-l,  solve  the  triangle, 

6.  If  a  =  2,  h-^aad  e  =  */$  +  l,  solve  the  triangle. 

7.  If  a  =  9,  6  =  10  and  e  =  ll,  find  B,  given 

log  2  =  '30103,  .L tan 29°  2^=9-7623472, 
and  L  tan  29° 30'  =  9-7  628420. 

8.  The  sides  of  a   triangle   are   130,  123  and  77  feet.    Find  the 
:;veatest  iiiiglr,  having  given 

log  2  = -30103,   itan38"39'  =  i)-90'i!):i7fi. 
and  itan  38°  40'=9*90319G6. 

9.  Find  the  sjivav.-st  an;:io  of  a  triangle  wliuse  sides  are  2I2-,  138,  and 
2-70  feel,  iiaving  given 

log  2  =  -30103,    log  3  = -4771213,    log  7  =. -8460780, 
Ltan38°20'  =  9i8980104,  and  LtanB8°19'  =  9"8977607. 

10.  The  skies  of  a  mangle  ate  2.  3,  and  1  :    Iind  the  gieittesL  angle, 
having  given 

log2  =  -S010S,  log3  =  -4771213, 
I,tan52o14'  =  10-1108395, 
and  L  tan  52°  IS'  =  10*1111001. 

Making  use  of  the  tahies,  find  ail  the  angles  when 
U,     (i  =  25,  ft  =  26anac  =  37. 

12.  n  =  17,6  =  20  and  c=27. 

13,  a  =  2000,  ()  =  1050  and  o  =  1150. 

L.  T.  13 
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194  TRIGONOMETRY. 

181.     Case  II.     Given,   two    sides   b   and   c  and   the 
included  angle  A. 

Taking  b  to  be   the  greater  of  the  two  given   sides. 

=  -, uT+ ■      ■    >  ■■■     '  ■  '  ■       ■  '  '  ^ 

fc  +  C 

B  +  C 


These  two  relations  give  t 


and  therefore,  by  addition  and  subtraction,  B  and  C. 
The  third  side  a  is  then  known  from  the  relation 

_aL    =_b_ 

sin  A      yin.fi' 

....  ,  sin  A 

which  gives  a  =  a  —  —  « , 

°  smB 

and  thus  determines  a. 

The  side  a  may  also  lie  found  from  the  formula 

as  =  62  +  c'J  —  26c  cos  -4. 

This  is   not   adapted   to   logarithmic   calculation    but  is 

sometimes  useful,  especially  when  the  sides  a  and  b  are 

small  numbers. 


182.     Ex.  1.     Ifb  =  J3,e  =  l,  and  A  =  S0',  solve  the  triangle. 
We  hav 


B-  c  _  b-e        J      ,/3-  I 
n     2"       6+c        2     ^3+ 

_V?_ 
"   ^3-1 


.nl5°  =  >^—  -    (Art.  101), 
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GIVEN  TWO   SIDES  AND  THE   INCLUDED   ANGLE.     195 


%  addition  ft  =  120°. 
By  subtraction  C  =  30°. 

Sines:  A  ---  C,  we  have  11= 

Otherwise.     We  have 


'■4-h 


.-.   G=A=aoa, 

B  =  180°-;f-C  =  120°. 


Ex.  2.    J/ 6  =  215,  o  =  10S, 


4°  27',  jS-irf  ife  rcmai.11i11.ji  aiii/les. 

(03  3  =  -30103,  ioff  11=1-041393, 

Z03  105  =  2-0211893,  % 212-480  =  2-3273103, 

L  cot  37°  13'  30"=  10-119341,      X  ton  2-F  20'  10"  =  <HJo5572, 

Ltan24D20'a0"  =  9-655626,    J',s(»74°27'  =  9"3838052, 

is(»28':ay'4S".,U-077lirt-l2. 


6-C 


11 


n,:!7':l:j'30". 


1-041393       -30103 
+  10-119341 5 

=  ""lT7lB07T-i-  1^0515 
=  9-655584, 
0  that  — ~-  -  lies  between  24°  20'  40"  and  24°  20'  50". 
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TiHGON  OMKTIi  Y. 


The  difference  for      "   "'     '[),(.__. "    -  =-{)0OOla. 

m      •-*  «         10"  =     9-6556261       nnnnE. 

11:.'.;  .lil_Oix:;i':.'    ui  ,    ,.--.„.,    -  ■'■■'I'Ui.Nil. 


.-.    -     -^•24°20'425"  

B«t  ^±C=90D-|  =  90a-37°13'30"  =  52°46'3< 

By  adding  (1)  and  (2),  we  have  B=77°7'13". 

By  subtracting  (1)  from  (2),  we  have  C  =  2S°25'  48". 

To  get  a  we  have 


log  o  =  log  i :  +  J,  sin  A  -  L  sin  0 

=  log  105  +  Z.  sin  74°27'-L  sin  2H"  25'  48" 


=  ~120049D45 

-9-6776M2 

=  "  2-3273103 

=  log  212-466. 

.-.    «=212-4B6. 
Tht  t:i.au;;k  is  tlitirofori!  coiniilntf-ly  determined. 

*183.     There  are  ways  of  findir.y  tUt  third  Hide,  a  of  the  ti 
previous  case  without  first  ihidin"  llie  angles  B  and  C. 
Two  methods  are  as  follows  ; 
(1)    Since  o»=63+b'-36o  me  A. 
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HUJ.rnou  i 


-••H-t-^-a. 


Hence,  if 

"n,#"(5+ip*°*a' 

IT 

a!'=(6  +  c)'[l-Bin*9]={6  +  eV 

w 

If  then  gin  6  be  calculated  from  the  relation 

■ta*=?^oo.f 

have 

o  =  (6  +  c)oose. 

(2)    Wo  have 

-i) 

-»-*['^- 

!]■ 

Let 

«:„..tf^-* 

p-Tji"-!-" 

<h.t 

,„^> 

id  hence  0  is  km 

Then 

»*=(6-c)«[l  +  t«ii»£): 

so  that  «-{5-e)BBO^, 

and  is  l'ii'i  oi'ore  easily  found. 

An    angle,    such   as    8    or    <p    above,    introduced  fin1  the    purpose    of 
:';ic.ih'i!.-::iu;  eale;;'.a:i"ii  in  iM.Iled  a  subsidiary  angle  (Art.  129). 


EXAMPLES.    XXX. 

r.  I,     If  6  =  90,  c=70,  and /i  =  72°  48' 30",  find  fl  and  C,  given 
log2  =  -30103,  Loot3G°24'15"  =  10'1323111[ 
Ltan9"37'  =  9-2290071 
and  L  tan  9°  38' =  9-2297735. 
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198  TRIGONOMETRY.  [EXB.  XXX.] 

2.  Ho  =  ai,  6  =  11,  and  C=  34°  42' 30",  find  J  and  Jf,  given 

log2  =  -30103 
and  L  tan  72°  3g  46"  =  10-60516, 

3.  If  the  aiiglesi  of  a  trinn^lfi  lie.  in  ,\.  r.  i-ml  the  kiij-tlis  of  the  greatest 
iind  Ittrist  sides  be  i  ■  and  I  6  feel  respect;  vol  v,  find  tho  lcnj'tlis  of  tin;  third 
side  and  the  other  ungtes,  given 

log  2  =  -30103,  log  3  =  -4771213, 
£  tan  19"  6'  =  9-6394287,  diff.  for  1' -  4084. 

4.  If  a  =  13,  6  =  7,  and  (7=60°,  find  A  and  fl,  given  that 

log  3  =  -4771213, 
L  tan  27°  27' =-9-7155508,  tabulated  d iff.  for  1'=  3087. 

5.  If  a=2b,  and  C=120°,  find  the  values  of  A,  B,  and  the  ratio  of  c 
to  a,  given  that 

log  3  =  -4771213, 

Ltaul0°53'=9-283907,  diff.  foe  1'  =  6808. 

6.  If  6  =  14,  e  =  ll,  and  ^  =  60°,  find  B  and  C,  given  thai 

log2=-30103,  log 3  =  -4771213, 
Ltanll°44'=9-3174299, 
and  L  tan  11°  46'= 9-3180640. 

7.  The  two  sidei'  of  a  kiiiiifjle  u:c  SHI  mi:i  l:!0  y;ud;;  Ion;;  respectively 
and  Include  an  angle  of  ;j'2'::  B'.      Kind  'he  re:oal'i".!i;r  ■LiijrlOiJ,  Riven  that 

log2  = -30103,  Z  tan  26°  3'=9'6891430, 
£tanl4°2O'  =  9-4074189,  Ltan  14° 21' =  9*4079453. 

8.  If  6  =  2£ft.,  c=2  ft.,  and  J  =  22°  20',  find  the  other  angles,  and 
shew  that  the  third  side  is  neinly  one  foot,  given 

k>g2  =  -30103,  log 3  = -4771213, 

L  cot  11°  10'  =  10-70466,  L  sin  22°  20'  =  9-57977, 

Ltan29°  22' 20"--- 9-73038,   7.  !an  29°  22'  S0"  =  9'76043, 
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g.     If  a  — 2,  6  =  1  +  v';"5i  !lml  t'™(>0'J,  solve  the  triangle. 

10.  Two  sides  of  a  triangle  are  VS  + 1  and  „/3  - 1,  and  the  included 
angle  is  60";  find  the  other  side  and  angles. 

11.  If  6=1,  e=»/3  - 1.  and  A  =  60°.  find  the  ^"S411  of  t!le  ^e  °- 

12.  If  6  =  91,  e  =  125  and  tan^  =  -^  ,  prove  that  u  =  204. 

13.  If  o=  5,  6=4,  and  cos  {,4  -  Jl]  =  || ,  prove  that  the  third  side  c  will 

be  6. 

14.  One  angle  of  a  triiuifdo  is  30"  and  tho  lengths  of  the  sides 
adjacent  to  it  are  40  and  40  V3  yai'ds.  Find  the  length  of  the  third 
side  and  the  number  of  def-we*  in   the  other  angles. 

15.  The  sides  of  a  triangle  are  9  and  3,  and  the  difference  of  the 

angles  opposite  to  tlicra  is  90-.      f''in;l  the  base  sincl  the  auj-lcs,  having 

log  3  = -30103,  log 3  =  -4771213, 
log 75894  =  4-8802074,  log7688S=4-8802182, 
L  tan  26"  33'  =  9*6986847 
and  L  tan  36Q34'  =  9-69°.00O6. 

16.  Two  sides,  ol  a  triangle  ave  337  and  1.58  feet  and  the  contained 
angle  is  66°  40' ;  find  the  bast:  and.  the  other  angles,  having  given 

log2=-30103,  log 79  =  1-89763, 

log  22687  =  4-35578.  L  cot  33"  20'  =  10-18197 

£sm33°20'  =  9-73998,  L  tan  16°  54' =  9 -48262, 

Ztanie^SS'^g^SSOS,  L  sec  16°  54' =  10-01917, 

and  L  sec  16°  55'  =  10-01921. 


[**A-*«t-°->-*-*-J.] 

17.    If  tan^  =  "    ,'cot  -  . 
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If  <i  =  !S,  6  =  1,  and   C=5307'48",  find  c  without  getting  A   and  J), 
given 

log  2  =  -30103,  log  25298  =  4*4030863, 

log25209  =  '±-4031034,  Leos26°33'54"  =  9-9515452, 

and  L  tan  26°  33'  64"  =  9-6989700. 

Ill    ill'.-     I'lJloirill-J    ':    <■.]■•<  >'^. /■■>■,    ■'/.■■■    j ----- ■■ .- r   : " . - -- 1""    ;\i;!'">!llt!l.<    li:lii-'t.    h:-    t'.lLi/i 
from  tin:  tallies. 

18.  If  a  =  242-5,  6  =  164-3,  and  C  =  54°  36',  solve  the  triangle. 

19.  II  i  =  130,  e  =  63,  and  .4  =  42'- 15' 30",  solve  the  triangle. 

20.  Two  sides  of  a   triangle   bm;g  2265'4   and  1779  test   and  the 
included  angle  58 :'  17' ;   iincl  the  remaining  angles. 

21.  Two  sides  of  a  triangle  being  237-09  and  130-96  feet  and  the 

included  iinglsi  ~>VW,  liiiii  the  remaining  singles. 

184.     Case   III.     Given,   two   sides  b  and  c  and  the 
ui'ale  H  nj)j)';s-iJ.(;  to  one  oj  litem. 

The  angle  C  is  given  by  the  relation 

sin  C  _  sin  B 

~T~~b   "' 

i.e.  Bin  0= |  sin  B (I). 

Taking  logarithms  we  determine 
O  and  then  A  (=  180°  -  S  -  (?)  is 
found. 

The  remaining  sido  «  is  thou  found  from  the  relation 

a  b_ 

sin  j1      sin  B ' 

,  *m  A  ,a. 
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185.  The  equation  (1)  of  the  previous  article  gives  in 
some  cases  no  value,  in  some  cases  one,  and  sometimes 
two  values,  for  C 

If  v  sin  B  >  b,  the  right-hand  member  of  (1)  is  greater 
than  unity,  and  hence  there  is  no  corresponding  value 

for  a 

If  csinB  —  b,  the  rigiu.-lumd  member  of  (1)  is  equal 

to  unity  and  the  corresponding  value  of  0  is  90°. 

c  sin.fi 
If  c  sin  B  <  b,  there  are  two  values  of  G  having    —  -  - 

as  its  sine,  one  value  lying  between  0°  and  90°  and  the 
other  between  90°  and  180°. 

Both  of  these  values  arc.  not  however  always  admissible. 

For  if  b  >  c,  then  B>C.  The  obtuse-  angled  value  of 
0  is  now  not  admissible;  for,  in  this  case,  0  cannot  be 
obtuse  unless  B  be  obtuse  also,  and  it  is  manifestly 
impossible  to  have  two  obtuse  angles  in  a  triangle. 

If  b  <  c  and  B  be  an  acute  angle,  both  values  of  C 
are  admissible.  Hence  there  are  two  values  found  for 
A  and  hence  the  relation  (2)  gives  two  values  for  a.  In 
this  case  there  are  therefore  two  triangles  satisfying  the 
given  conditions. 

Since,  for  some  values  of  b,  o  and  B,  there  is  a  doubt 
or  ambiguity  in  the  determination  of  the  triangle,  this 
case  is  called  the  Ambiguous  Case  of  the  solution  of 
triangles. 

186.  The  Ambiguous  Case  may  also  be  discussed 
in  a  geometrical  manner. 

Suppose  we  were  given  the  elements  b,  o  and  B  and 
that  we  proceeded  to  construct,  or  attempted  to  construct, 
the  triangle. 
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We  lirst  measure 
angle  B. 


TRIGONOMETRY. 

'.e  ABD  equal  to  the  given 


We  then  measure  along  BA  a  distance  BA  equal  to 
the  given  distance  c,  and  thus  determine  the  angular 
point  A. 

We  have  now  to  find  a  third  point  C,  which  must  lie 
on  BD  and  mast  also  be  such  that  its  distance  from  A 
shall  be  equal  to  b. 

To  obtain  it,  we  describe  with  centre  A  a  circle  whose 
radius  is  b. 

The  point  or  points,  if  any,  in  which  this  circle  meets 
BD  will  determine  the  position  of  G. 

Draw  AD  perpendicular  to  BD,  so  that 

AD  =  AB  ain  B  =  cewB. 

One  of  the  following  events  will  happen. 

The  circle  may  never  reach  BD  (Fig.  1)  or  it  may 
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touch  BD  (Fig.  2),  or  it  may  meet  BD  in  two  points  (7, 
and  Ca  (Figs.  3  and  4). 

In  the  ease  of  Fig.  1,  it  is  clear  that  there  is  no 
triangle  satisfying  the  given  condition. 

Here  b  <  AD,  i.e.  <  csm  B. 

In  the  ease  of  Fig.   2,   there   is  one   triangle   ABD 
which  is  right-angled  at  D.     Here 
6  =  AD  =  c  sin  if. 

In  the  case  of  Fig.  3,  there  are  two  triangles  ABCS 
and  ABC,.  Here  b  lies  in  magnitude  between  AD  and  c, 
i.e.  b  is  >  c  sin  if  and  <  c. 

In  the  case  of  Fig.  4,  there  is  only  one  triangle  ABC-, 
satisfying  the  given  conditions  [the  triangle  ABC2  is 
inadmissible ;  for  its  angle  at  B  is  not  equal  to  B  but  is 
equal  to  180°—  B].  Here  b  is  greater  than  both  c  sin  if 
and  c, 

To  sum  up  : 

Given  the  elements  b,  a,  and  B  of  a  triangle, 

(a)     If  b  be  <  c  sin  B,  there  is  no  triangle. 

(8)    If  b  =  c  sin  if,  there  is  one  triangle  .right-angled. 

(7)  If  6  be  >  csin  B  and  <  c  and  j9  be  acute,  there  are 
two  triangles  ^i.tisiying  iho  given  conditions. 

(§)     If  &  be  >  c,  there  is  only  one  triangle. 

Clearly  if  b  =  c,  the  points  if  and  C,  in  Fig.  3  coincide 
and  there  is  only  one  triangle. 

If  if  be  obtuse,  there  is  no  triangle  except  when  b>c. 

187.  The  ambiguous  case  may  also  be  considered 
algebraically  as  follows. 
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From  the  figure  of  Art.  184  we  have 
£2  =  &  +  as  —  2oa  cos  B. 
:.   a9  —  2ac  cos  B  +  c?  cos*  B  =  ¥  —  c2  +  c5  cos2  B 

=  b1  -~  c-  sin5  B. 
:.    a  -  c  cosB  =  ±  V&-  —  c-  sms'iJ. 

i.e.  a  =  ecos£  +  V&--  e'sin'S (1). 

Now  (It  is  an  equation  to  determine  the  value  of  a 
when  b,  c  and  B  are  given. 

(a)  If  b  <  o  sin  B,  the  quantity  V?)5  —  c"  sin1'  Yi  is 
imaginary  and    (1)  gives   no  real  value  for  a, 

(0)  If  b  =  c  sin  75.  there  is  only  one  value,  c  cos  .B, 
for  <x;  there  is  thus  only  one  triangle  which  is  right- 
angled. 

(7)  If  &>esinif,  there  are  two  values  for  a.  But, 
since  a  must  be  positive,  the  value  obtained  by  taking 
the  lower  sign  affixed  to  the  radical  is  inadmissible  unless 


c  cos  B  —  *Jb!  —  c-  win-  B  is  positive, 
i.e.  unless  Vk5  -  c2  sin2  B  <  c  cos  B, 

i.e.  unless  W  -  c2  sin2  B  <  c3  cos2  B . 

i.e.  unless  &2  <  c2. 

There    are    therefore    two    triangles    only    when    b    is 
>  c  sin  if  and  at  the  same  time  <  c 

188.     Ex.     Given!)-  16,  r:  =  25,  and  B  =  33c  1,5',  jhum  /Ji.it  (Jit  triangle 
in  nmhiiiiiiMis  anil,  find  :/:■■■  olh.>:r  "»<)/('*,  haviw.t  given 

io-7  2  =  -30103,  X*;rc33°15'  =  9'7S90129, 
Lrin58°S6'=9-9327616, 
ami  L  ria  58°  57' =  9-932837(5. 
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We  have 

Hence  L  sin  (7= 2  +  X  sin  33°  15'  -  6  log  2 

=  !H)S52S32!t. 
C*  tlicnii'im;  lit  -i  lmr.v.vc-i  />■>  ■  5("  ;u:il  :jS°57',  so  that 
C  =  58°56'  +  n;". 
l'or  a  (lifforenCB  of  :>;''  in  the  angle  the  dilTeienec  in  the  log 

=9-0328329  -  9-9327016=  -0000713. 
For  a  difference  of  60"  in  the  angle  the  difference 

_  a-imai-iTi)  -  'j-'/.mij  i.o  --  -oonoTUo, 


HeneB  00  -  -0000700  "  760  ' 


"  -0000760 
6  x  713 


-     7(;     =  56nearly, 

so  that  LsmC  =  L  sin  58°  56' 56". 

.-.   C'  =  58°56'56"  or  180° -58° 56' 66", 
Hence  (Fig.  .3,  Art.  136)  we  have 

C1  =  58De6'56",jma<?j  =  12r3'4". 
.-.    L  Bit  C,=180°  -  33"  15'  -  58°  56'  5G"=87°  48'  4". 
and  L  BAGS=  180°  -  33°  15'  -  121°  3'  4"=25a  41'  56". 

EXAMPLES.    XXXI. 

1.  If  «=ij,  6  =  7,  and  sin  .4  =  '.  ,  is  there;  any  aHiijiiruiiy'.' 

2.  Itit=2,  c  =  ^/3  +  l,  and  ,1  =  45°,  solve  the  triangle. 

3.  If  a  =  100,  e  =  100  */3  and  J  =  80°,  solve  the  triangle. 

4.  If  26  =  3n,  and  tan'!_-l  =  '.  ,  pmvo  J.hat  thorn  jith  two  Yi 
third  aide,  one  of  which  is  double  the  other, 

5.  If  .4  =  30'=,  6  =  8,  and<i  =  6,  find  c. 
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0.    Given  -B  =  30°,  c  =  150,  and  6  =  150^/3,  prove  that   of  the  two 

triangles  which  satisfy  the  diita  one  will  be  isosceles  and  the  other  right- 
angled.     Find  the  greater  value  of  the  third  sidti. 
Would  :he  solution  have  hcen  ambiguous  had 
B  =  30°,  «  =  1S0,  and  6  =  75? 

7,  In  the  ambiguous  ease  given  «■>  ?'.  i"1'!  ■',  prove  Una  the  difference 
between  the  iwa  values  of  e  is  -Jv'r<-      e-  sin-  .■[. 

8.  If  a  =  5,  6  =  4,  and  A  =  ia\  find  the  other  angles,  having  given 

log  2  = -30103,  /_,  sin  &r  ai)'-<!-7;'i20507, 
and  Lsin33°30'  =  9-7530993. 

0.    If  n  =  9,  5  =  12,  and  ,4  =  30°,  find  c,  having  given 
log  2  =  '30103,  tog3  =  -47712, 

log  171  =  2-23301,  log  368  =  3-56635, 

L  sin  11D  48'  39"  =  9-31108,  L  sin  41"  48'  S9"  =  9-83391, 
and  I  sin  lOS" 11'  21"  =  9*977774. 

10.  Point  out  whether  or  no  the  solution-  of  the  Ibllewing  1-  iangles 
are  ambiguous. 

1'hid  the  ^mailer  value  of  the  tbiril   >idc  in  the  ambiguous  case  ami 
the  other  angles  in  both  eases. 

(1)    J  =  30°,e  =  250  feet,  and  «  =  12o  feet; 
(3)    A  =  S0",  c  =  250  feet,  and  a  =  200  feet. 
Given  log2=-30103,  log  6-03893  =  -7809001, 

Lsin38°4J'  =  i)-7<l58HuU 
and  Xsin8°41'  =  9-1789001. 

11.  Given  a  =  250,  6  =  240,  and  A  =  72°  4'  48",  find  the  angles  Hand  C, 
anil  state  whether  they  can  have  mare  than  one  value,  given 

log  2-E  =  '3979400,  log  2-4  =  -3802112, 

Lsin72°4'  =  9'9783702,  L  sin73°5'  =  9*9784111. 
and  L  sin  05°  54'= 9-9606739. 

12.  Two  straight  read'  intersect  at  isn  angle  of  :lu   ;  from  the  [mint  of 
junction  two  pedestrians  A  and  B  statt  a!  the    same  time,  A    walking 
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along  one  road  at  the  rate  of  5  miles  per  !iih;:'  a;n.i  ,'>'  walking  uniformly 
along  the  oilier  road.  At  the  end  of  3  hours  they  :ire  'J  miles  apart. 
Shew  that  there  are  two  rates  at  which  B  may  walk  to  fulfil  this 
erudition  arnl  iind  ihem. 

Far  the  foil ou-iiuj  3  c.rj.vnples,  a  bonk  r.j'  :ub:-j.<  i;:i!l  ba  reijiun'fl. 

13.  Two  sides  of  a  triangle  arc  1015  feet  and  732  feet  and  the  angle 
opposite  the  latter  side  is  40° ;  find  the  angle  opposite  the  former  and 

prove  liici  tw.iiv  than  one  ralne  i^  ad  eligible. 

14.  Two  sides  of  a  triangle  heing  Mli-o  and  lBa<>-(>  feet,  and  the 

angle  opposite  the  latter  being  15"  1.1',  ealeTilaie  the  oilier  angles  of  the 
triinigie  or  triangles. 

15.  Given  ^  =  10°,  a-  =  2H()S-7,  and  b=-- 7903-2,  iind  the  smaller  value 


189.  Case  IV.     Given  one  side  and  two  awjhs.  viz. 
a,  B,  and  C. 

Since  the  throe  angles  of  n  triangle  are  together  equal 
to  two  right  angles,  the  third  angle 
is  given  also. 

The  aides  b  and  c  are  now  obtain* 
from  tin:  relations 

b     _     o_  __     a_ 
sin  B     sin  G     sin  A  ' 

,         sin  B        ,  sin  0 

giving  b  =  a    .-  -v,  and  u-  =  ii— — .  . 

6        a  sin  A  sin  A 

190.  Case  V.     The  three  angles  A,  B  and  G  given. 
Here  the  ratios  only  of  the  sides  can  be  determined 

by  the  formulae 

sin  A     sin  B     sin  G ' 
Their  absolute  jriagintnde.ri  uaimot  be  found. 


/Google 


TRIGONOMETRY. 


EXAMPLES.    XXXII. 


1.  Hoo8J  =  |i  and  oosC  =  j^,  find  the  ratio  of  n :  6  :  ft 

2.  The  angle?  of  a  triangle  an!  as  1:2:7;  prove  that  the  ratio  of 
the  greatest  side  to  the  lea  si  side  is  ,/5  +  l  :  ^/fl  -  1, 

3.  If  J  =  45°,  £  =  75°,  and  C=60°,  prove  that  o  +  e  ^  =  26. 

4.  Two  angles  cf  n  triangle  are  11"'  13'  22"  and  71c  111' 5"  and  the  side 
opposite  the  first  angle  is  55;   find  the  side  opposite    the    latter  angle, 

logS5  =  l-7403fi27,  Iog79l)(t8  =  4-897977o, 
Z  sin  41°  13' 22"  =  9-8188779, 
and  L  sin  71"  19'  5" =9-9764927. 

5.  From  each  of  two  ships,  one  i-iik-  fiptrl,  the  angle  is  observed 
which  is  subtended  by  another  ship  and  a  beacon  on  shore  ;  these  angles 
are  found  to  he  52°  2.5'  1.5"  ami  75"  i'J'  30"  respectively.     Given 

Z  sin  75°  9'  30"  = 
L  sin 52=25'  15"  =  9-8990055, 1 
and  log  1-2198= -0 

find  the  distance  of  the  beacon  from  each  of  the  ships. 

6.  The  base  angles  of  a  triangle  an:  -IT::'  and  112i:';  prove  that  the 
base  is  equal  to  twice  the  height, 

l\iv  the.  !iii!i.>ii--!.nit  ;■}  i[i<i'.it!tntx  «■  Jjik.'/.-  r./  A- ,■» /■-.•■  <".■  mjiiir.-il. 

7.  The  base  of  a  triangle  being  seven  feet  and  the  base  angles 
1 2ir  23'  and  :if>-'3G',  iind  the  length  of  iis  shorter  side. 

8.  If  the  angles  of  a  triangle  he  as  5  :  10  :  21,  and  the  side  opposite 
the  smaller  angle  !:■■:.■  :!  feet,  lind  the  other  sides. 

9.  The  angles  of  a  triangle  being  1 50°,  18°  20',  and  11°  40',  and  the 
longest  side  being  1000  feet,  find  the  length  of  the  shortest  side. 

10.  To  get  the  distance  of  a  point  A  from  a  point  B,  a  line  BO  and 
the  angles  ABO  and  HOA  are  measured,  and  are  found  to  be  287  yards 
and  55°  32' 10"  and  SI"  8'  20"  respectively.     Find  the  distance  AB. 

11.  To  find  the  distance  from  A  to  P  a  distance,  AB,  of  1000  yards  is 
measured  in  a  convenient  direction.  AL  .1  the  angle  PAIS  is  found  to  be 
41°  18'  and  at  B  the  angle  FBA  is  found  to  be  114"  38'.  What  is  the 
required  distance  to  the  nearest  yard? 
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CHAPTER   XIV. 


HEIGHTS  AND   DISTANCES. 


191.  In  the  present  chapter  we  shall  consider  some 
questions  of  the  kind  which  occur  in  land-surveying. 
Simple  questions  of  this  kind  have  already  been  considered 
in  Chapter  III. 


192.     To  find  the   height  of  an  i 

means  of  observntUim  mod-e  at  distant  points. 

}  to  be  the  tower  and  that  the  ground 
{  through  the  foot  Q  of  the  n 

tower  is  horizontal.  At  a  point  A 
on  this  ground  measure  the  angle 
of  elevation  a.  of  the  top  of  the 
tower. 

Measure  off  a  distance  AB{—a)    k^ 
from  A  directly  toward  the  foot  of 
the  tower,  and  at  B  measure  the  angle  of  elevation  ,3. 

To  find  the  unknown  height  ie  of  the  tower,  wo  have 
to  connect  it  with  the  measured  length  a.  This  is  best 
done  as  follows : 

L.  T.  14 
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From  the  triangle  PBQ  we  have 


■•(i), 


••(2), 


and  from  the  triangle  PAB  we  have 

PB     no.  PAB         sin« 
a       sin  BPA~  sin  (0  -  a)" 
since  £  BPA  =Z  QBP - Z  QAP  =  @  -  <x. 

From  (I)  and  (2),  by  multiplication,  we  have 
x  __  sin  a  sin  8 
a     sin  0  -  a) ' 
sin  a  sin  8 
amOS-a) 
The  height  ,%■  is  therefore  given  in  a  form  suitable  for 
logarithmic  calculation. 

Numerical  Example,     Ua-100  feet,  a  =  30°  and  £  =  60°,  then 
g  =  10QBin^g,a0O=  100  x^=86-6  feat. 

193.     It    is   often  not   convenient    to    measure    AB 
directly  towards  Q. 

Measure   therefore   AB   in    any 

other  suitable  direction  on  the  hori- 
zontal ground  and  at  A  measure  the 
angle  of  elevation  a  of  P,  and  also     . 
the  angle  PAB(=B).  " 

At  B  measure  the  angle  PBA 

(=7).  B 

In  the  triangle  PAB  we  have  then 

/  APB  =  180*  -  £  PAB  -  z  PBA  =  180*  -  (/3  +  7). 
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AP      sin  PB  A  sin  7 

Hence  — —  —   .  ■  ,■,„■]■=  - — --,  ,     -,. 

a        smBPA      sin  (£+7) 

From  the  triangle  PAQ,  we  have 

,  _,  .  sin  a  sin  7 

Hence  ic  is  found  by  an  expression  suitable  for 
logarithmic  calculation. 

194.  To  find  (he  distance  between-  t"'v  inact:etsibi.-e-  point* 
by  means  of  observations  made  at  two  points  the  distance 
between  which  is  known,  all  four  points  being  supposed  to 
be  in  one  plane. 

Let  P  and  Q  be  two  points  whose  distance  apart,  PQ, 
is  required. 

Let  A  and  B  be  the  two  know__ 
points  whose  distance  apart,  AB,  is  \    J^i* 

given  to  be  equal  to  a. 

At  A   measure  the  angles  PAB 
and  QAB,  and  let  them  be  a  and  f3    A^ 
respectively. 

At  B  measure  the  angle  PBA  and  QBA,  and  let  them 
be  y  and  8  respectively. 

Then  in  the  triangle  PAB  we  have  one  side  a  and  the 
two  adjacent  angles  a  and  7  given,  so  that,  as  in  Art.  163, 
we  have  AP  given  by  the  relation 

AP  _     sin  7     _      ein  7 
a       sinAPB     sin  (a +  7)" 

In  the  triangle  QAB  we  have,  similarly, 

AQ_      sing 
a  "sin  (0  +  8) 


••(!)■ 


..(2). 
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In  the  triangle  APQ  we  have  now  determined  the 
aides  AP  and  AQ;  also  the  included  angle  PAQ(=a  —  0) 
is  known.  We  can  therefore  find  the  side  PQ  hy  the 
method  of  Art.  181. 

If  the  four  points  A,  B,  P,  and  Q  be  not  in  the  same 
plane,  we  must,  in  addition,  measure  the  angle  PAQ;  for 
in  this  case  PA  Q  is  not  equal  to  a  -  /3.  In  other  respects 
the  solution  will  be  the  same  as  above. 

195.     Bearings  and  Points  of  the  Compass.  The 

Bearing  of  a  given  point  B  as  seen  from  a  given  point 

0  is  the  direction  in  which  B  is  seen  from  0.     Thus  if 


%  \A 


the  direction  of  OB  bisect  the  angle  between  East  and 
North,  the  bearing  of  B  is  said  to  be  North-East. 

If  a  line  is  said  to  bear  20°  West  of  North  we  mean 
that  it  is  inclined  to  the  North  direction  at  an  angle  of 
20°,  this  angle  being  measured  from  the  North  towards 
the  West. 
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To  facilitate  the  statement  of  the  bearing  of  a  point 
the  circumference  of  the  mariner' s  a  mi  pass -card  is  divided 
into  32  equal  portions,  as  in  the  above  figure,  and  the  sub- 
divisions marked  as  indicated.  Consider  only  the  quadrant 
between  East  and  North.  The  middle  point  of  the  arc 
between  N.  and  E.  is  marked  North-East  (N.E.).  The 
bisectors  of  the  arcs  between  N.E.  and  N.  and  E.  are 
respectively  called  North-North-East  and  East-North- 
East  (N.N.E.  and  E.N.E.).  The  other  four  subdivisions, 
reckoning  from  N.,  are  called  North  by  East,  N.E.  by 
North,  N.E.  by  East,  and  East  by  North.  Similarly  the 
other  three  quadrants  are  subdivided. 

It  is  clear  that  the  arc  between  two  subdivisions  of 

the  card  subtends   an   angle   of   -hh-.  *■&   Hi"-  at  the 

centre  0. 

EXAMPLES.    XXXIII. 

1.  A  flagstaff  stands  on  the  middle  of  a  square  tower.  A  man  on 
the  ground  opposiLe  the  middle  of  imn  f:tee  and  distant  from  it  100  feet 

just  sees  the  flag ;   rKusrtiriK  another  ifltf  foci  the  turnouts  of  elevation  of 
the  top  of  the  tower  and  the  top  of  rhe  flagstaff  are  found  to  be  = 

and  ^  .     Find  the  dimensions  of  the  towci.  and  the  height  of  the  flagstaff, 
the  ground  heing  horizon  till. 

2.  A  man,  walking  on  a  level  pliinc  to-vards  a  towur,  observes  thfit 
at  a  certain  point  the  angular  height  of  the  tower  is  10°  and  after  going 
SO  yards  nearer1  the  tower  the  elevation  is  found  to  he  15°.    Having  given 

ZSinl5°  =  9'4129962,    L  cos 5°  =  9-9963442, 
log 25*783  =  1-4113334  and  log 25-784  =  1-4113503, 
find,  to  4  places  of  decimals,  the  hd^lii  of  the  tower  in  yards. 


,Google 


214  TRIGONOMETRY.  [Exs.  XXXIII.] 

3.  BE  is  a  tower  staiv.lii:g  on  a  horizontal  plans!  and  ABCD  it  a 
straight  line  in  the  plane.  The  height  of  the  tower  subtends  an  angle  C 
at  J,  20  at  B,  and  30  at  0.  If  AB  and  BC  be  respectively  SO  and  20  feet, 
find  the  height  of  l]io  tower  ar.-.l  the-  instance  CD. 

4,  A  towel',  50  r'ncr  high,  ntands  on  the  top  of  it  mound;  from  a 
point  on  the  ground  fne  angl^:  :;'.  (novation  of  tin;  top  and  bottom  of  tiie 
tower  are  found  to  be  75-  and  45'-  respectively ;   Cud  the  height  of  the 


5.  A  vertical  polo  (more  than  100  foot  high)  consists,  of  two  parr,*. 
the  lower  being  --rd  of  tho  whole.  From  a  point  in  a  horizontal  piano 
through  the  foot  of  the  polo  and  40  feet  from  it,  the  upper  part  snbtends 
an  angle  whose  tangent  is  - .     Find  the  height  of  the  pole. 

g,  A  tower  subtends  an  angle  a  at  a  point  on  tho  same  level  as  the 
foot  of  the  tower  and  at  a  second  point,  h  feet  above  the  first,  the 
depression  of  tlio  foot  of  the  tower  is  .3.     Find  the  height  of  the  tower. 

7.  A  person  in  a  balloon,  v.liick  has  ascended  vertically  from  flat 
land  at  the  sea  level,  observes  the  angle,  of  depression  of  a  ship  at  anchor 
to  be  30°;  after  descending  vertically  for  000  feet  he  finds  the  angle 
of  depression  to  lie  15";  find  the  horizontal  distm-cc  of  the  ship  from  the 
point  of  ascent. 

8,  PQ  is  a  tower  standing  on  a  horizontal  plane,  Q  being  its  loot ; 
A  and  B  are  two  points  on  the  plane  sack  that  the  I  QAB  is  90°,  and  .-IB 
is  40  feet.     It  is  found  that 

cotPAQ=^  and  cotPBQ=±. 
Find  the  height  of  the  tower. 

9,  A  column  is  E.S.E.  of  an  observer  and  at  noon  the  end  of  the 
shadow  is  North-East  of  him.  The  shadow  is  SO  feat  long  and  the 
elevation  of  the  column  a!  ll'.e  oljsci.vo^'s  station  is  ■■15'"'.  Find  the  height 
of  the  column. 

10.  A  tower  is  observed  liom  I'.vo  stations  A  and  B.  It  is  found  to 
be  due  north  of  A  and  north -west  of  11.  1!  is  due  east  of  A  and  distant 
from  it  100  feet.  The  elevation  of  the  tower  as  seen  from  A  is  the 
complement  of  the  elevation  a3  seen  from  B.     Find  the  height  of  the 
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11.  The  elevation  of  a  steeple  at  a  place  due  south  of  it  is  (5°  and 
st  another  place  due  west  of  it  the  elevation  is  15°.    If  the  distance 

between  the  two  plates  be  n,  prove  that  the  hciiii.i  o:  the  steeple  is 

■t«/»-i) 
2*b    ■ 

12.  A  person  il;iuuH  in  1!:.-  diagonal  prodiii^d  of  Lin;  siiuarc  base  o: 
a  church  tower,  at  a  distance  '2a  from  it,  and  observes  the  angles  of 
elevation  of  each  of  the  two  outer  comers  of  the  top  of  the  towel'  to  be 
30°,  whilst  that  of  the  nearest  corner  is  45°.  Prove  that  the  breadth  of 
the  tower  isa(V10-V2|. 

13.  A  person  standing  at  a  point  A  due  south  of  a  tower  built  on  a 
horizontal  plane  observes  the  altitude  of  the  tower  to  be  60".  He  then 
walks  to  B  due  west  of  A  and  observes  the  altitude  to  be  45°,  and  again 
at  C  in  AB  produced  he  observes  it  to  be  H0'J.  Prove  that  B  is  midway 
between  A  and  C. 

14.  At  each  end  of  \:  horizontal  oitsc  of  length  In  it  is  ronn.i  that 
the  angular  height  of  a  certain  peal;  is  0  and  that  at  the  middle  point  it 
is  ij>.     Prove  that  the  vertical  height,  of  the  peak  is 

Vain  W +  0)  sin  (0-e)' 

15.  A  and  B  are  two  stations  1000  feet  apart ;   P  and  Q  are  two 

statious  in  the  same  plane  as  A  11  and  on  the  same  side  of  it ;  the  angle* 
PAH,  PDA,  QAB,  and  QBA  are  respectively  75°,  30°,  45°,  and  90° ;  find 
how  far  P  is  from  Q  and  how  far  each  is  from  A  and  B. 

tor  tl>/'  hitloirini;  i  ei'i/vip'?..:  a  bool:  of  Inhl.a  will  he  icanted. 

16.  At  a  point  on  a  horizontal  pl.ine  the  elevation  of  th«  summit  of 
a  mountain  is  found  to  be  '2'2''  l.V  and  at  another  point  on  the  plane  a 
mile  further  away  in  a  dire;;!  line  its  elevation  is  10:'  VI' ;  find  the  height 
of  the  mountain. 

17.  Prom  the  top  of  a  hill  the  angles  of  depression  of  two  successive 
milestones,  on  level  ground  and  in  the  same  vertical  plane  with  the 
observer,  are  found  to  be  5C  aud  It)"'  respectively.  Find  the  height  of  the 
hill  and  the  horizontal  lis  lance  Lo  lire-  nearest  milestone. 

18.  A  castle  and  a  monument  s:and  on  the  same  horizontal  pboie. 
The  height  of  the  castle  is  140  feet  and  the  angles  of  depression  of  the 
top  and  bottom  of  the  monument  as  seen  from  the  top  of  the  castle  are 
41)°  and  80°  respectively.     Find  the  height  of  the  : 
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19.  A  flagstaff  I'.V  stands  on  level  ground. 
iit.  right  singles  to  A  \",  the  points  J,  /J  and  ;V  being  in  the  same  horizontal 
plane,  and  the  angles  /M.W  and  PBN  are  found  to  be  a  and  /3  respectively. 
Prove  that  the  height  of  the  flagstaff  is 

If  45  =  100  feet,  o  =  70°,  and  /S  =  50°,  oaleuiale  the  height. 

20.  A  man  standing  due  south  uf  a  tower  on  a,  hoi-bonta]  jjiiutc 
thvov.j.Th  its  fool  iimis  tin:  tJtsVfi-tioii  of  t-iii.  'op  of  tiiL:  tower  to  he  54°  IB'; 
he  goes  east  100  yards  and  finds  the  elevation  to  be  then  50°  8'.  Find 
the  height  of  the  tower. 

21.  A  man  in  a  balloon  observes  that  the  angle  of  depression  of  an 
object  on  the  ground  i>  ;l- nii.'  diui  nonh  is  :]-i'- ;  Llie  oailoon  drifts  3  miles 
due  west  and  the  a:i;do  of  depres^ou  is  now  found  to  he  51°.  Find  the 
height  of  the  balloon. 

22.  From  the  extremities  of  a  horizontal  base-line  All,  whoso  length 
is  1000  feet,  the  bearin;.:?  of  the  foot  C  of  a  tower  are  observed  and  it  is 
found  that  L  CAB  =  56°Q3\  iGBA^iTW,  and  that  the  elevation  of 
the  tower  from  A  is  if'  'lb'  ;  lind  the  height  of  the  tower. 

196.  Ex.  A  ftaydafi  is  on  the  top  of  a  tower  winch 
stands  on  a  horizontal  plane.  A  person- observes  the  angles, 
a  and  0,  subtended  at  a  point  on  the  horizontal  plane  by  the 
flagstaff  and  the  tower ;  he  then  -walks  a  known  distance  a 
toward  the  tower  and  funis  that  the  flagstaff  subtends  the 
same  angle  as  before;  -prove  that  the  height  of  the  tower 
and  the  length  of  the  flagstaff  are  r 


a  sin  j3  cos  («+ff) 


and  ■ 


cos  (a  +2£)  cos  (a +  2/3)' 

Let  P  and  Q  be  the  top  and  foot  of  the  tower,  and  let 
PR  be  the  flagstaff.  Let  A  and  B  be  the  points  at  which 
the  measurements  are  taken,  so  that  ZP.AQ  =  0  and 
tPAR  =  ZPBR  =  a.  Since  the  two  latter  angles  are 
equal,  a  circle  will  go  through  the  lour  points  A,  B,  P, 
and  R, 
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To  get  the  height  of  the  flagstaff  we  have  to  connect 
the  unknown  length  PR  with  the  known  length  AB. 

This   may  be    done    "by   connecting    each   with    the 
length  Alt. 

To  do  this,  we  must  first 
determine  the  angles  of  the 
triangles  ARP  and  ARB. 

Since  A,  B,  P,  and  R  lie  on  a 
circle,  we  have 

and      LAPB  =  £ARB  =  Q 

Also  z  APR  =  go"  +  z  PAQ  = 

Hence,   since   the   angles   of  the  triangle 
together  equal  to  two  right  angles,  we  have 
180°  =  a  +  (90°  +  0)  +  (0  +  /S), 

so  that  6  =  90°  -  (a  +  2/3) (1). 

From  the  triangles  APR  and  .d.B_K  we  then  have 
PR  _      AR  AR       _    a 

sin  a     sin  RPA      sin  fiUJl     sin  0  '         '' 

[It   will   be   found  in  Chap.  XV.  that  each    of  these 
quantities  is  equal  to  the  radius  of  the  circle.] 
Hence  the  height  of  the  £ 
a  sin  a 


Again  ^g  =  cos -BPQ  =  cos  <a  +  /3) (2), 

PB     sinPAB     sin  # 

and  —  =  -. — rT7„=  -= — 7, W 

a       smAPB     sm#  v  ' 

Hence,  from  (2)  and  (3),  by  multiplication, 

PQ  _  sin  8  cos  (a  +  8)  _  sin  0  cos  (a  +  8)    ,       ,  . 
a    "  shi0    *    ~"~~cos"(«  +  2,3)      '^^ 
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and     AQ  = 


Also  BQ  =  PQ  tan  BPQ  =  PQ  tan  (a  +  0) 
sin  ,3  sin  Q  +J) 
cos  (a  +  20)     ' 
_    cos  (a  +  2/9)  +  sin  0  sin  (a  +  g) 
cos  (a  +  %0) 
_     cos  0  cos  (a  +  /3) 
~  a     cos  (a  +  20)     ' 
If  a,  a,  and  /3  be  given  numerically  those  results  are 
all  in  a  form  suitable  for  logarithmic  computation. 

197.  Ex.  A  man  walks  a.-long  a,  straight  road  and 
observes  that  the  greatest,  angle  subtended  bg  two  objects  is  a; 
from  the  point  n;h  ere  this  great '.4  angle  is  unblended  he  walks 
a  distance  c  along  the  road  and-  finds  that  the  two  objects  are 
now  in  a  straight  line  -which  -makes  an  angle  0  with  the 
road; '  pvoos  that  the  distance  between  [he  objects  is 

.     _       a  +  0        a-0 
c  sm  a  sin  /3  sec  — -^—  sec  —= — . 

Let  P  and  Q  be  the  two  points  and  let  PQ  meet 
the  road  in  B. 
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If  A  be  the  point  at  which  the  greatest  angle  is 
subtended  then  A  must  be  the  point  where  a  circle  drawn 
through  P  and  Q  touches  the  road. 

[For,  take  any  other  point  A'  on  AB  and  join  it  to  P 

cutting  the  circle  in  B'  and  join  A'Q  and  B'Q. 

Then  L  PA'Q  <  £  PB'Q  (Eue.  I.  16), 

and  therefore  <  z  PAQ  (Euc.  III.  21).] 

Let  the  angle  QAB  he  called  0.  Then  (Euc.  III.  32) 
the  angle  A  PQ  is  6  also. 

Hence  180°  =  sura  of  the  angles  of  the  triangle  V  A  B 
=  e  +  (a  +  0)  +  $, 

so  that  0=w-^±i. 

From  the  triangles  PAQ  and  QAB  we  have 

PQ  _ sina  ,  AQ  __sm/J_   ___     sin/9 

Z~Q~sm0'  c   ~eajaAQB  =  sm{0  +  a)' 

Hence,  by  multiplication,  we  have 
PQ  _      sin  a  sin  g 


PQ  = 


c 

sinf  srn(<?+a) 

sin  a  sin  /S 

cos— ^—  cos  -g- 

c  sin  a 

sin  ,3  sec             sec 
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EXAMPLES.     XXXIV. 


1.  A  bridge  has  5  equal  spans,  each  of  100  feet  measured  from  -lie 
centre  of  the  piers,  and  a  boat  is  moored  in  a  line  with  one  of  the  middle 
piers.  The  whole  length  of  the  bridge  subtends  a  right  angle  as  seen 
from  the  boat.  Prove  that  the  distance  of  the  boat  from  the  bridge  is 
100V6  feet. 

2.  A  ladder  placed  at  an  angle  of  75°  just  reaches  the  sill  of  a 
window  at  a  height  of  27  feet  above  the  ground  on  one  side  of  a  street 
On  turning  the  ladder  over  without  moving  its  foot,  it  is  found  that 
when  it  rests  against  a  wall  on  the  other  side  of  tin:  sweet  it  is  at  an 
angle  of  15°  with  the  ground.  Prove  that  the  breadth  of  the  street  and 
the  length  of  the  ladder  are  respectively 

27(3  +  ^3)   and  27(^/6- *J2)  feet. 

3.  Prom  a  house  on  one  side  of  a  street  observations  are  made  of  the 
aiiglc  subtended  by  :ho  In  igbt  of  'in;  opposite  house ;  from  the  level  of 
the  street  the  angle  subtended  i-  Iho  an^'.o  wbese  tangent  is  3 ;  from  two 
windows  one  above  the  other  the  angle  eublcmlcd  in  found  to  be  the 
angle  whose  tangent  is  -3;  the  height  of  the  opposite  house  being 
60  feet,  find  the  height  above  the  street  of  each  of  the  two  windows. 

4.  A  rod  of  given  length  can  turn  in  a  vertical  plane  passing  through 
the  stiii,  one  end  being  fixed  on  the  ground;  find  the  longest  shadow  it 
can  cast  on  the  ground. 

Calculate  the  altitude  ol  the  sun  when  the  longt  -it  diadow  it  can  cast 
is  3£  times  the  length  of  the  rod. 

5.  A  ship  A  observes  another  ship  If  leaving  a  harbour,  whose 
bearing  is  then  N."\V.  After  10  minutes  A,  having  sailed  one  mile  N.E., 
sees  B  due  west  and  the  harbour  then  bears  'Jib'  West  of  North.  After 
another  10  minutes  IS  rs  observed  to  bear  S.W.  Pind  the  distances 
between  A  and  B  at  the  first  observation  and  a'.--o  the  direction  and  rate 
otB. 

6.  A  ship  sailing  north  sees  two  ligb  the  uses,  which  are  fi  miles 
apart,  in  a  lino  due  nest ;  after  an  hour's  sailing  one  of  them  hears  S.W. 
and  the  other  S.8.W.    1'ind  tltc  ship's  rate. 
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7.  A  ship  sees  a  lighthouse  N.W.  of  itself.  After  sailing  for  12  miles 
in  a  direction  15°  south  of  W.  the  lighthouse  is  seen  due  N.  Find 
the  distance  of  thi.'  lighthouse  from  the  ship  in  each  position. 

8.  A  man,  travoll ii)y  west  along  a  straight  load,  observes  that  when 
he  is  duo  south  of  a  certain  v.- in  dm  ill  the-  straight  line  drawn  to  a  distant 
church  makes  an  angle  of  30°  with  the  road.  A  mile  further  on  the 
bearings  of  the  windmill  and  tower  are  respectively  N.T"..  and  N.W.  Eind 
the  distances  of  the  tower  from  the  windmill  an  1  from  the  nearest  point 
ul  tin;  road. 

9.  An  observer  on  a  headland  see*  i.i  ship  due  north  of  him  ;  after  a 
quarter  of  an  hour  he  sees  it  duo  cast  and  after  another  half-hour  he  sees 
it  due  south-cast;  hint  tin;  direction  thai  the  ship's  course  makes  with 
the  meridian  and  the  time  after  the  ship  is  first  seen  until  it  is  nearest 
the  observer,  supposing  Ihat  it  sails  uniformly  in  a  straight  line. 

10.  A  man  walking  along  a  straight  road  which  runs  in  a  direction 
30°  east  of  north  notes  when  he  in  due  south  nl"  a  certain  house ;  when  he 
has  walked  a  mile  further  he  observes  that  the  house  lies  due  west  and 
that  a  windmill  on  the  opposite  side  of  the  road  is  N.E.  of  him ;  three 
miles  further  on  he  finds  that  he  is  due  north  of  the  windmill ;  prove 
that  the  line  joining  the  house  and  the  windmill  makes  with  the  road 
the  angle   whose   langent  is 

48-25^/3 

11.  A,  B,  and  (.'  are  tnree  consecutive  milestone.;  on  a  straight  road 
from  each  of  which  a  distant  spire  is  visihh:.  The  spire  is  observed  to 
bear  north-east  at  A,  east  at  B,  and  60°  east  of  south  at  C.    Prove  that 


the  shortest  distance  of  the  si- ire  [Venn  the  road  is  — -~ —  miles. 


13 


12.  Two  stations  due  south  of  a  tower,  which  leans  towards  the 
north,   are   at   distances    a    and   b   from    its    foot ;    if  a    and  fl   be  the 

elevations  of  the  top  of  the  tower  from  these  stations,  prove  that  its 
inclination  to  the  vertical  is 

ioota  -  a  cot  ,'J 

13,  From  a  point  A  on  a  level  plane  the  angle  or'  elevation  of  a 
balloon  is  o,  the  balloon  being  south  of  J  ;  fiom  a  point  II  which  is  at  a 
distance  6'  smith  of  A  the  balloon  is  seen  northwards  at  an  elevation  of 
8;  find  the  distance  of  the  balloon  from  A  and  its  height  above  the 
ground. 
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14.  A  statue  od  the  top  of  a  pillar  subtends  the  same  angle  a  at 
distances  of  3  and  11  yards;  from  the  pillar  :  if  !an  o  =  — ,  find  the  height 
of  the  pillar  and  of  the  statue. 

15.  A  tower  and  a  spire  on  the  top  of  the  tower  subtend  equal  angles 
at  a  point  whoso  (list unco  from  ilie  fbos  of  she  lower  Is  a;  if  h  be  the 
height  of  the  tower,  pro'-"e  that  tin;  height  o:'  the  spire  is 

16.  A  flagstaff  on  the  top  of  a  tower  is  obsctved  to  subtend  the  same 
angle  at  two  points  on  a  hoH;o.i'.]t;U  phme,  which  lie  on  a  line  passing 
through  the  centre  o:  the  base  of  the  tower  and  whoso  distance  from  one 
another  is  2,;,  and  an  angle  ;;i  at  »  poin;  ha.t'wjy  between  them.  Prove 
that  the  height  of  the  flagstaff  is 


v» 


17,    An  observer  in  the  first  place  static) 

lee:  from  a  column  standing  upon  a  mound. 


n  angle,  whose  tangent  is  f) ,  at  his  eye  which  may  be  supposed 
to  be  on  the  hotmmt.id  plane  through  the  base  of  the  mound.  On 
moving  ■  a  foot  nearer  the  column  he  finds  that  the  angle  subtended  is 
unchanged.     Find  the  heighl  of  the  mound  and  of  the  column. 

18.  A  church  tower  stands  on  the  bank  of  a  river  which  is  !.'>(!  foe; 
wide  and  on  the  top  of  the  tower  i=  a  spite  liO  foot  high.  To  an  observer 
on  the  opposite  ban);  of  the  river  the  sph-e  subtends  the  same  angle  that 
it  pole  sis  foot  high  subtends  when  placed  upright  on  the  ground  at  the 
foot  of  the  tower.     Prove  that  the  height  of  the  tower  is  nearly  286  feet. 

19.  A  person,  wishing  to  ascertain  the  height  of  a  tower,  stations 
himself  On  a  hodxoutai  plane  through  its  [oof  at  a  point  at  which  the 
elevation  of  the  top  is  30°.  On  walking  a  distance  a  in  a  certain  direction 
he  finds  that  the  elevation  of  the  top  is  the  same  as  before,  and  on  then 

wiubing  a  distance  .,  ■■;  at  right  angles  to  his  former  direction  he  finds  the 

elevation  of  the  top  to  be  60°.     Prove  that  the  height  of  the  tower  is 

either  ^/jU  or  ^/ga. 
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20.  The  angles  of  elevation  of  the  top  of  !i  tower,  standing  on  n 
horizontal  plant-,  from  two  point*  distant,  o,  and  b  from  the  base  and  in 
the  same  straight  line  with  it  are  complementary.  Prove  that  the  height 
of  the  tower  is  ^Jab  feet,  and,  if  B  be  the  angle  subtended  at  the  top  of 
the  tower  by  .the  iine  joining  the  live  points,  then  sin  6  — ;  . 

21.  A  tower  150  feet  high  stands  on  t ho  top  o:  a  cliff  SO  feet  biga. 
At  what  point  on  the  piano  passinc  through  the  foot  or'  the  cliff  must  an 
observer  place  bimsell  so  tha.t  the  tower  and  the  clil;  may  subtend  equal 
aij^-lo^.  the  height  of  his  eye  being  -5  feet? 

22.  A-  statue  on  the  top  of  a  pillar,  standing  on  level  ground,  is 
found  to  subtend  the  greatest  angle  a  at,  t'jfe  eye  ol'  an  observer  when  his 
distance  from  the  pillar  in  c  feci ;  prove  that  the  height  of  the  statue  is 
2c  ii.il  a  (cut,  and  find  the  height-  of  the.  pillar. 

23.  A  tower  stood  at  the  loot  of  an  inclined  plane  whose  inclination 
to  the  horizon  was  9°.  A  line  100  feet  in  length  wa*  measured  straight 
up  the  incline  from  tne  foot  of  [he  lover,  and  at  the  end  of  this  line  the 
tower  subtended  an  angle  of  'A'',     rind  the  height  of  the  tower,  having 

log  2  =  -30103,     log  114-122  =  I!  '058  1726, 
and  I,sin54°  =  9-9079576. 

24.  A  vertical  tower  elands  on  a  declivsiy  which  is  inclined  at  15"  to 
the  horizon.  .From  the  foot  of  the  cower  a  man  ascends  the  declivity  for 
80  feet,  and  then  iinds  that  the  tower  subtends  an  angle  of  30".  Prove 
that  the  height  of  the  tower  is  40  (Jf,  -  J2)  feet. 

25.  The  altitude  of  a  certain  rook  is  IT  and  after  walking  towards  it 
1000  feet  up  a  slope  inclined  at  ;iu"'  to  the  horizon  an  observer  finds  its 
altitude  to  be  77°.  Find  the  vertical  l'.ei:[li[  of  the  rock  above  the  first 
point  of  observation,  given  ih;;t  sin  -IT"  =  -73135. 

26.  A.  man  observes  that  when  he  has  lyalkeil  '■■  feet  up  an  inclined 
plane  the  angular  depression  of  an  ohject  in  a  horizontal  plane  through 
the  foot  of  the  slope  is  n,  and  that,  when  lie  has  walked  a  further  distance 
of  c  feet  the  depression  is  (3.  Prove  that  the  inclination  of  the  elope  to 
the  horizon  is  the  angle  whose  cotangent  is 

{2  cot  p  -  cot  a), 
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27.  A  regular  pyramid  on  a  square  "base  has  an  oci^c  150  feel  long 
and  the  length  of  the  aide  of  its  bust  is  200  feet.  Find  the  inclination  of 
i  tH  face  to  the  base. 

28.  A  pyramid  has  fui:  bate  a  square  of  side  «  ;  its  vertex  lies  on  a 
line  through  the  middle  point  of  the  base  and  perpendicular  to  it,  and  at 

a  dismnce  li  from  it ;   [trove  tliar,  the  angle  a  between  Iho  two  lateral  faces 
is  given  hy  the  equation 

.        _2hj2/r-ri!r 

29.  A  flagstaff,  100  fefct  high,  stands  in  the  centre  of  an  equilateral 
triangle  which  is  horizontal.  From  the  top  of  the  flagstaff  each  side 
subtends  an  an  pile  of  iit)J ;   move  thai  tue  lengtb  oi  the  side  of  the  triangle 

is  60^/6  feet. 

30.  Toe  extremity  of  the  shadow  of  a  flagstaff,  which  is  6  feet  high 
and  stands  on  the  top  of  a  pyramid  on  a  square  base,  just  reaches  the 
side  of  the  base  and  is  distant  66  and  8  feet  respectively  from  the 
extremities  of  that  aide.  Find  the  sun's  altitude  if  the  height  of  the 
pyramid  bo  34  feet. 

31.  The  extremity  of  the  shadow  of  a  flagstaff,  which  is  6  feet  high 
and  stands  on  the  top  of  a  pyiamid  on  a  ^maie  base,  just  readies  t be- 
side of  the  base  mid  is  distant  .■■:  fi  e:  mi  J  ij  feel  respectively  from  the  ends 
of  that  side  ;  prove  Ikal  [he  height  of  the  pyramid  is 


V        -> 


32.  The  angle  of  elevation  of  a  cloud  from  a  point  h  feet  above 
a  lake  is  a  and  the  angle  of  depression  of  he  reflexion  in  the  lake  is 
S  ;  prove  that  its  height  is  h    '"'  :" 

33.  The  shadow  of  a  tower  is  observed  to  be  half  the  known  heigh;, 
of  the  tower  and  sometime  it  f  Lei  wards  it  v-.  equal  to  the  known  height ; 
how  muoh  will  the  sun  have  gone  down  in  the  interval,  given 

log  2  =  -30103,     L  tan  63°  24'  =  10-3009934, 

and  diff.  forl'=3169? 
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34.  An  isosceles  triangle  of  wood  is  placed  in  a  verfioid  plane,  vertex 
upwards,  and  faces  the  sun.  If  2n  be  the  base  of  the  triangle,  h  its 
height,  and  30r'the  altitude  of  the  sim.  prove  Unit  the  tangent  of  the  angle 

35.  A  rectangular  t  :i  ry  i  ■  t.  f;Lcts  due  soutb,  b  i  ■  i  n ;  j  vei  lien  I  j-ij  sLinduig 
on  a  horizontal  plane.  Compute  the  area  of  the  target  with  ihat  of  its 
shadow  on  the  ground  when  the  sun  is  £':  from  the  south  at  an  altitude 
of  a11. 

36.  A  spherical  ball,  of  dioin<-tei  3,  subtends  an  angle  a  at  a  man's 
eye  when  the  elevation  of  i:s  eentro  is  S  ;    prove  [bat  the  height  of  the 

centre  of  the  ball  is  ■;  3  sin  :i  cosec  0  . 

37.  A  man  standing  a  plane  observes  a  row  of  equal  and  equi- 
distant pillars,  the  10th  and  17th  of  which  subtend  the  same  angle  that 
they  would  do  if  they  wore  in  the  position  of  the  first  and  were 
respectively  -;   and  7    of  tbeif   height,      ['rove  that,  neglecting  the  height 

of  the  man's  eye,  the  line  of  pillars  is  inclined  to  the  line  drawn  to  the 
first  at  an  angle  whose  secant  is  nearly  2*6. 

For  the  fiillotoiiitl  i  craM/jte  o.  hiMii  of  tablet  will,  be  wanted. 

38.  A  and  B  are  two  points  on  tile  opposite  bank  of  a  river  1000  feet- 
is  the  mast  of  a  ship  i',V ;    the  vertical  elevation 

8"  10'.     What  is  the  height  of  P 
above   .III'.' 

39.  AB  is  a  line  lOlH)  yards  !nr.:; ;  It  is.  due  north  of  .-!  and  from  B 
a  distant  point  P  bears  70°  east  of  north ;  at  A  it  bears  41°  22'  east  of 
north  ;  find  the  distance  from  A  to  P. 

40.  A  is  a  station  oxaci!>  1.0  mi!es  west  oi  !'.  The  bearing  of  a 
particular  roel;  from  .■!  is  7i'  I !!'  oast  of  norih  and  its  bearing  from  B  is 
26°  51'  west  of  north.     How  far  is  it  north  of  the  line  AB  ? 

41.  The  summit  of  a  spire  is  ver'.ioaliy  ovov  the  middle  point  of  a 
horizontal  square  enclosure  whose  side  is  of  length  «.  feet ;  the  height  of 
the  spire  is  k  feet  above  the  level  of  the  square.  If  the  shadow  of  the 
spire  just,  reach  a  corner  of  [be  square  when  the  sun  has  an  altitude  B, 
prove  that 

kJ2=a  tan  (3. 
Calculate  ft,  kivin;-  given  a  ==  10IK.)  ''eef  and  /?  =  25°15'. 

L.  T.  15 
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CHAPTER  XV. 


I'iMl'l^'.TIES    OF    A    TRIANGLE. 

198.     Area  of  a  given  triangle.     Let  ABC  be  any 

triangle  and  AD  the  perpen- 
dicular drawn  from  A  upon  the 
opposite  side. 

Through  A  draw  EA  F  parallel 
to  BO  and  draw  BE  and  OF  per- 
pendicular to  it.  By  Euc.  I.  41, 
the  area  of  the  triangle  ABC 

-^rectangle  BF=  \BC  .CF=%a.AD. 

But  AD  =  AB sin  B  =  c  sin  B. 

The  area  of  the  triangle   ABO  therefore  =\ax sin  B. 
This  area  is  denoted  by  A. 

Hence  A  =  ^casinB  =  £absinC  =  £bc  sin  A  ...(1). 

By  Art.  169,  we  have  sin  A  =  =-  Vs  (s  -  a)  (s  -  b)  (s  -  c), 

so  that      A  =4&c  sin  A  =  Vs(s  -  a)(s-b)(s-c)...(2). 
This  latter  quantity  i.s  often  called  8. 
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EXAMPLES.    XXXV. 
Find  the  area  of  the  triangle  ABC  when 

I.  o  =  13,  0  =  14,  and  c  =  15.  ;';2.  a=18,  6  =  24,  and  e  =  30. 
3.  o=36,  6  =  52,  and  ^  =  63.  4.  a=126,  6  =  123,  and  c  =  62. 
5.    o=15,    6  =  36,     and  c  =  39.      6.     a  =  287,     6  =  816,  and  c  =  865. 

7.  a  =  35,    6=84,    andc  =  9I. 

8.  «=V3,    &=V2,    andc='fe^. 

9.  If  B  =  45°,  C=60°,  and  a  =  2(V3  +  l)  inches,  prove  that  the  area 
of  the  triangle  is  6  +  2^/3  sn..  inches. 

10.  The  sides  of  a  triangle  are  119,  111,  and  92  yards  ;  prove  that  its 
area  is  10  stj.  yards  lees  than  an  acre. 

II.  The  sides  of  a  triangular  tield  re  242,  1212  and  1450  yards ; 
prove  that  the  area  of  the  tioki  is  0  acres. 

12.  A  workman  is  told  to  make  a  trianj.rnliu'  cnc'o'iuie.  of  sides  51,41, 
nnd  21  yards  respectively  ;  havh;:;  made  she  !ir^  si:1c  one  yard  too  long, 
what  length  must  ho  make  the  oilier  two  Miles  i*i  order  to  enclose  the 
prescribed  area  with  tin;  presci  :b(  (1  length  of  fencing? 

13.  Find,  correct  to  -0001  of  an  inch,  the  length  of  one  of  the  equal 
sides  of  an  isosceles  triangle  on  a  base  of  1-4  hit-ho.-v  hav-in;;  the  same  area 
as  a  triangle  whose  sides  arc  1  ;W>,  !■">,  and  13-4  inches. 

14.  Prove  that  the  area  of  a  triangle  is  \a2 r—j —  . 

If  one  angle  of  a  triangle  be  60°,  the  area  10^/3  square  feet,  and  the 
perimeter  20  foot,  find  tho  longrihs  o!  the  side's. 

15.  The  sides  of  a  triangle  are  in  s.p.  and  its  area  is  -  ths  of  an 
ic  peri meter  ;  prove  llnU  Wt  Midi's  are  in  the  ratio 

ingle. 

16.  In  a  trianglo  the  least  angle  is  45'  and  the  tangents  of  tin:  angles 
re  in  a.f.  If  its  aiea  be  jj  si[i;aic  yiuib,  prove  Lhai  ihe  lengths  of  the 
des  are  'ijo,  !\/2,  !l11^  ■'  kei;  "^  t,,lat  tl,(-  tangents  of  the  other  angles 
re  respectively  2  and  3. 

15—2 
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17.  The  lengths  of  two  sides  of  a  ).vi;nij:i.:  are  one  foot  and  v'2  feet 
respectively  .inil  the.  angle  opposite  i, 1 1  u  shorter  side  is  30c  ;  prove  that 
there  are  two  triaugktf  satisfyiiiji-  ihese  com  Li;  ion-,  lind  [heir  angles,  and 
shew  that  their  areas  are  in  the  ratio 

^3  +  1^/3-1. 

18.  Find  by  the  aid  of  the  tables  the  area  of  the  larger  of  the  two 
triangles  given  by  the  data 

A  =  B1"W,  a  =  5ins.  and  6  =  7ins. 

199.  On  the  circles  connected  with  a  given 
triangle. 

The  circle  which  passes  through  The  angular  points  of 
a  triangle  ABO  is  called  its  circumscribing  circle  or,  more 
briefly,  its  circumcircle.  The  centre  of  this  circle  is 
found  by  the  construction  of  Euc.  IV.  5.  Its  radius  is 
always  called  R. 

The  circle  which  can  be  inscribed  within  the  triangle 
so  as  to  touch  each  of  the  sides  is  called  its  inscribed 
circle  or,  more  briefly,  its  incircle.  The  centre  of  this 
circle  is  found  by  the  construction  of  Euc.  iv.  4.  Its  radius 
wi!!  be  denoted  by  r. 

The  circle  which  touches  the  side  BG  and  the  two 
sides  AB  and.  AG  produced  is  called  the  escribed  circle 
opposite  the  angle  A.     Its  radius  will  be  denoted  by  r,. 

Similarly  rs  denotes  the  radius  of  the  circle  which 
touches  the  side  GA  and  the  two  sides  BO  and  BA 
produced.  Also  ra  denotes  the  radius  of  the  circle  touch- 
ing AB  and  the  two  sides  GA  and  GB  produced, 

200.  To  find,  the  mai.jniti.ida  of  11,  the  radios  of  the 
circumcircle  of  any  trumgle  ABC. 

Bisect  the  two  sides  BG  and  GA  in  I)  and  E  respec- 
tively, and  draw  DO  and  EO  perpendicular  to  BG  and  GA. 
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By  Euc.  IV.  5,  0  is  the  centre  of   the   circumcircle. 
Join  OB  and  00. 


The  point  0  may  either  lie  within  the  triangle  as  in 
Fig.  I.,  or  without  it  as  in  Fig.  II.,  or  upon  one  of  the  aides 
as  in  Fig.  III. 

Taking   the  first  figure,  the  two  triangles  BOD  and 
COD  are  equal  in  all  respects,  so  that 
ZBOD^ZCOD, 
.:   zB0D  =  $zB0C  =  zBA6     (Euc.  ill.  20), 
=  A. 
Also  BD=  BO  sin  BOD, 

:.  ^  —  RsmA. 

If  A  be  obtuse,  as  in  Fig.  II.,  we  have 
Z  BOD  =  \L  BOO  =  Z  BLO  =  180"  -  A  (Euc.  ill.  22), 
so  that,  as  before,  sin  BOD  —  sin  A, 

If  A  be  a  right  nugie,  as  in  Fig.  III.,  we  have 
R=  0A  =  0C=% 


■I  sin  A 


since  in  this  c 
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The   relation   found   above   is   therefore   true   for  all 
triiiuglon. 

Hence,  in  all  three  cases,  we  have 


2  sin  A     2  sin  B     2  sin  C 
201.     In  Art.  169  we  have  shewn  that 


(Art.  163). 


where  S  is  the  area  of  the  triangle. 

Substituting  this  value  of  sin  .4  in  (1),  we  have 
abc 
R~4S' 
giving  the  radius  of  the  eircunicircle  in  terms  of  the  sides. 

202.      To  find  the  value  of  r,  the  rarliv.s  of  the  incircle 
of  the  triangle  ABO. 

Bisect  the  two  angles  B  and  0  by  the  two  lines  BI 
and  01  meeting  in  /. 

By  Euc.  in.  4,  /  is  the 
centre  of  the  incircle.  Join 
I  A,  and  draw  ID,  IE  and 
IF  perpendicular  to  the 
three  sides. 

Then  ID=IE=  IF=r.      g. 

We  have 

area  of  A  IBO  =  \ID .BG  =  $r.a, 

area  of  A  10 A  =  \IE.CA=%r.bl 

and  area  of  A  IAB  =  %IF.  AB  =  \r.  c 


.Google 


RADIUS   OF  THE  INCIECLE.  23] 

Hence,  by  addition,  we  have 
$r .  a  +  \r .  b  +  $r .  c  =  Bum  of  the  areas  of  the  triangle! 
IBC,  ICA,  and  IAB 
=  area  of  the  A  ABC 
a  +  b  +  c      a 


203.  Since  the  angles  IBD  and  IDB  are  respectively 
equal  to  the  angles  JBF  and  IFB,  the  two  triangles  IBB 
and  IFB  are  equal  in  all  respects. 

Hence         BD  =  BF,  so  that  2BD  -BD  +  BF. 

Soalso        AE  =  AF,aothnt  2AE=AE+AF, 
and  CE  -  CD,  so  that  2CE  -  CE  +  GD. 

Hence,  by  addition,  we  have 
IBB  +  2AE+2CE-(BD  +CB)+  (CE+  AE)  +  (AF+  FB), 
is.  ZBD  +  2AC-B0+CA  +  AB. 

:.  2BB  +  2b-a  +  b  +  c~2s. 

Hence  BD  =  s-b  =  BF; 

so  CE=s-c-CD, 

and  AT-l-a-AS. 

Now  jt~  -  tan  IBD  =  tan  ~- . 

.-.  r  -  IB  -  BB  tun  ^- (a -b)ta,n§ . 
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232  TRIGONOMETRY. 

So      r  =  IE=CEbmICE-(s-c)ta.n<^, 

and  also   r-  IF=  FA  tan/./i.F=(s-a.)tan  -„- . 

Hence    r  =  (s  —  a)  tan  g-  =  (s  —  b)  tan  ^  =  (s  —  c)  tan  - 

204.     A  third  value  for  r  may  be  found  as  follows ; 

we  have    a-BD  +  SC-ID cot IBD  +  ID  cot I0D 

B  .  C 

=  ?-cot  y  +  rcot  -^ 

B  0-1 

1     °°S2 

J+— C  ' 

2     am  2J 
9.0        F  .     0        B  C    .    ST 

!mr  L°°  «  °°8  2 +  °°s  2 sm  2  J 

ib    c\      .  r„„.   41         4 

aU+2j="'SmL       -2J-"08  2' 


205.      To  find  the  value  of  r,,  f/;t  iv.dius  of  the  escribed 
circle  opposite  the  angle  A  of  the  triangle  ABC. 
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RAMI    OF    THE   ESCRIBED   CIRCLES. 

Produce  AB  and  AG  to  L  and  M. 

Bisect  the  angles  GBL  and 
BOM  by  the  lines  BI,  and  CI, 
and  let  these  lines  meet  in  Iv 

Draw  IJ)i}  I&,  and  I& 
perpendicular  to  the  three  sides 
respectively. 

The  two  triangles  7,A#  and 
IiFjB  are  equal  in  all  respects, 
so  that  IjFi  =  7,A- 

Similarly  I&  =  7,A- 

The     three     perpendiculars 
7,A.  A-S'i  and  7,^,  being  equal,  the  point  7(  is  the 
of  the  required  circle. 

Now  the  area  ABI-fi  is  equal  to  the  sum 
triangles  ABG  and  IJ5C;  it  is  also  equal  to  the 
the  triangles  IjBA  and  I,CA. 

Hence 

AABC+  A7,BC=  AlfiA+A^AB. 
.-.  i9  +  £7iA .  BG  =  fc/A .  Od  +  J/jF, .  45, 
.  6  +  At1!  .  c. 


of  the 
sum  of 


ri*1. 


^ 


Similarly  it  can  be  shewn  that 
r-  =  —  £  ,  and  r3  = 
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234  TRIGONOMETRY'. 

206.     Since   AE,.  and   AF^   are    tangents,   we   have, 
as  in  Art.  203,  AE,=  AFt. 

Similarly     BF,-BD„  and  CEt-  CD,. 
.:  ZAEt-AEi  +  AFi  =  AB  +  BF,  +  AC  +  CE, 

=  AB  +  BD,  +  AC+CD,~AB  +  BG  +  CA=2s. 
:.  AE,  =  s  =  AFr 
Also  BDx.BFt-AF,-  AB  =  s-c, 

and  CD,-CE,  =  AE1-AC  =  s-l. 

:.  I1E1  =  AE1timIlAEll 


-  s  tan 


2 


207.     A  third  value  may  be  obtained  for  i\  in  terms  of 
a  and  the  angles  B  and  G. 

For,  since  7,  G  bisects  the  angle  BGE, ,  we  have 
G 


2' 


z/.OA'Miso'-Q-w 

Z/,BA  =  90"-^. 
.-.  a  =  BG=BDi  +  D,0 

=  7,A  cot  7,5a  +  7,A  cot  7,OA 

r     b   ^    G\ 

=  r,  Itan-^  +  tan  -^  1 

B       .     C 

2     sm^ 
B  +  — G 
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B        C        (  .    B       C  B  .    C\ 

...  a  cos  _  cos  _  =  Tl  ^8in  _  cos  _  +  cos  _  sm  _  j 

cos  ¥  cos  ¥ 
,.,.=„ j_. 

cos  2 

Cor.     Since  a  =  2iJ  sin  .4  =  4R  sin  -  ■  cos  -"--  , 

i-  at>  ■    A        B        0 

we  have  r,  =  4it  sin  -^  cos  -^  cos  «■ . 

EXAMPLES.    XXXVI. 

1,  In  a  triangle  whose  sides  are  IS,  2-i,  and  HO  inthos  respectively, 

prove  that  the  ch-euiniudiuii,  die  iij  radius,  and  tlnj  radii  of  the  three 
nsoribsd  circles  Are  respectively  lf>,  (I,  1'2,  IK,  smel  Hi)  inches. 

2.  The  aides  of  a  triangle  are  13,  14,  and  15  feet ;  prove  that 

(1)  fl=BJ  ft.,        (2)  v=  4  ft.,         (3)  r1=101  ft., 
(4)  ra=12  ft., and  (5)  r„=U  ft. 


4.     In  the  ambiguous  c:iso  of  tht;  .-nhriui?  of  t'ia'.i.L'lcs  m\y:>;  fclia-t  tl'.o 
ciroumcirclea  of  the  two  triangles  are  equal. 
Prove  that 


JWs^  oof^  cot2  -  cots- . 
1  .  1  ,  1      1_„ 
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11. 

iRanAei 

nBEi.i<7  =  1!COS.J  +  i>CoS£  +  cC0BC. 

12. 

S-4Rreo 

SJOOSBooaC                  LI     m-tatf^ 
3        2        3 "                     °-    rsr3             2 ' 

14. 

r,(S-aj  = 

ra(s-6)=rB(«-c)=«=S. 

15. 

a(rr1  +  V 

s}=6(trs+r,r,)=B(n-B+r1rii). 

21-    S  +  ™  +  ^~i  "a 


22.    ra+r1*+ra*+rt*=lW-a?-&-ca. 

208.     Orthocentre    and  pedal    triangle    of    any 
triangle. 

Let  ABC  be  any  triangle  and  let  AK,  BL,  and  CM  be 
tbo  perpendiculars  from  A ,  B,  and  C 
upon  the  opposite  sides  of  the  tri- 
angle.    It  can  be  easily  shewn,  as 
in   most   editions   of    Euclid,   that 
these  three  perpendiculars  meet  in 
a  common  point  P.     This  point  P 
is  called  the  orthocentre  of  the 
triangle.     The  triangle  KLM,  which  is  formed  by  joining 
the   feet   of    these   perpendiculars,   is   called   the   pedal 
triangle  of  ABC. 


209.     Distances  of  the   orthocentre  from  t 
points  of  the  triangle. 
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PEDAL    TRIANGLE.  237 

We  have  PK  =  KB  tan  PBK  =  KB  tan  (90°  -  G) 

=  A  !'•  cos  B  cot  C  =   .-  T-;  cos  />'  cos  (7 
sinC 

=  27£  cos  £  cos  G  (Art.  200). 

Again       AP  =  AK~PK=canB-  PK 

=  2R  sin  0  sin  £  -  2i£  cos  if  cos  G 
=  -  2R  cos  (B  +  C) 
=  2RcosA  (Art.  72). 

So  BP  =  2fi  cos  5,  and  CP  =  2R  cos  G. 

The  distances  of  the  orthocentre  from  the  angular 
points  are  therefore  'Htc-osA,  -R  cos  ]i  and  27?  cos  (7;  its 
distances  from  the  sides  are  27£  cos  7?  cos  0,  27?  cos  0 cos  .d, 
and  27?  cos  A  cos  B. 

210.      ^o  yiwtf  the  sides  and  angles  of  [he  pedal  triangle. 
Since  the  angles  PKG  and  PLG  are  right  angles,  the 
points  P,  L,  G,  and  K  lie  on  a  circle. 

.-.    zPKL=  LPGL         (Euc.  m.  21) 
=  90°  -  A. 
Similarly  P,  K,  B,  and  M  lie  on  a  circle,  and  therefore 
ZPKM  =  aPBM 
=  90° -A 
Hence  /.  MKL  =  180°  -  2A 

=  the  supplement  of  2A. 
So  L  KLM  =  180°  -25, 

and  £IMK=  180°  -2(7. 
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Again,  from  the  triangle  ALM,  we  havi 

LM  AL      _ABoosA 

sin  A  ~  sin  AML  ~  cos  PJtfi 

_    c  cos  j4   _  c  cos  j! 

"cosP^i-    sinC  ■ 


.-.  ZJf= 


~  sin  J.  cos  .4 


sin  (7 

=  aco8.«l  (Art.  163). 

So  J£ff"=&cos.B,  and  KL  =  ccosB. 

The  sides  of  the  pedal  triangle  are  therefore  a  cos  A, 
bcosB,  and  ccosf?;  also  its  angles  are  the  supplements 
of  twice  the  angles  of  the  triangle. 

211.     Let  I  be  the  centre  of  the  incirde  and  /,,  Is  and 
I,  the  centres  of  the  escribed  circles 
which  are  opposite  to  A,  B  and  0 
respectively.     As  in  Arts.  202  and 
205  IC  bisects  the  angle  A  CB,  and 
7,(7  bisects  the  angle  BGM. 
,*.    ZlGI^ZlGB  +  zI.CB 
=  4  zACB  +  ^zMCB 
=  ±[ZACB  +  zMCE] 
=  £ .  ISO"  =  a  right  angle. 

Similarly     Z  ICI$   is   a    right 
angle. 

Hence  I-,CI2  is  a  straight  line  to  which  IC  is  perpen- 
dicular. 

So  LAI3  is  a  straight  line  to  which  IA  is  perpen- 
dicular, and  IsBIj  is  a  straight  line  to  which  IB  is  perpen- 
dicular. 
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CENTROID    AND   MEDIANS.  239 

Also,  since  I  A  and  ItA  both  bisect  the  angle  BAG., 
the  three  points  A,  I,  and  Ix  are  in  a  straight  line. 
Similarly  BIIa  and  Gil,  are  straight  lines.  Hence  I,IJS 
is  a  triangle  which  is  such  that  A,  B,  and  G  are  the  feet 
of  the  perpendiculars  drawn  from  its  vertices  upon  the 
opposite  sides  and  such  that  7  is  the  intersection  of  these 
perpendiculars,  i.e.  ABC  is  its  pedal  triangle  and  J  is  its 
orthocentre. 

212.  Centroid  and  Medians  of  any  Triangle. 

If  ABG  be  any  triangle,  and  D,  E,  and  F  respectively 
the  middle  points  of  BC,  GA,  and 
AB,  the  lines  AS,  BE,  and  GF  are 
called  the  medians  of  the  triangle. 

It  is  shewn  in  any  edition  of 
Euclid  that  the  medians  meet  in  a 
common  point  G,  such  that 

AQ-%AD,  BG  =  §BE, 

and  CG  =  %CF. 

This  point  G  is  called  the  centroid  of  the  triangle. 

213.  Length  of  the  hiedkom.     We  have,  if  AD  =  x. 
b*=AG>  =  AB'  +  DO*  -  2AD .  DC  cos  ADC 

=  a?  +  %  -ax  cos  ADC, 

and  c2  =  AB"1  =  ic2  +  —  -  ax  cos  ADB 

4 

=  #2  + -T  +  flu;  cos  ADG. 
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240  TRIGONOMETRY. 

Hence,  by  addition,  we  have 

iE  +  <?  =  2#a  +  ^ . 

.-.  AD  =  «  =  £V2&i  +  2c"-a'1. 
Hence  also   J.D  =  £  V&a  +  ci+2&ccos^l     (Art.  164). 
So  also 


BE"  i  V2ca  +  2a*  -  62~,  and  OF  =  £  V2a2  +  262 -  c2. 

214.     Angles  Unit,  the  metU'tn  AT)  ino.kex  with  the  ,v»fe. 
If  the    Z  B^Z*  =  /9,  and  z  CMD  =  7,  we  have 


sin  7      DG       a 
smC  =  AD~2a;' 

a  sin  C           a  sin  0 

'         2#         V,262  +  2c2-ffl5 

arly 

.                   asin5 

M      ■/265  +  2c3-aa 

1,  if  the 

Z  ADC  be  0,  we  have 

sin  e      AG      h 
smC~AD~x' 

fcainO           26  sin  C 

»         V26s+2c2-a9 

The  angles  that  AD  makes  with  the  sides  are  therefore 

l'i  HUM"'. 

215.     The  centroid  lies  on  the  line  joinircj  the  circum- 
centre  to  the  orthocentre. 
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241 


ad  orthocentre 


Let    0   and   P  be  the   circum centre 
respectively.     Draw    OD   and 
I'K  perpendicular  to  BC. 
Let  AD  and  OP  meet  in  <?. 
The    triangles    OGi>    and 
P(jM  are  clearly  equiangular. 
Also,  by  Art.  200, 
OD  =  ii  cos  ^ 
and,  by  Art.  209, 

AP=2.fl  coa  A. 
Hence,  by  Eric.  Vf.  4, 

AG_AP_ 

GD~6D~- 

The  point  G  is  therefore  the  centroid  of  the  triangle. 
Also,  by  the  same  proposition, 

OG  _  OD  _  1 

GP     AP     2 

The  centroid  therefore  lies  on  the  line  joining  the 
circinncentre  to  the  orthoeentre  and  divides  it  in  the  ratio 
1  :2. 

It  may  be  shewn  by  geometry  that  the  centre  of  the 
nine-point  circle  (which  passes  through  the  feet  of  the 
perpendiculars,  the  middle  points  of  the  sides,  and  the 
middle  points  of  the  lines  joining  the  angular  points 
to  the  orthocentre)  lies  on  OP  and  bisects  it. 

The  circumcentre,  the  centroid,  the  centre  of  the 
nine-point  circle,  and  the  orlhocentre  therefore  all  lie  on  a 
straight  line. 

216.     DiMa-nce  between  the  cvruu-m-centre  and  the  ortko- 

v-t!  litre. 

L.  T.  16 
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If  OF  be  perpendicular  to  AB,  we  have 

zOAF^W-  zAOF=$0a-C. 
Also        Z  PAL  =  90" -0, 

,:  zOAP  =  A-zOAF-zPAL 

=  A-2 (90°  -  0)  =  A  +  20-  1S0C 
=  A+2C-(A+B  +  C)  =  C~B. 
Also  0A  =  R,  and,  by  Art.  209, 
PA=2RcobA. 
:.  OP1  =  OA*  +  P A*~ 20 A. PA  cos OAP 

=  R?  +  *R?  cosa  A  -  4Ra  cos  A  cos  ((7  -  B) 
=  Pl3  +  4P2  cos  A  [cos  .4  —  cos  (0  -  S)] 
=  B?  -  i£?  cos  4  [cos  (P  +  O  +  cos  (C  -  B)] 
(Art.  72), 


=  R:- 


l-CO&A  cos  .6  cos  C. 


OP  =  P  Vl  -  8  cos  ^i  cos  B  cos  C. 


*217.      To  find   the    distance   between  the  cirvurnventre 
and  the  incentre. 

Let  0  be  the  circumcentre  and 
OP  perpendicular  to  AB. 

Let  I  bo  the  incentre  and  IE 
perpendicular  to  AG. 

Then,  as  in  the  last  article, 
ZOAF=90"-G, 

:.  zOAI  =  zIAF-zOAF 

,4  _  (90-  -(,  =  4  +  0-4+4+0  = 
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Also  AI  =  -I£j=  — ^-4iUm^smj(Art.204  Cor.). 


.-.  0I'=0A'  +  AI'-20A.AIt-m0Al 

d,     ,«■>,  ■  ,B   .  ,C     OI>,  .    ij   .     C        0-1 
=  £{?+  lbii?sin!  — -sm!7 — S7t2sin^-sin  ^-cos — ^ — 

0I'      a   ,  in   •  ,B   ■  ,° 
•  •     -jm  =  *  +  In  sm!  ^-  sm2  — 


B  .    c  r      -B       0      .    B  .    01 
alsm-2rs2COB2+»m-2!mlJ 


=  1  —  8  sin  -=  sin  -5  I  cos  =-  cos  -^ 
,      0   .    S    .    G        B+G 

=  I  —  <S  Sill  --;    Silt  3-  COS     -  s"- 


■j  —  j- 

Also  (1)  may  be  written 

0/a  =  ija  —  2iH  x  4R  sin  -^  sin  ^  sin  -~ 

=  R'-iRr.  (Art.  204.  Cor.) 

In  a  similar  manner  it  may  be  shewn  that,  if  I,  be  the 
centre  of  the  escribed  circle  opposite  the  angle  A,  we  shall 
have 


or. 


-JJ^/l  +  Ssm^cos-jC 


and  hence  01,'  =  i?  +  2ft-,.  (Art.  207.  Cor.) 

16—2 
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218.     Bisectors  of  the  angles. 

If  AD  bisect  the  angle  A  and 
divide  the  base  into  portions  x  and 
y,  we  have,  by  Euc.  vi.  3, 

x_AB_c 

y~  AO"bm 

■   -  =  t=x-+Ji=  — 
"  c      b     b  +  c      in- 
giving  x  and  y. 

Also,  if  8  be  the  length  of  AD  and  8  the  angle  it 
makes  with  BC,  we  have 

AABD  +  &AOD  =  &ABG. 
1    .  .    A  ,  1  ,  _  .    A     1       . 

6c    sin  jl       2&c         j1  ,.. 

*'e'  ~~  b  +  e   .    A~'b+cC0SH  ^  '" 

em  7T 


We   thus   have   the   length   of  the   bisector  and  its 
inclination  to  BG. 

EXAMPLES.     XXXVII. 

If  I,  Jlf  Zs,  and  r3  be  respectively  the  centres  of  the  indrcle  and  the 

three  scribed  ti:c!o-  of  a  triangle  .■! «(",',  prove  tlia,t 

2.    I<i  .  IB .  IC=oZ«  (an  ^  tan  -  tan  ~  . 
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[Exs.  XXXVII.]    PROPERTIES  OF  TRIANGLES. 

5.    V3  =  «eo9ee~.  6.    Mi- 11^.11,= lftBV. 

9.  rr1»+i,v,»=iii»+Jir,1=iit*+/ii,«. 

,  ,rT.     „„        d        B        C     die 

10.  Area  of  A/L7J3  =  ^?r- cos  „  cos-  cos  ~-  ■-■_-, 

Jin  .  IJa  _  il, .  J,f>  _  Zf3  .  Ijls 

If  J,  0,  and  P  be  respectively  the  in  centra,  cirevnn  centre, 
centre,  and  G  the  ucntroiil  oi  tliu  triangle  .IZiC,  prove  that 

12.  IOa=Bsf3-2cosJ-2coaB-2coaC). 

13.  /FJ=2^-4B2eoBjcoaBcoaC. 

14.  OG!^fi^-|(a=  +  62  +  ^). 

15.  AreaofMOP^sm^Bm^sin^. 


17.  Prove  that  the  distance  of  the  centre  of  the  nine-point  circle  from 
the  angle  A  is  *  ^/l  +  8ooBj*«inBdiiC. 

18.  DE-^  is  the  pedal  triangle  of  ABC;  prove  that 

(2)     the  radius  of  its  circumeirele  ifi  -^  , 
and     (3)     the  radius  of  its  mcircle  is  111  cos  A  coaB  cos  C. 

19.  O,0,O3  is  the  triangle  formed  by  the  centres  of  the  escrihed  uii'des 
of  the  triangle  4BC;  prove  that 

(X )    its  aides  are  4B  eos  -  ,  iB  cob  - ,  and  4B  cob  -  , 

ir     A     ir     B        ,  it      C 
(2|    it.MigtaM.y--j, 5-5, mdy-j, 

and    (3)    its  area  is  2BI. 
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20.     DEF  is  the  t;iangle  fevmed  by  ji.ur.insj  the  points  of  o 
!  Le  iecirele  -.vith  l1  i;-  ^  i  :~i  ■.  ■  ■-  ;-.f  vu:  :.:ii!^l:  AUG;   [jtove  Unit 


21.     D,  E,  and  F  are  the  middle  points  of  the  sides  of  the  triangle 
ABC;  prove  that  the  centroid  of  the  triangle  DEF  is  the  same  as  that  of 

ABC  and  that  its  oniiocemre  is  o'ie  cirenmcentre  of  ADC. 


In  any  triangle  ABC,  prove  that 

22.  The  perpendicular  from  A  divides  BC  into  portions  which  are 
proportional  to  the  cotangent  of  thu  aa-acer.:  audes,  and  that  it  divides 
the  angle  A  into  portions  whose  cosines  are  inversely  proportional  to  the 
adjacent  side?. 

23.  The  median  thiou:;!:  A  liiviJcs  i::  iuLo  andii-i  whose  cotangents 
are  2cot.4  +  cot  C  and  2  cot^  +  eotfl,  and  makes  with  the  base  an  angle 
whose  cotangent  is  =  (cot  C  -  cot  £). 

24.  The  diataiJCi;  I.TUeoii  the  i-iuLLe  noiir.  el'  HO  and  the  foot  of  the 
perpendicular  from  A  is  — j —  . 

25.  0  is  the  orthocentre  of  a  triangle  ABC ;  prove  that  the  radii  of 
the  circles  circumscribing  the  triangles  BOG,  COA,  AOI1  and  ABC  are 
all  o:m;'.l. 

26.  AD,  BE  and  OF  are  the  perpendiculars  from  the  angulnv  pointa 
of  a  triangle  ABC  upon  the  opposite  sides ;  prove  that  the  diameters  of 
the  circuni  circles  of  the  triangle?  AEF,  I1DE  and  CDF,  are  respectively 
aec&A,  ft  cot  B,  and  ccot  C,  and  that  the  perimeters  of  the  triangles  DEF 
and  ABO  are  in  the  ratio  r  :  B. 

27.  Prove  that  the  product  Hi'  Lin:  dL-;a:iccs  o;  lHc  iueenti'e  from  the 
angular  pain  is  of  a  tr'an^e  is  -Mir-. 

28.  The  triangle  D  !■:!■'  ('iv.'-uni-oiibo'  Llie  three  escribed  circles  of  the 
triangle  ABC;  prove  that 

EF  FD  DE 
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29.    If  a  circle  ba  drawn  touching  the  inscribed  and  circumscribed 
circles  of  a  triangle  and  tno  -i:i':  !!'•'  extiTaaLy,  jircvo  tl\ax  its  radius  i- 


30.  If  a,  6,  c  be  the  radii  ol'  Llivoo  e-vclo?  which  toueh  one  another 
externally  and  ri  and  r,  be  the  radii  of  the  two  circles  that  can  be  drawn 
to  touch  these  throe,  prove  that 


31.  If  A0  be  the  area  of  the  triangle  ibciaial  by  ■uiiii):;'  the  points  of 
contact  of  the  inscribed  ciruic  with  u:o  sides  nf  the  given  triangle,  whosc- 
srea  is  A,  and  A,,  As,  and  A3  the  corresponding  areas  for  the  escribed 
tin!--,  urovc  that 

A,  +  Aa+A3-A0=2A. 

32.  If  the  bisectors  of  t.ae  imalcs  o:  a  iiiainilc  .;/'(,'  moo;  the  opposite 
sides  in  J',  J?',  and  C,  prove  that  the  ratio  of  the  areas  of  the  triangles 
A'B'C  and  ABC  is 

„   .    J    ,    B    .    0  -4-B        B-C        (7 -J 


33,  Through  the  angular  points  of  a  triangle  are  drawn  straight 
lines  which  make  the  same  angle  o  with  the  opposite  sides  of  the  triangle; 
prove  that  the  area  of  the  trian^Iii  formed  h.y  them  is  to  the  area  of  the 
original  triangle  as  4cos!a  :  1. 

34,  Two  circles,  of  radii  a  and  b.  cut  each  other  at  an  angle  9. 
rrijvi:  that  the  length  of  the  common  chord  is 


35.  Three  equal  circles  touch  one  another;  find  the  radius  of  the 
cirtrle  which  touches  all  three. 

36,  Three  circles  whose  radii  are  a,  b  and  c  touch  one  another  and 
the  tangents  at  their  points  of  contact  meet  in  a  point ;  prove  that  the 
distance  of  this  point  from  either  of  their  points  of  contact  is 
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37.  In  the  sides  £C,  CA,  AB  are  taken  three  points  A',  !i\  C  such  that 

BA'  :  A'G  =  CB'  :  B'A  =  AC  :  CB  =  m:n; 
prove  that  if  AA\  BB\  and  CC  be  joined  they  will  form  by  their  inter- 
sections a  triangle  whose  area  is  to  that  of  the  triangle  ABC  as 

38.  The  circle  inscribed  i:i  the  tria-ii'le  AHC  i^vedies  the  sides  BC, 
CA,  and  AB  in  the  points  A,,  Blt  and  G1  respectively;  similarly  the 
circle  inscribed  in  the  triangle  J,.!!,/.'.  toucht-s  the  >dd»s  in  ^3,  /J5,  Cs 
respectively  and  so  on ;  if  .J,/>',t'"(1  he  the  nth  triangle  so  formed,  prove 
that  its  angles  are 


Hence  prove  that  the  triangle  bo  formed  is  ultimately  equilateral. 

39.  -dj-Eif  i  is  ihc  triai];':k  for  mud  by  joining  tin;  feet  of  the  perpen- 
diculars drawn  from  ABC  upon  the  opposite  sides;  in  like  manner 
A,JS.,Cr,  is  the  triangle  obtained  by  joining  the  feet  of  the  perpend ievi In i  * 
from  ^,,  B1(  and  <?i  on  the  opposite  sides  and  so  on.  Find  the  values  of 
the  angles  Au,  BHI  and  CH  in  the  mth  of  these  triangles. 
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CHAPTER   XVI. 


ON    QUADRILATERALS    AND   REGULAR   POLYGONS. 


219.     To  find  the  area   of  a    quadrilateral  which,  is 
insoribable  in  a  circle. 

Let  ABCD  be  the  qutidri lateral,  the  sides  being  a,  b,  c 
and  d  as  marked  in  the  figure. 

The  area  of  the  quadrilateral 
=area  of  A  ABC+ area  of  A  A  DC 
=  $absmB+bcd$mD(Art.l98.) 

since,  by  Eue.  in.  22, 

Z-£  =  1S0°-  ZD, 
and  therefore 

sin  B  =  sin  D. 
We  have  to  express  sin  B  in 
terms  of  the  sides. 
We  have 

a3  +  b*  -  2ab  cos  B  =  AC*  =  c2  +  d*  —  2cd  cos  D. 
But         cos  D  =  cos  (1 80"  -  B)  =  -  cos  B. 
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Hence 

aa  +  63  —  2ab  cos  B  =  c1  +  d*  +  2cd  cos  J5, 

,,    ,  ,,     a*  +  b* -&  -  d* 

so  that  cos  B  =    -, ,  ; tt — . 

'I  (ah  4-  cd) 
Hence 

(2(a&  +  caj}! 
=  [2  (aft  +  c^)]3  -  {as  +  6s  -  &  -  ffi}> 

4  (a6  +  cdy 
_{2(ab+cd)+(tf+bi~tf~d%{2(ab+cd;)-(a?+bz~c,i-di)\ 

4  (a&  +  cdy 
Ji(a*+2ab+b>)-(c°--2cd+d*)\{(c*+2cd+d>)~(as+b*-2aby, 

4  (ai  +  cdf 
=  [(a  +  by  -  (C  -  rfy}  {(e  +  jy  -  (g  -  6)'} 

4  (at  +  cd)s 
__  {(a  +  b  +  o -  d) (ffl+6-c+ri)]  [(c+d  +  a-fe)(c+rf-ffl+  ft)} 
4  (a&  +  cd)5 
Let 

a  +  b  +  c-hd  =  2a, 
so  that 

a  +  b  +  c  -  d  =  (a  +  b  +  c  +  d)  -  2d  =  2  («  -  d), 
a  +  b-c  +  d  =  2(s-c), 
a-b  +  c  +  d=2(8-b), 
and    -a  +  b  +  o  +  d  =  2(s~a). 
Hence 

s.n,  ^  _  2(.-rf)x2(»-c)x2(«-ii)x2(«-q)  ^ 
4  (ad  +  cd)2 
so  that 

(at  +  cd)  sin  B  =  2  V(s  -  a)  (s  -  b)  (s  -  c)  (s  -  d). 
Hence  the  area  of  the  quadrilateral 


=  £(a6  +  cd)sin£=V(s-a)(s--b)(s-c)(s-d). 
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_     a?  +  If  -  c-  -  ef 

lei.1    cms  if  =  — ttt't  :  •  i\ — ! 

A(7a  =  aa  +  t"~  2a&cosS 


_  (as  +  If)  cd  +  a&  (cj  +  d?) 

ab  +  cd 
_  (ac  +  bd)  (ad  +  be) 
ab  +  cd 
Similarly  it  could  be  proved  that 

r  ns  —  (^  **~  C£^  ^ac  +  ^ 
tirf  +  ic 

It  follows  by  multiplication  that 

A  Ca .  £j^  =  (ac  +  hd)\ 

i.e.  AC.BD=AB.CD  +  BC.  AD. 

This  is  Euc.  vj.  Prop.  D. 

221.  If  we  have  any  quadrilateral,  not  necessarily 
inscribable  in  a  circle,  we  can  express  its  area  in  terms  of 
its  sides  and  the  sum  of  any  two  opposite  angles. 

For  let  the  sum  of  the  two  angles  B  and  D  be  denoted 
by  25,  and  denote  the  area  of  the 
quadrilateral  by  A.  "** 

Then 


\  =  area  of  ABO  +  area  of  ACD 

=  lab  sin  B  +  ^cd  sin  D, 
■>  that  *> 

4A  =  lab  sin  B  +  2cd  sin  D. .  .(1). 
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Also     a3  +  &a  —  lab  cos  B  =  c2  +  da  -  2etZ  cos  />. 
so  that 

a»  +  &  -  <?  -  cP  =  2a6  cos  B-2cdcosD (2). 

Squaring  (I)  mid  (-)  and  adding,  we  have 
16  A3  +  (a?  +  62  -  c2  -  d3)2  =  4aB63  +  4c2d3 

-  Sabod  (cos  £  cos  D  ~  sin  5  sin  D) 
=  4a362  +  4c3<J3  -  8abcd  cos  (5  +  D) 
=  4tt2ba  +  4c3d2  -  Sabcd  cos  2a 
=  4a263  +  4c2da  -  8a6crf  (2  cos*  a  -  1) 
=  4  (ab  +  cdf  -  IGabcd  cos2  a, 
so  that 

16A2  =  4  (aft  +  erf)2  —  (<t2  +  6-  —  c2  —  d-y  —  lQa.bcd  coy-  a 

(3). 

But,  as  in  Art.  219,  we  have 

4  (ab  +  cd)-  -  (a2  +  b3  -  c3  -  rf2)2 

=  2  (s  -  a) .  2  0  -  b) .  2  (s  -  c) .  2  (s  -  d) 

=  18(8-a)(S-b)(8-c)(s-d). 

Hence  (3)  becomes 

A*  =  (a  -  a)  (s  -  6)  (s  -  c)  (*  -  d)  -  a6cd  cos3  a, 
giving  the  required  area. 

Cor.  1.  If  d  be  zero  the  quadrilateral  becomes  a 
triangle,  and  the  formula  above  becomes  that  of  Art.  198. 

Cor.  2.  If  the  sides  of  the  quadrilateral  be  given  in 
length,  we  know  a,  b,  c,  d  and  therefore  s.  The  area  A  is 
hence  greatest,  when  abed  cos-  a  is  least,  that  is  when  cos3  a 
is  zero,  and  then  a  =  90°.  In  this  case  the  sum  of  two 
opposite  angles  of  the  quadrilateral  is  180°  and  the  figure 
inscribable  in  a  circle.     (Euc.  in.  22.) 
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The  quadrilateral,  whoso  rides  are  given,  has  therefore 
the  greatest  area  when  it  can  be  inscribed  in  a  circle. 

222.  Ex.  Find  Cue.  area  of  a  qaadril.'Aeral  which  can  h/me  a  circle 
inscribed  in  it. 

If  the  quadrilateral  ABC'D  can  have  a  circle  inscribed  in  it  so  as  to 
touch  the  sides  AB,  BO,  CD,  and  DA  in  the  points  P,  Q,  E,  and  S,  we 
should  have 

AP=A8,  BP=BQ,  CQ^CR,  and  DR  =  BS. 
.:   AP  +  BP  +  CB  +  DR  =  A8  +  BQ  +  CQ  +  D8, 
i.e.  AB  +  CB=BG  +  DA, 

i.e.  a  +  c  =  b  +  d. 

_a±b+c+d=  b     . 

.:   s-a—c,  i-b  =  d,  s-c  =  a,  and  i-d=b. 
The  formula  of  the  last  article  Uiurefiin;  ^ivas  in  this  case 
A2 = abed-  abed  cos-  a  =  abiul  sin- a, 
i.e.  the  area  required  =  v; "'"'■  p'n  «■ 

If  in  addition  t'ie  ipintiri'at.erai  be  aluo  hi  se  rib  able  in  a  circle,  we  have 

2a  =  180°,  sotlmtsiiia  =  sm90°  =  l. 
Hence  the  area    of  a  quadrilateral  which  can  iia  both  inscribed  in 
a  c-Li-u-lu  iLlnf  circuuitHCi-Loixl  doouL  ai-.ol lior  circle  is  ^jvtiir.,1. 


EXAMPLES.    XXXVIII. 

1.  Find  the  area  of  a  qua(l:ib'.Le:;!i,  ■■vhieii  <-.-.\r.  !■•.■  inscribe':!  iii  a  cii.clu. 
whose  sides  arc 

(1)    3,  5,  7,  and  9  feet ; 
and  (3]     7,  10,  5,  and  2  feet. 

2.  The  sides  of  a  quadrilateral  arc  respectively;!,  1,5,  and  6  feet,  and 
the  sum  of  a  pair  nf  oj>i.io~i  Lc-  aiu;)^  is  ISO"' ;  prove-  that  the  area  of  the 
na;:dri) literal  is  a  s/;.!0  square  feet. 
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4,  Prove  that  the  area  ■  j r"  any  '[i;nd:il;L;c:a:  is  one- naif  the  product  of 

the  two  diagonals  and  the  sine  of  the  anfflie  between  them. 

5.  If  a  quadrilateral  can  be  inscribed  in  one  circle  :uid  circumscribed 
about  another  circle-,  prove  that  its  uteri  is  .Jnb<d  and  that  the  radius  of 
itic  latter  circle  is 


6.  A  quadrilateral  A  lit.:]:  is  described  i-Jiott1.  \>.  circle  ;  prove  that 

7,  a,  6,  O,  and  d  arc  tin;  sides  of  u  iriiadiihit";-.!.'.  ti'.ken  in  order,  end  n 
is  the  angle  between  the  diagonals,  opposite  to  6  or  d;  prove  that  the  area 

of  the  quadrilateral  is 

8.  If  o,  i,  e,  <i  he  the  sides  and  a:  and  ;/  the  diagonals  of  a  quadri- 
lateral, prove  that  its  area  is 

l[4*V-(6*  +  d'-«1-°iy]i. 

9,  If  a  quadrilateral  con  be  inscribed  in  ::  circle,  prove  that  the  angle 
between  its  diagonals  is 


dn-»PV(f-«)(i-»)(«-«)(i-*)+v*B  +  WB. 

If  the  same  quadrilateral  can  also  be  eirCLnnHCiiboii  aiio.it  a  circle,  prove 
tl-a4.  tins  ii:ij-h;  is  tiici; 

_,  ae  -  M 
008    ae  +  bd' 

10,  The  sides  of  a  quadrilateral  are  divided  in  order  in  the  ratio 
m  :  n,  and  a  new  ip;r,;iri:.i.:i:rr:.l  is  :or:i:ed  by  joining  :iio  ijoiuls  of  division  : 
prove  that  its  arrea  is  to  the  area  of  the  original  figure  as  mE+na  to 
(m+np. 

isoribed  in  a  circle,  prove  that-  the 


1      /(ab  +  cd)  (ac  +  bd)  (ad  +  bc) 
4V    (.-ffl)(.-J)(«-<)(.-^)' 
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12.    If  ci,  6,  c,  d  be  the  sidles  of  n  quadrilateral,  tnken  in  order,  prove 


iifi-r'i  c  and  «  tc--;i!?ctivi:lr. 


■  cos  a  -  2k' cos  £  ■■- Ai-i  cos  7 
ingles  uot-.vceii  the  sides  a 


223.  Regular  Polygons.  A  regular  polygon  is  a 
polygon  which  has  all  its  sides  equal  and  all  its  angles 
equal, 

If  the  polygon  have  n  angles  we  have,  by  Enc.  I.  32, 
Cor.,  n  times  its  angle  +  4  right  angles  =  twice  as  many 
I'ighi.  angles  as  the  figure  has  sides  =  in  right  angles, 

Hence  each   angle  = right  angles  = x  -= 

radians. 


224.     Radii  of  the  ■imcvlbed,  and  aira'titsrribivfj  ciwle-i 
of  a  regular  polygon. 

Let  AB,  BG,  and  CD  be  three 


0 


polygon,  and  let  n  be  the 
number  of  its  sides.  » 

Bisect  the  angles  ABC     \  / 

and  BCD  by  the  lines  BO        \        y        \R        / 
and  GO  which  meet  in  0,  \     /  \    / 

and  draw  OL  perpendicular  g  V , Vq 

to  BG.  L 

It  is  easily  seen  that  0  is  the  centre  of  both  the 
in  circle  and  the  circumcircle  of  the  polygon  and  that 
BL  equals  LG. 

Hence  we  have  OB  ~  00  =  R,  the  radius  of  the  circum- 
circle and  OL  =  r,  the  radius  of  the  incircle. 
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The  angle  BOG  is  -th  of  the  sum  of  all  the  angles 
subtended  at  0  by  the  sides, 

n,™      4  right  angles      2tt       .. 
i.e.  ZB0C=  — § —  ■--«■   -  =  —  radians. 

Hence  ZBOL  =  %ZB0C=-  . 

If  a  he  a  side  of  the  polygon,  we  have 

a  =  BG  =  2BL  =  2R  sin  BOL  =  %R  sin  -  . 

.■.    .fi=  ■  =  ^cosee  —  (1). 

2  sin-  W 

Again, 

a  =  2BL  =  20L  tan  BOL  =  2r  tan  -  . 

.■.   r  = — ^ — =|cot-   (2). 

2  tan  - 

225.     Area  of  a  Regular  Polygon. 

The  area  of  the  polygon  is  n  times  the  area  of  the 
triangle  BOG. 

Hence  the  area  of  the  polygon 
=  nx^OL.BO  =  n.OL.BL  =  n.BLootLOB.BL 


■  ax 


giving  the  area  in  terms  of  llie  wide. 
Also  the  area 


a .  OL ,  BL  =  n .  OL .  OL  tan  BOL  =  nr2  tan  - . .  .(2). 
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Again,  the  area 

=  n.OL.BL  =  n.OBcosLOB.  OB  sin  LOB 

2tt 


■(3). 


(Art.  101) 

^/S)  =.37-32...  feet. 
^lOx-^L    (Art.  106) 


226.  Bx.  The  hui/ih  of  inch  side  of  a  nipilai-  dodecagon  is  20  fat ; 
find  (1)  the  radius  of  its  inscribed  circU,  (2)  the,  radius  of  its  circumscribing 
circle,  and  (3)  its  area. 

The  angle  subtended  by  a  3ide  at  tha  centre  of  the  polygon 

Hence  we  have  10  =  rtanl5°  =  R  sin  15°. 

.-.   r  =  10eotl5° 
10 
~2-JS 
=  10{2  +  V3)  =  37-32... 

aya 
=10.4/9(^8+1) =10  V6+V&) 

=  10  (2-4495... +  1-4142.. .)  =  38-637...  feet, 

Again,  ihc  area  -li!*/J  10  square  focL 

=  1200(2+,/3|=4478-46...  square  feet. 

EXAMPLES.    XXXIX. 

1.  Find,  correct  to  -01  of  an  inch,  the  length  of  the  perimeter  of  a 
insular  docagon  wlneh  surrounds  a-  curie-  of  radius  one  foot. 

2.  Find  to  3  ji1:m:hs  of  dc-ciirisLls  llio  kugth  of  the  side  of  a  regular 
poly gor!  of  12  sides  iviiis;]:  is  t;:i-clL;:i;=;crio-: fi  to  A  i";vi:".o  of  unit  rjidius. 

3.  Find  the  area  of  (1)  a  pentagon,  (2)  a  hexagon,  (3)  an  octagon, 
(4)  a  decagon  and  (5)  a  dodecagou,  each  licin-;  a  regular  figure  of  side 
1  foot. 

i,  Find  the  diilerenec  bet.-.vf-eu  the  areas  of  a  regular  octagon  and  a 
regular  hexagon  if  the  pevi  motor  of  each  bo  '24  feet. 

L.  T.  17 
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6.  Compare  the  ai'oa?  and  pcviiuerevs.  of  oc:tii<5onH  wliioli  are  reap ecs- 
tivi-.'.y  ir.f:i:riij(-.:l  ii:  \-.r.-\  ;:ijc.;in;s<r:il:cii  !o  ;i  ;:lvui:  ei'C.o.  mi;;  ihow  thai  the 
areas  of  tnc  insc.viuei.;  r.e-:aj-rcii  sr.d  cc:.a,:.i)ii  iii'fl  lioarly  as  v'27  Lo  s/32. 

7.  Prove  that  the  radius  of  the  circle  described  about  a  regular 
pentagon  is  nearly  ]  ;;lhs  of  Lin;  side  of  the  pentagon. 

8.  If  arr  equila Loral  triangle  and  a  regular  hexagon  have  the  same 
perimeter,  prove  that  their  areas  are  as  2  :  3, 

9.  If  a  regular  pentagon  and  is  regular  decayon  have  the  same 
perimeter,  prove  that  their  areas  are  as  2  :  V/S. 

10.  Prove  that  the  sum  of  the  radii  of  the  circles,  which  are  respec- 
tively inscribed  in  aim  c i re a:r. scribed  about  a  regular  polygon  of  a  sides,  Is 


where  a  is  a  side  of  the  polygon. 

11.    Of  two  regular  polygons  of  u.  sides,  i™,  uu.uu..«»wuU»  < 
other  is  inscribed  in  <■.  -riven  circle.     Prove  lhal  the  three  perimeter 


12.  Given  that  the  area  of  a  polygon  of  n  sides  circumscribed  about 
a  circle  i3  to  the  area  of  the  ciroio^criiied  polygon  of  'In  sides  as  3  :  2, 
find  ». 

13,  Prove  that  the  area  of  a  regular  polygon  of  2;i  Hides  inscribed  in  a 
circle  is  a  mean  proportional  between  the  areas  of  the  regular  inscribed 
and  circumscribed  polygons  of  n  sides. 


14.     The  area  of  a  legulai  polygon  of  ■'<  avu'S  inscribed  in  acircle  is 

that  of  the  same  number  of  sides  oircuniseribin].'  the  same  circle  as  3  is 
i.     Find  the  value  of  ii. 
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1$.  There  are  two  regular  poly;:; >i;s  the  number  of  sides  in  one  being 
double  the  number  in  the  oli'ior,  and  im  angle  of  one  polygon  is  to  an  angle 
of  the  other  as  9  to  H  :  ii:id  Lb.;  naijiooi1  ol  sides  of  each  polygon. 

17.  Show  that  there  itic  eleven  pair.-  of  regular  polygons  such  that 
the  number  of  depu-os  in  the  angle  of  one  is  to  the  number  in  the  angle  of 
the  other  as  10 : 9.    Find  the  number  of  sides  in  each. 

18.  Tlio  side  of  a  base  ol  a  s.ptarc  pyramid  is  <i  feet  and  its  vertex  is 
at  a  height  of  h  feet  above  the  centre  of  the  base  ;  if  8  and  ^  be  respec- 
tively the  jnei  illations  of  any  f.ac-e  to  11  io  bass,  and  of  any  two  faces  to  one 
another,  prove  that 

,  2/1 


■>A 


'2fc*' 


19.  A  pyramid  stands  on  a  resnJa.r  l;esa,~i>i'i  a.?  base.  The  perpendi- 
cular from  the  vents  of  jhss  p.yratnid  on  the  ba.se  jiassos  through  the 
centre  of  the  hexagon  iliuI  its  length  is  equal  to  r-lmi  ol  a  side  of  the  base. 
Find  the  tangent-  of  the  angle  between  tin:  base  anil  any  face  of  tlie 
pyramid  and  also  uf  luiif  the  angle  between  any  two  side  faces. 

20.  4  regular  pyramid  has  for  its  b: 
length  a,  and  the  length  of  each  slant  s: 
the  angle;  between  two  adjacent,  lateral  fa 


,Google 


CHAPTER  XVII. 

TRIGONOMETRICAL  RATIOS  OF  SMALL   ANGLES.        AREA   OF 
A   CIRCLE.      DIP  OF   THE   HORIZON. 

227.  If  6  be  the  number  of  radians  in  any  angle.. 
which  is  less  than  a  right  angle,  then  mn  6,  6  and  tan  0  are 
in  ascending  order  of-mu-gnitu.de. 

Let  TOP  be  any  angle  which  is  less  than  a  right 


With  centre  0  and  any  radius  OP 
describe  an  arc  PAP'  meeting  OT 
in  A. 

Draw  PN  perpendiculi 
and  produce  it  to  meet  the  ; 
circle  in  P'. 

Draw  the  tangent  PT  at  P  to 
meet  OA  in  T  and  join  TP'. 

The  triangles  PON  and  P'ON  are 
■equal  in  all  respects,  so  that  PN=  JVP'  and 
arcPjl  =  arc  AP. 


Also  the  trian 
respects,  so  that 


,  TOP  and   TOP'  are  equal  i 
TP  =  TP'. 
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The  straight  line  PP'  is  less  than  the  arc  PAP',  so 
that  NP  is  <  arc  PA. 

We  shall  assume  that  the  arc  PAP'  is  less  than  the 
sum  of  PT  and  TP',  so  that  arc  PA  <  PT. 

Hence  NP,  the  arc  AP,  and  PT  are  in  ascending 
order  of  maguitude. 

NP    , " 

op,       0p       —   0p   ■ 

order  of  magnitude. 

AT 
But  ~  =  sin  A  OP  =  sin  8, 

"     ~LP     numher  of  radians  in  zA0P=8(Avt  21), 


and 


OF 

PT 


Hence  sin  8,  8,  and  tan  0  are  in  ascending  order  of 
magnitude,  provided  that 

e<l 

228.     Since   sin  8  <  6  <  tan  8,  we  have,   by   dividing 

ea.nh  by  tin;  positive  quantity  sin  8, 

6  1 

sm  e     cos  a 

Hence   - — s  always  lies  between  1  and  —  -,, . 
sin  8         J  cos  8 

This  holds  however  small  8  may  be. 

Now  when  8  is  very  small  cos  8  is  very  nearly  unity, 

and  the  smaller  6  becomes,  the  more  nearly  does  cos# 

become   unity,  and  hence   the   more   nearly   does   -/. 

become  unity. 
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Hence  when   8  Is  very  small  the  quantity  - — .  lies 
between  1  and  a  quantity  which  differs  from  unity  by  an 

itidoiiniri'ly  small  quantity. 

In  other  words,  when  8  is  made  in  definitely  small  the 

quantity  -. — -j. ,  and  therefore  — g-  ,  is  ultimately  equal  to 
unity,  i.e.  the  smaller  an  angle  becomes  the  more  nearly 
is  its  sine  equal  to  the  number  of  radians  in  it. 

This  is  often  shortly  expressed  thus: 

sin  0  =  9,  when  8  is  very  small. 

So  also  tan  0  =  6,  when  8  is  very  small. 

Cor.     Putting  8  =  - ,  it  follows  that,  when  8  is  indefi- 
nitely small,  n  is  indefinitely  great. 

.    a 

sin- 
Hence  is  unity,  when  n  is  indefinitely  great. 


So  n  sin  -  =  a,  when  n  is  indefinitely  great. 

229.  In  the  preceding  article  it  must  be  particularly 
noticed  that  8  is  the  number  of  radians  in  the  angle 
considered. 

The  value  of  sin  a",  when  a  is  small,  may  be  found. 
For,  since  ir"  —  180°,  we  have 

Sm«-8m(l80J=180' 


by  the  result  of  the  last  article. 
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230.  From  the  tables  it  will  be  seen  that  the  sine  of 
an  angle  and  its  circular  measure  agree  to  7  places  of 
decimals  so  long  as  the  angle  is  not  greater  than  18'. 
They  agree  to  the  5th  place  of  decimals  so  long  as  the 
angle  is  less  than  about  2°. 

231.     If  0  be  Ihf  number  of  radions  in  mi  angle,  which  iV  lesi  than  n 
right  angle,  then  tin  9  is  >  6  -  .   and  cos  8  is  > 1  -  — . 
By  Art.  227  we  have 


we  have 

■i,i«»«oo.'|,  l..»»(l-.m-|). 

But  sic. 

je,  by  Art.  227, 

•"5'z' 

iiiCiOl'O'e 

l-d.ig»l-(J)",U.>l-{. 

.-.   ,int>$(l-°-),l.e.  ><-*. 

ignin, 

«0.»=l-a«to"|! 

IhcvoTovo.  ! 

-i<(iy. 

we  have 

I-.--..-.©'.....-?. 

It  mil  1 

ie  foand  in  a  later  chapter  that 

nM-rndwl<l-j+B. 

232.    Ex.  1.    Find  the  value*  of  sin  10'  and  cos  10'. 

Sino, 

[0'~6  ~  180x6' 
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264)  TRIGONOMETRY. 

we  have  sin  Iff-rfn  (jg^g)  =  ~f 


-^^6 — 

=  [1- -000008468.. .]* 


approximately  by  the  Binomial  Theoiem, 

=  l--OO0OOim:... 


Ex.  2.     Solve  iijiprraimafcl;/  (ftc  egtiat-tom 


Since  sin  9  is  very  nearly  ei[iial  to  L) ,  (J  must  be  nearly  equal  to  , 
Let  then  8=  ?4-a-,  where  a;  is  sinii.il. 


■('.♦■)- 


Since  a;  is  very  small,  we  have 

cosa;  =  l  and  sina;  =  ic  nearly. 

.-.   «  =  *  +  ^«. 

.'.  .t  =  -02x-^  radians  =  ^St  =  l-32°  nearly. 


EXAMPLES.    XL. 

-   equal   to   3-14159265,  find  to   5  places  of  decimals   the 
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Ho!«  approximato'ly  :':\b  eirr.iitions 

7.    aine=-01.  8.     sinS  =  -4a. 

9.    o«i^  +  fl^  =  -49.  10.    oo3fl  =  '099. 

11,  Find  approximately  oao  dis-,iii:c-:":  a:  which  a  halfpenny,  which  is 
an  inch  in  diameter,  mu:il  be  p'.aced  mi  us  to  just  hide  the  moon,  the 
angular  diameter  of  the  moon,  that  is  Lbe  an^ie  its  diusiiutur  aubicnUs  at 
the  observer's  eye,  being  taken  to  be  30'. 

12,  A  person  walks  in  a  str.Ligal  hue  o.r.vsra  a  vciv  ilisranr  ohJKut  and 
observes  that  at  three  points  A,  B,  and  C  the  angles  of  elevation  of  the 
top  of  the  object  are  a,  8a,  and  :Sn  respectively  ;  prove  that 

AB=HBC  nearly. 

13,  If  S  be  the  number  of  radians  in  an  itngle  which  is  less  than 
a  right  angle,  prove  that 


14.    Prove  the  theorem  of  Buler,  viz,  that 

sir.  $  =  $  .cos  | .  cos  jL  .  cos  |. ad.  inf, 


WLiililVS 


-    °     2        2~  P        a5        2 

=2*^11^008^008^008^= 

=  2,lSm^X  COSg.  008  p.  008  j£ oos^. 

Make  n  indefinitely  great  so  that,  by  Art.  22S  Cor., 

Hence  sin  0~S  .  cos-,  oos^eos^, ad  inf. 

15.    Prove  that 
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233.     Area  of  a  circle. 

By  Art.  225  the  area  of  a  regular  polygon  of  n  s 
which  is  inscribed  in  a  circle  of  radius  R,  is 


Let  now  the-  number  of  sides  of  this  polygon  be  inde- 
finitely increased,  the  polygon  always  remaining  regular, 

It  is  clear  that  the  perimeter  of  the  polygon  must  more 
and  more  approximate  to  the  circumference  of  the  circle. 

Hence,  when  the  number  of  sides  of  the  polygon  is 
infinitely  great,  the  area  of  the  circle  must  be  the  same  as 
that  of  the  polygon. 


When  n  is  made  infinitely  great  the  value  of  8  becomes 
infinitely  small  and  then,  by  Art.  228,  — ^—  is  unity. 

The  area  of  the  circle  therefore  =  wR?  —  tt  times  the 
square  of  its  radius. 

234.      Arm  of  the,  Hector  of  a,  circle. 
Let  0  be  the  centre  of  a  circle,  AB  the  bounding  mc 
of  the  sector,  and  let  zAOB  —  o.  radians. 

By  Euc.  vi.  33,  since  sectors  are  to  one  another  as  the 
arcs  on  which  they  stand,  we  have 

area  of  sector  AOB  _       arc  AB 
area  of  whole  circle      circumference 
_   Ra  _  a 
~^irR~%ir' 
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.■.  area  of  sector  A  OB  =  ~-  x  area  of  whole  circle 
EXAMPLES.    XLI. 

1.  Find  the  area  of  a  circle  whose  circi.imforeiice  is  74  feet, 

2,  The  diameter  of  a  circle  is  10  feet  ■  find  the  area  of  a  sector  whose 


5.  A  strip  of  pa  nor  two  fiues  ';ui;(  and  -003  of  an  inc.!)  thick  is  rolled 
upratoasolidc\!tniiev:  find  approximately  the  radius  of  the  circular  ends 
of  the  cylinder. 

B.  A  strip  of  paper,  one  mile  long,  is  lolled  UfjhLlv  tip  Into  a  solid 
cylinder,  the  diamine-;1  of  ivhose  ciioviiar  ends  i ;j  (i  inches ;  find  the  thick- 
ness of  the  paper. 


7.    Given  tw. 

3  concentric  ofrotf 

3   of   radii  r  and    2r 

;   two  parallel 

tangents  to  the  ir 

.ner  circle  cut  off  a 

a  arc  from  the  outer 

circle ;  find  its 

length. 

8,     The  circumferwn.ee  of  is  scmluifclij  is  divided  into  two  arcs 

thai  rl  n  chora  <;;  one  is  iloul;  J.:  taat  of  tlio  other,  Prove  liuit  the  si 
ihe  areas  of  the  two  segments  cut  off  i>y  those  chords  is  to  the  tiren  i 
^emieirele  as  i>T  if-  to  55. 

22  " 


["¥■] 


9.    If  each  of  3  circles,  of  radius  a,  toiteli  the  other  two,  prove  that 
le  area  included  between  them  is  nearly  equal  to  -■  a!. 
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Six  equal   circles,  each   of  radius  a,  are  placed  so  that  eaoh 
two   others,  their   centre?   lid'];;  all   on   the  circumference   of 
circle ;  prove  that  the  area  which  they  enclose  is 
2«3(SV3-jt). 

From  the  vertex  A  of  a  triangle  a  straight  line  AD  is  drawn 
an  angle  8  with  the  hase  and  meeting  it  at  D.    Prove  that  the 

he  circumscribing  eircies    of   the   triangles  ABD  arid 


j  (b57  +  cs,3  -  2Jc  sin  d }  cosec2  0 , 
where  0  and  y  are  the  nurnlnu-  of  radians  in  the  angles  B  and  C  respec- 

235,     Dip  of  the  Horizon. 

Let  0  be  a  point  at  a  distance  h  above  the  earth's 
suri&ce.  Draw  tangents,  such  as  OT 
and  OT',  to  the  surface  of  the  earth. 
The  ends  of  all  these  tangents  all 
clearly  lie  on  a  circle.  This  circle  is 
called  the  Offing;  or  Visible  Horizon. 
The  angle  that  each  of  these  tangents 
OT  makes  with  a  horizontal  plane  POQ 
is  called  the  Dip  of  the  Horizon. 

Let  r  be  the  radius  of  the  earth 
and  let  B  be  the  other  end  of  the  diameter  through  A. 

We  then  have,  by  Euc.  in.  36, 

OT'  =  OA,OB=.h(ir  +  k), 
so  that  0T='Jh(2r-th). 

This  gives  an  accurate  value  for  OT. 

In  all  practical  casus,  however,  h  is  very  small  com- 
pared with  r. 

[r  =  4000  miles  nearly  and  h  is  never  greater,   and 
generally  is  very  considerably  less,  than  5  miles.] 
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Hence  h*  is  very  small  compared  with  hr. 
As  a  close  approximation  we  have  then 

OT=-J$Ef. 
The  dip  =£TOQ 

=  90°-ZCOT  =  zOCT, 

Also  tan  OCT  =  ™  =  — —  =  a/  — , 

so  that,  very  approximately,  we  have  the  angle 

OCT  =  */^  radians 

=  /     M  180\°  =  riSQ  x  60  x  60      Ml" 

236.  Ex.  TaHny  (fe  j-adius  of  the  earth  us  4000  mih.tt,  find  the  dip 
at  the  top  of  n  lighthouse  I'Shich  /,<  2fil  jW'f  niorc  (/it'  s«t  and  the  distance 
of  the  offing. 

Here  r=4000  miles,  and  h~2S4  feet  =^  mile. 

Hence  h  is  very  small  compared  with  r,  so  thai 

or  ~  V  lo  x  4000  =  ^™ = 20  mileG* 

Also  the  dip  —  .  /■■;■  radiitnK  =   --■  radian 

/  1        180x60V      /64V     ,„,,,„         , 

EXAMPLES,     XLII. 

1.  Find  in  de^n/ii's.  mhiUi-'.'S,  ami  seiioiuls  tin:  dip  &'  1  ho  huri/im  iro-n 
the  top  of  a  mountain  4-100  *™t  iiigh,  the  earth's  radius  being  31x10s 
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3.  IE  the  radius  of  the  earth  be  4000  miles,  mid  the  height  of  a 
killoon  when  the  dip  is  1". 

Find  also  the  dip  when  the  balloon  is  2  miles  high. 

4.  Prove  that,  if  the  height  of  the  pln.ee  of  observation  be  n  feet,  the 
nistance  that  the  observer  can  see  is  */  -=-  mile*  nearly. 

5.  There  are  10  million  metres  i.n  a  quadrant  of  the  enrih's  circum- 
ference. Find  nppvc\""i:!;itrly  the  lU-it.inee  ai  which  ihe  toji  of  the  Eiffel 
tower  aliould  bo  vi:-ib'.o,  its  hei^l.j  ::eii^-  liOO  metres. 

6.  Three  vcr  Heal  posl^i  ;no  placed  :it  inte^val-i  of  z.  nf.le  nlonjra  strriighr 
canal  each  vi.-in.;/  to  the  snnie  height  jLhovi:  Hit:  Huvfaei:  of  the  water,  The 
visual  line  joining  the  tojis  of  the  two  extreme  posts  cub;  the  middle  post 
at  a  point  8  inches  below  its  top.  Find  the  radial  of  the  earth  to  the 
iii:ar;;-;t  mile. 
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CHAPTER  XVIII. 

INVERSE  CIRCULAR   FUNCTIONS. 

237.  If  sin#  =  «,  where  is  is  a  known  quantity,  we 
know  from  Art.  82,  that  6  is  not  definitely  known.  We 
only  know  that  0  is  some  one  of  a  definite  series  of 
angles. 

The  symbol  "sin-1  a"  is  used  to  denote  tlio  smallest 
angle,  whether  positive  or  negative,  that  has  a.  for  its  sine. 

The  symbol  "  sin-1  a "  is  read  in  words  as  "  sine  minus 

one  a,"  and   must   be   ntuvfidlv  (listi^ui.rli.od   from  — — ■ 
J  °  sin  a 

which  would  he  written,  if  so  desired,  in  the  form  (sin  a)-1. 

It  will  therefore  be  carefully  noted  that  "sin_1a"  is  an 

angle  and  denotes  the  smallest  numerical  angle  whose 

sine  is  a. 

So  "' cos-1  <j. "  means  the  smallest  numerical  angle 
whose  cosine  is  a.  Similarly  "  tan"1  a,"  "cot-1«,"  "co- 
sec"1  a"  "sec-1  a"  " vers"1  a,"  and  "covers-1  a," are  defined. 

Hence  sin-1  a  and  tan-1  a  (and  therefore  cosec-1  a  and 
cot-1  a)  always  lie  between  —  90°  and  +  90°. 

But  cos"1  a  (and  therefore  sec-1  a)  always  lies  between 
0°  and  180'. 
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238.  The  quantities  sin-1  a,  cos-1  a,  tan-1  a, . . .  are 
called  Inverse  Circular  Functions. 

The  symbol  sin-1  a  is  often,  especially  in  foreign 
mathematical  books,  written  as  "  arc  sin  a " ;  similarly 
cos-1  a  is  written  "  arc  cos  a,"  and  so  for  the  other  inverse 
ratios. 

239.  When  a  is  positive,  sin-1  a  clearly  lies  between 
0°  and  90" ;  when  a  is  negative  it  lies  between  —  90°  and 
0°. 

Ex.     sin-^-300;   Sm-'^-3--60'=. 

When  a  is  positive,  there  are  two  angles,  one  lying 
between  0°  and  90°  and  the  other  lying  between  —  90° 
and  0°,  each  of  which  has  its  cosine  equal  to  a.  [For 
example  both  30°  and  —  30°  have  their  cosine  equal  to 

— .]     In  this  case  we  take   the  smallest  positive  angle. 

Hence  cos-1  a,  when  a  is  positive,  lies  between  0°  and  90°. 
So  cos_!(i,  when  a  is  negative,  lies  between  90°  and 
180°. 

When  a  is  positive,  the  angle  tan-1  a  lies  between  0° 
and  90° ;  when  a  is  negative,  it  lies  between  -90°  and  0°. 
Ex.     tan"1  JS  =  60° ;  tan"1  ( -  1)  =  -  45°. 

_. 19      -  -i  16 


240.     Ex.  1.     Prove  that  s 


65' 


/,       9      4 
a=V  1"25  =  5' 
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Let  BM-ig=ftfoflrt*»0=g, 


■  1  i!j!j:c£r,j-i; 


/,      144_5 


Let  aiai~1===7,  so  that 

Wo  have  then  to  prove  that 


16__         _„._     .;„..„  16 

66" 


e.  to ahew  that  Ein(a-/3 

Now  ein(a-a)  =  aino. 


:act  the  relation  is  proved. 
c.2.    Praoe  tftsf         2  tan" 


andlet  t»n-I==|8,  sothattan£  = 

We  have  then  to  eIksw  that 


n(2a  +  ^=1_tftiiaatan/S 
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Ex.  a.    Prove  that 


and  therefore 

/  .       63s      */65*-t53* 
V          6o=~        65 

Let 

tan-'==ft  so  that  tan  £=F, 

and  therefore  (as 

in  Art.  32), 

sin^J^andcos^-^. 

Also  lot 

sin-1 7=7,  so  that  sin  7  =  ; . 

We  have  then  to  prove  that 

a  +  2j9  =  7. 

Row 

Biit(a+aj5)  =  Bino«)H2^+oOBaBi 

16 
=  65* 

W-W  +  %**^*,.? 

16 
~65  * 

/25-l\      63     3x1x5 
\    26   J  +  65  *        26 

16  x 

24  +  63x10       1014       3x338     i 

LI  once  a  -;  1:S  —  7,  r>o  thai  the  relation  ia  proved. 
Ex.  4.     Prone  tft«< 


25 
10 
.      .,  12  120 

144 
0  that  tan  4o  is  nearly  unity  and  4n  therefore  nearly  j . 
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,    1         «■ 


Hence  4  tan-1  ^  -  tan"1  ^  =  j . 

Ex.  8.    Pi'oui!  tfuif 

Let  tan-1a  — a,  so  that  tano=o. 

Let  tan-1&=ft  so  that  tanjS=6. 

Also  let  tan-'  j  — ---  ]=-,■.  to  that  tan -,---■■     , 

We  have  then  to  prove  that 


o  that  the  relation  is  proved. 

The  above  relation  ia  merely  the  formula 


i-tjLt  ion . 

1  i-«~.ta»' 

30  that  ir  =  tan-,a, 

tany=6, 

so  that  ^=tan~'i. 
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In  the  above  we  hf.vu  liisi'K-  iic-v.nx-d  that  ai><I,  so  that  ^ j  iap 

tive,  and  therefore  tan-1    — -  lies  between  0°  and  90°. 

If  however  db  be  >  1,  then  ^ —  and  therefore  according  to  our  del 

tion  tan-1  -- ■    is  a  negative  angle.    Here  -/  is  therefore  a  negative  ai 
and,  since  tan  (n  +  7]  =  tan  7,  the  formula  should  be 
-1  -ift_  -i  a  +  fe 

Ex.  6.    Sofoe  tfte  equation 


H.„, 

«  +  fi.7, 

where 

tt  =  tan-"1 and  henoe  tan  a  = 

8= tan-1 '- and  hence  tan  (3= 

»na 

7  =  tan-i(-7)  and  hence  tan 7; 

Since 

tan(a+,e)  =  tan7, 

tana  +  tanfl 

1-tanatan^ 

x+1     x-1 

so  that  ^=2. 

This  value  makes  the  left-hand  side  of  the  given  equation  positivi 
that  there  is  no  value  of  x  strictly  satisfying  the  given  equation. 

The  value  z  =  2  is  a  solution  of  the  equation 

tan-i^+tan-'^--Ir  +  tan-'(-7). 
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INVERSE    CIRCULAR   FUNCTIONS. 


EXAMPLES.     SLm. 


JV~a"-3oos  v  ~^- 


+  oot-»  3  =  45°. 

9.    tair'^^tii 


+  !«■" 

g-to 

"1ig  =  5 

+t.n- 

5+"» 

-^  +  tan 

-i1- 

1 

20  = 

--tan- 

1986 

1 

5        - 

_170+ 

^sV 

I 

2  =  2 
19 

m    13 

17 

tan 

♦  ta- 

2i 

l-(*~ 

-i3(" 

Bi3' 
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19.  ,„-lx/ffi+t„-vra 

,      ,     /ela+b+e) 

+tan"V       ab     -'■ 

21.  tan-»m  +  eot-i(ra  +  l)=tan-i  {n?  +  n  +  l). 

22.  oos^tan^^^sm^tan-igV 

24.  tan-'a^atan-'fcosectarr'  ,r-  tancot-'  a], 

25.  2  tan-'  [  tan  |  tan  f  |  -  |Y|  =  tan-'  ^  c  e°^  . 

26.  Shew  that 

eMr,      /a^_cj[i.1      /e-i_         j      /o^ 

-1rfnHl»^(— )-(—») 

27.  nooa-1^  +  coa-i|=0,provethat 

Solve 

28.  to*ag±£^B-P 

29.  tan-'23;  +  tan-'3E  =  ^.         30.    tan"'  ^  +  tan"'  —  i  =  | . 

31.  tan-'(z  +  l]+cot-i(tf-l)=sin-'!  +  eos-'g. 

32.  tan-'3;  +  tan-'(3;-l|  =  tan-'^. 

33.  2  tan-1  (cos  *)  =  tan-'  (2  coaeo  *) . 
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cot-1  x  -  cot"1  {x  +  2)  =  15°. 

eot-1  z  +  cot-1  (n5  -  ;c  + 1)  =  cot-1  (it  - 1), 


41. 
42. 
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CHAPTER   XIX. 

ON   SOME    SIMPLE    TRIGONOMETRICAL    SERIES. 

241.     To  j'iii d  the  sunt  of  Hie  sines  of  a  series  of  angles, 
[he  angles  being  in  oriih-ni.eti.eul  -progression. 

Let  the  angles  be 

a,  a+8,a  +  28, {a  +  (n-l)B\. 

Let 
8  =  sin  a  +  sin  (a  +  8)  +  sin  (a +  20)..,+  sin  {«  +  («  -  1)  8}. 

By  Art.  97  we  have 

1-..-.J— (.-g— (.+f). 

2sm(<.  +  «8mf.»os(„+|)_c„s(»+f), 
2  sin  (a  +  2/3)  sin |  =  cos  fa  +  -|^J-cos(a  +  °fj, 

2sin{a+(»-2)/3(sm|-cos{a+(»-f)(3J-cos(a+(»-f)/3), 
and 

2sm(d+(n-l)/3)sm|=cos(a+(»-|)/3]-cc,si»+{»-i)/3). 
By  adding  together  these  n  lines,  we  have 
2>in|.S  =  c08(a-|)-oos(«  +  (ii-i)/3), 
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the  other  terms  on  the  right-hand  sides  cancelling  one 

another. 

Hence,  by  Art.  94,  we  have 

2  sin  | .  8=  2  sin  {a  +  fci)  fi\  sm  ^ , 


~',y  putting  8  =  2a,  We  have 
n  a  -f  sin  3a  +  sin  5a  + . ..  +sin  [3«  - 1)  a 
rin{«  +  (n-l).}rfnn. 


242.     To  _/krf  (fie  swm  o/1  iAe  cosines  of  a  series  of 
angles,  the  awn  I.  us  being  in  arithmetical  progression. 
Let  the  angles  be 

«,a  +  ft«  +  2ft...a  +  (»-l)/9. 

Let 

(8,=  cosa  +  co8(B+/3)  +  coB(a+2J8)  +  ...  +  co8{a-|-(n-l)/SJ. 
By  Art.  97,  we  have 

2  cos  a  sin  =  =  sin  I  a  +  ^ )  —  sin  f  a  —  -  J , 

2  cos  (a  +  0)  sin  |  =  sin  («  +  —)-  sin  («  +  f) , 

2cos(a  +  2^)8in|  =  flin(a+^-sm(«  +  ^)J 

2cos(a+(ft-2)-8]ain|=8in{a+(n-|)/3}-Biii{a+(»-§)^, 
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and 

2coB(a+(n-l)J8}sin|=8in{a+(w-i)/3}-sin{a+(n-t)J9}. 
By  adding  together  these  n  lines,  we  have 

2S  x  sin  |  =  sin  \a  +  (n  -  J)  0}  -  sin  fa  -  |l , 

the  other  terms  on  the  right-hand  sides  cancelling  one 
another. 

Ilenee,  by  Art.  94,  we  have 

2S  x  sin  |  =  2  cos  j«  +  ^p  fi\  sin  ^ , 


cos  <a-\ =—  a   sin~ 


S=  - 


243.     Both  the  expressions  for  S  in  Arts.  241  and  242 

vanish  when  sin-^-  is  zero,  i.e.  when  —  is  equal  to  any 

multiple  of  7r, 

,  n/3 

i.e.  when  -^-  =  p-rr, 

where  p  is  any  integer, 

i.e.  when  p  =  p. —  . 

Hence  the  sum  of  the  sines  (or  cosines)  of  n  angles, 

which   are   in    arithmetical    progression,   vanishes   when 

the   common   difference   of  the   angles   is   any  multiple 

,2tt 
of  —  . 


.(~5)«(-4)* 
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-         — (»?)-("D— 

244.    Ex.  1.    Find  the  sum  of 

We  have,  by  Art.  73, 

Bin(a  +  p+1r)=-Bin(a  +  l8), 

Bin<a  +  3,3  +  3Ir)==-Bin(n  +  3lS), 
Hence  the  series 

= 1 — ! ,  by  Art.  241, 

Bin— g- 


Ex.  2.    Kiwi  t/ic  sunt  of  (ftc  scries 

cos3  o  + cob3  2a  +  cos3  3<t  + teiitew. 

By  Art.  107,  we  have 

<Mi3a=4oos»a-Soo&u, 

30  4eos*2a  =  3cos2a  +  cos6a, 

i  bos3  3a  =  3  cos3a  +  cou9a, 

Hence,  il  S  be  the  given  series,  wo  have 


3(»  +  l)       ,    3na 
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284  TRIGONOMETRY. 

In  a  similar  manner  we  can  obtain  the  sum  of  the  cubes  of  the  sines 
of  a  series  of  angles  in  A.p. 

Cor.    Since 

we  can  obtain  the  sum  of  the  squares. 

Since  again  8  siu4  a  =  2  [1  -  oos  2o;p 

=  2-4008  20  +  2008=211  =  3-4008  311  +  005  40, 
we  can  obtain  the  sum  of  tho  4th  poivers  of  the  sines.     Similarly  for  the 


Ex.  3 

.    Bum  ton  term  the  eeriei 

lee  x  «n  |J+ eee  3a  tin  2fJ+ em  5a  <to  8p+ .. .  to  n  term. 

Let£ 

denote  the  eeries. 

Then 

2S={ 

.in  (.  +  0-BH  (.-»(  +  (eml8.  +  !fl-in(B.-3fll 

+  (.in(I.  +  !ffl-.h,(I.-S»). 

-{I 

«n|.  +  /i)  +  .]n(S.  +  2ffl  +  .in(5.  +  3H  +  ...I 

-{ 

in(.-fl+.ta(S«-3ffi+iln(S.-l«  +  ...| 

i«),.  +  ffl  +  "-ii(2.  +  ffl}.in„^ 

"«-J- 

,nf-«+"-ji(2.-4,i.^i 

.    2a-/3                          ,  by  Art.  241, 
sin     g 

in  |~+iiie(  *>'-!&£ 

s.n      2 

in   L,     **1u]   pin*12""1'1 

.:„*■-? 
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Ex.  4.  A1A1.,.AU  is  n  rcji ■' "■'■''  !">!!!!TII!-  '?.'"  "  sides  iii^erihed  in  a  ch-de, 
whose  centre  is  O.  and  !'  u  any  point  on  the  eire  A  ,.,■■!■  sm-.h  that  tii.':  angle 
POAj  U  0;  find  tin:  sum  of  t lit  lengths  of  the  lines  joinin'j  F  to  the  angidar 
jioitits  of  the  polygon. 

Each  of  the  angles  A1OA2,  AspA3>...A„OA1  is  —  ,  so  that  the  angles 
POAl,  FOA2,...  are  respectively 


Hence,  if  r  be  the  railitis  of  the  circle,  we  have 
Hence  the  required  sum 


=  2»         L2        2     "J    .    i'     -      (Art.  241) 

SmSK 

V        .     fir      0       «■"] 

EXAMPLES.     XLIV. 


1.       COS0  + 
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TRIGONOMETRY. 

[Exa.  XLIV. 

Sina  +  si- 

li3a  +  sm5a+...+Sm(2«-l)«     .._ 

cosa  +  cc 

s3a  +  cos5«-,-...+eo5(2n-l)a       al"" 

e0B2S+i 

3tt                5x 

cosa-cc 

s(a+/S)  +  ooa(a  +  2p)-...  to  2)1  terms. 

Bin  a -si 

a  (o+/S)  +  sin  (a  +  2£)  + ...  to  n  terms 

cop  a  -  c( 

.S(ffl+/S)+oos(«+ap)  +  ...  ton  terms 

=ten  ja 

♦=iV+»}. 

n-4         .    n-6 

+  srn4aoos5a  +  ...  to2»ti 

12. 

5inasin3n  +  sin2asin4a4-sin3iiBiu5a+...  to  n  terms 

13. 

cos«cosp  +  ooeSacos3jS  +  oOB5aoos3jS...  ton  terms. 

14. 

15. 

sin20  +  Bm2(0  +  a)  +  srn2(0  +  2a)  +  ...  to  n  term3. 

16. 

3inBo  +  sina2o  +  ain33o  +  ...  to  n  terms. 

17. 

sir.4a  +  sma2B  +  sina3a+...  tonterms. 

18. 

ooB0a  +  eos'2a  +  wra43a+...  to  n  terms. 

19. 

oos  8  cos  20  cos  '66  +  cos  20  eos  30  eos  40  + . ..  to  n  terms. 

20. 

eiaasin(a  +  $-sin(a+le)sia(a  +  20)  +  ...  to  2»  terms. 

21. 

From  the  sum  of  the  aeries 

sino  +  sm2a-l-sia3a+...  to  n  lerms, 

deduce  (by  making  a  very  smnll|  the  sum  of  the  series 

l  +  2  +  3  +  ...+n. 

22. 

From  the  result  of  the  example  of  Art.  2-il  deduce  the  t 

1  +  3  +  5...  tonterms. 

23. 

-=5' 

prove 

that                   2  (cos  o  +  cos  2i  +  eos  4a  +  cos  So) 

and 

2  (cos  3a  +  cos  5a  +  cob  6a  +  Cos  7a) 

arii  ihi;  rcjij ls  c:  l!i«  equation 
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24,  ABCD...  is  a  regular  polygon  of  it  sides  which  i:s  inscribed  in  a 
circle,  whose  centre  is  0  and  whose  radius  is  r,  and  P  is  any  point  on  the 
arc  AB  such  that  POA  is  8.     Prove  that 

PA  .  PB  +  PA  .  PC+PA  .  PD  +  PB  .  PG  +  ... 


^L  \2      hj  >»       J" 


25.     Two  Mi; ul in  !)o',y;;or.'s,  each  of  "  sido-i.  arc  c  ire  timber  i  bed  to  and 
inscribed  in  a  given  circle.     If  an  angular  point  of  one  of  them  be  joined 

to  each  of  the  angular  poinds  of  the  other  thou  die  sura  oi  the  squares  of 
the  straight  lines:  so  drawn  is  to  the  i;im  of  the  ureas  of  the  polygons  as 


20.  ^i,  ■^■■■^ai+i  are  the  angular  points  of  a  regular  polygon  in- 
scribed in  a  circle  and  0  is  any  point  on  the  circumference  between  A, 
and  AiaiI ;  prove  that 

OA1  +  OA3+...  +  OA^+.1^0A2  +  OA4+...  +  0A^. 

27,  If  perpendiculars  be  drawn  on  the  sides  of  a  regular  polygon  of  a 
sides  from  any  point  on  :ho  inseiibcd  einrie  v, ]■(;■.:'.:■  liiiUns  is  a,  prove  that 


!  2  («)"-•,  -J 2  (*)'=«. 
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CHAPTER   XX, 


ELIMINATION. 


245.  It  sometimes  happens  that  we  have  two  equa- 
tions each  containing  one  unknown  quantity.  In  this 
ease  there  must  clearly  be  a  relation  between  the 
constants  of  the  equations  in  order  that  the  same 
value  of  the  unknown  quantity  may  satisfy  both.  For 
example,  suppose  we  knew  that  an  unknown  quantity 
x  satisfied  both  of  the  equations 

ax  +  b  =  0  and  ca?  +  das  +  e  =  0, 
From  the  first  equation  we  have 

and  this  satisfies  the  second  if 

by 


<-$+<-& 


i.e.  if  63c  -  abd  +  a?e  =  0. 

This   latter   equation   is  the  result  of  eliminating   x 
between  the  above  two  equations,  and  is  often  called  their 

climinanL 
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246.  Again,  suppose  we  knew  that  an  angle  6 
satisfied  both  of  the  equations 

sins  8  —  b,  and  cos3  &  =  c, 
so  that  sin  6  =  6  ,  and  cos  9  =  c  . 

Now  we  always  have,  for  all  values  of  0, 

sin1  0  +  cosa#  =  1, 
so  that  in  this  case  6*  +  eJ  =  1. 

This  is  the  result  of  eliminating  6. 

247.  Between  any  two  equations  involving  one 
unknown  quantity  we  can,  in  theory,  always  eliminate 
that  quantity.  In  practice  a  considerable  amount  of 
artifice  and  ingenuity  is  often  required  in  seemingly 
simple  cases. 

So  between  any  three  equations  involving  two  un- 
known quantities  we  can  theoretically  eliminate  both 
of  the  unknown  quantities. 

248.  Some  examples  of  elimination  are  appended. 
Ex.  1.    Eliminate  6  from  the  equations 


Solving  for  c 

Q8&  and  sin  9  by   orogs  multiplication, 

have 

. 

c*-ab~  a? -be     ac~b3' 

(a2-  te)H  (e«  -  «&)*=  (i2  -  ac)\ 

L,  T. 

,Google 


190  TRlGONOMLvlKV. 

Ex.  2.     Eliminate  6  between 


From  (2)  ws  have  ax  sin3  e=-byc< 


(Hall  and  Knight's  i%fter  Jlffe&ro,  Art.  12) 


o  that  (1|  becomes 


8in"  (6;,)*  ' 


i.e.  (,m)1+{63,)*=(<.*-6*)1. 

The  student  who  shall  afterwards  become  acquainted  with  Analytical 
Geometry  will  lind  that  the  above  in  the  solution  of  >:l\  important  problem 
g  normals  to  an  ellipse. 


Ex.  3.     Eliminate  9  from  the  equati-uns 

-cos6-%tine  =  co8  28  (1), 

Bd  ?tiW0  +  |ewfl  =  2«inM (2). 
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Mukiplyii-i.-  (1)  by  ces#,  (?)  by  sin  0,  and  adding,  we  have 


Multiplying  (2)  by  cos  0,  (1)  by  sin  t>,  and  subtracting,  \ 


Adding  (Sj  and  (4),  we  have 

=  (sin  8  +  cos  8)  [sin2  e  +  cos2  8  +  2  sin  8  cos  9] 


Subtracting  (4)  from  (3),  we  have 


Squaring  and  adding  (6)  and  (6),  we  have 

-(M)**e-e* 

EXAMPLES.    XLV. 

Eliminate  8  from  the  equations 

2.  *=«eos(e-a),  and  9  =  6 eos (0-0). 

3.  «cos20  =  &sin0,   and  csin20  =  deO30. 

4.  usinn-6cosa  =  2&sinS,  and  asin2a- &oos2fl  =  a. 


f  .      .        ,  sin3  6     cosa0  1 

=  *J&+y\  and  -^j-+-u-=a7-j. 


19—2 
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and  a:  sin  0  -  y  era  6=  ^(P  ains  8  +  i8  oosa  9. 

8.  If  m=cosec0-Bin0,  ana  n=see0-eo9  0, 
prove  that  m^+«*={m»)""*. 

9.  Prove  that  the  result  of  eliminating  8  from  the  equations 

and  j,eos(0  +  a)-:rsiu{0  +  B)  =  2(tcos20, 

is  (3w»o+yBm*)*  +  (3BinB-yoosa)*=(ao)*. 

Eliminate  5  and  0  from  the  equations 

11.  eose+eo30=o,  cot  fl+cot  0=6,  and  eoseeS+eoseo^>=i:. 

12.  a  sin  0  =  6  sin  0,  neos  0  +  &cos0  =  c,  and  k=i/ tan  (0  +  0). 

13.  ^os0+|aiiifl=l,  ?oo80+fflhi*=I, 

and  ^sin-BLn^  +  62cos-cos^-cs 
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CHAPTER  XXI. 

EXPONENTIAL    AND   LOGARITHMIC    SERIES. 

249.  In  the  following  chapter  we  are  about  to  obtain 
an  expansion  in  powers  of  at  for  the  expression  ax,  where 
both  a  and  x  are  real,  and  also  to  obtain  an  expansion  for 
log,,(l+#),  where  x  is  real  and  less  than  unity,  and  e 
stands  for  a  quantity  to  be  defined. 

250.  To  find  the  value  of  the  quantity  (1  +  -]    ,  when 


s  infinitely  great  and  is  real. 
Since  -  <  1,  we  have,  by  the  Binomial  Thee 


HI 


■IKM.HKH 


This  series  is  true  for  all  values  of  n,  however  great. 
Make  then  n  infinite  and  the  right-hand  side 
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Hence  the  limiting  value,  when  n  is  infinite,  of  ( 1  +  -  j 

is  the  sum  of  the  series 

,      ,      111  ,  .   „ 

l  +  l  +  rs+i«+7i  +...adinf. 
[2      |a      |4 

The   sum   of  this   series  is   always  denoted   by  the 
quantity  e. 

Hence  we  have 

Lt  ^1  +  Aj"  =  e, 
where  Lt  stands  for  "  the  limit  when  n  =  oo ." 

Cor.     By  putting  n=~ ,  it  follows  (since  m  is  zero 
when  n  is  infinity)  that 

L_t(l  +  m)»  =  Lt(l+i)"  =  e. 

251.     This  quantity  e  is  finite, 

v       ■  111 

For  since  ||<27a<¥. 

1  1  1 

[4<2.2.2<23' 


2T2'T2'' 


1  w 

<  1  4-  2,  i.6.  <  E 


Also  clearly  e 
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Henee  it  lies  between  2  and  3. 

By  taking  a  sufficient  number  of  terms  in  the  series,  it 
can  be  shewn  that 

e  =  2-718281S285... 

2S2.     The  quantity  i:  in  int:mi>iii;:ii*ui'nble, 

For,  if  possible,  suppose  it  to  be  equal  to  a  fraction  - ,  where  p  and  q 
are  whole  numbers. 
We  have  then 

!=i+i+f!+!+....+i+^+J[1+.,i id. 

Multiply  this  equation  by  \q_,  so  that  all  the  terms  of  the  series  (1) 

\q 
become  integers  except  those  commencing  with  -—■  .    Hence  we  ha^e 

r|s-i.»i»i8  irate  +j-|1  +  j_|5  +  |_|s+... 


""        !  +  l  '(J+l)(,  +  2)T(,  +  l)(j  +  2)(i  + 
But  the  right-hand  side  of  this  equation  is 


i       i        i 

~I  +  1     (S  +  1)*  +  (I  +  1)"+" 

"i+lH'-i+l)' 


IL'.ic:'.;  ill-  iL-h-.-Jnuid  ;-i.ie  oi'  i'ii  lie;,  bel'.'eeii       --  and  -- ,  and  is  there- 

e  v '  cj+i       a' 

fore  a  fr.iie;ion  and  so  cannot  be  equal  to  the  left-Ural  ;=iib. 

5  commensurable  is  incorrect  and  it 


253.     Exponential  Series.      When  x  is  real,  to  prove 
that 

e"  =  l  +  x  +  Tii  +  -r^-h...ad  inf. 
If     15 
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Vltf.1  ihf.it 

a,x  =  \  +xlofi„a—  jr(loq,,af  +  ...ad  inf. 
if 
When  n  is  greater  than  unity,  we  have 

{K)T-(1+3" 

1     nx(nx  — 1)1      nx(nx~  l)(nx  —  2)  1 
n  1.2       m2  1.2.3  re1 


T     T      1.2      T  1.2.3 

In  this  expression  make  n  infinitely  great.     The  left- 
hand  becomes,  as  in  Art.  250,  &*. 
The  right-hand  b 


Hence  we  have 

e^I+x+p  +  yg+.-adinf.    (]). 

Let  a  =  ec,  so  that  c  =  loga  a. 

by  substituting  c#  for  a;  in  the  series  (1). 

.*.  as  =  1  +  x  log0  a  +  jjy  (loge  a)3  +  t=  (log0  a)a+ . . .  ad  inf. 
I*  l_ 

(2> 

254.  It  can  be  shewn  (as  in  C.  Smith's  Algebra,  Art.  274)  that  the 
series  (1),  and  therefore  (2),  of  the  last  article  is  convergent  for  all  real 
values  of  x. 
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255.    Ex.  I.     Prow  that  ^  (e--)  =  1  +  m  +  Tk  +  "-  ad 

liy  or[uai-ion  (1)  of  Art  253  we  have,  by  putting  x  in  su< 
,11,1,1  ... 

*1+1 +H  I?  -    nf' 

nd  e-i=l-  rr  +  ra  -  is  + 12"  -  fld  *»/■ 

l_     I*     c     l_ 
Hence,  by  subtraction, 

Ex.  2.    Find  the  arm  of  tl>n  wrim 


1? 

1!    T      If      ""■"•"" 

The  ?ith  term         - 

■  3+     +,.    5*'l"+1) 

_i  »  +  i  _iru 

a  w-j    -j  L    | 

.-l  J-aLF^   !»-'-! 

>vided  that  n  >  2. 

Similarly 

the  (n-l)thl 

-"-iC^+^i]1 

the  4th  i 

"°  a|_e+B-J' 

the  3rd  t 

— s@+a- 

Also                       the  2nd 

— i[»0- 

and  the  1st  t 

— i[  a- 
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Hence,  by  addition,  the  whole  series 

i  „  r,    i     i     i         ,.  ,~\ 


256.  Logarithmic  Series.  To  prove  that,  when  y  is 
real  and  numerically  <  1,  then 

^9e(l^y)  =  y-^f+\f-\y'  +  ...adinf. 

In  the  equation  (2)  of  Art.  253,  put 

a  =  l+y, 
and  we  have 

(l  +  y)^l+xloge(l+y)  +  ^\\oge(l+y)}s+  ...(1). 
But,  since  y  is  real  and  numerically  <  unity,  we  have 

(2). 

The  series  on  the  right-hand  wide  of  (1)  and  (2)  are 
equal  to  one  another  and  both  convergent,  when  y  is 
numerically  <  1.     Hence  we  may  equate  like  powers  of  w. 

Thus  we  have 


;.  a + v)  -  v  -  f^  +  -nrnr ,f + tt^7 

+ ...  ad  inf., 

ios.(l+y)-r-5y' +=?•-,?'  + (S). 
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257,     Iiy  =  l,  the  serle=  (3)  of  the  picviisiw  article  is  equal  to 

'-J+S-J*- 

which  is  known  to  be  convergent. 

If  y—  - 1,  it  equals  -1-„-  =  -t...  which  is  known  to  be  i^veryi-nr. 

in  addition  therefiiiL:  to  bo"!:ia  true  IV'v  a'.i  vnhies  of ;/  between  - 1  and 
+  1,  it  is  true  for  the  value  y  —  l;  i;  is  not  however  true  for  the  value 
y=-l. 

258.     Calculation  of  logarithms  to  base  e. 

In  the  logarithmic  series,  if  we  put  y  =  1,  we  have 


■  a). 


If  we  put 
we  have 
log, 3 -log,  2  =  logfi; 


1_1    1      1    IX    1_ 

"2     2'23  +  3"2s     4'2*H 


If  we  put  y  = 

we  have 


r.«- 


/     1\_1_1  1    1  1^1 


(3). 

From  these  equations  we  could,  by  taking  a  sufficient 
number  of  terms,  calculate  loge  2,  loge  3,  and  loge  4. 

It  would  be  found  that  a  largo  number  of  terms  would 
have  to  be  taken  to  give  the  values  of  these  logarithms  to 
the  required  degree  of  accuracy.  We  shall  therefore 
obtain  more  convenient  series. 
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259.  By  Art.  25C  we  have 

^gsQ-  +  y)  =  y-^  +  iy'-^f  + (U 

and,  by  changing  the  sign  of  y, 

In  both  these  series  y  must  be  numerically  less  than 
unity. 

By  subtraction,  we  have 

loge(l+y)-loge(l-^)=loge~|  =  2[y  +  ^a+^  +  -'] 

(3). 

Let  V  =  T^n> 

where  m  and  n  are  positive  integers  and  m  >  n,  so  that 

1  +y  _m 

The  equation  (3)  becomes 

Put  m  =  2,  n  =  1  in  (4)  and  we  get  loga  2. 

Put  to  =  3j  n  =  2  and  we  get  log8  3  —  loge  2,  and  there- 
fore logB  3. 

By  proceeding  in  this  way  we  get  the  value  of  the 
logarithm  of  any  number  to  base  e. 

260.  Logarithms  to  base  lO.  The  logarithms  of 
the  previous  article,  to  base  e,  are  called  Napierian  or 
natural  logarithms, 
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We  can  convert  these  logarithms  into  logarithms   to 
base  10. 

For,  by  Art.  147,  we  have,  if  N  be  any  number, 
logBjr=log„JVxlog,10. 

,.logMtf=logetfx-L^ 

Now  log.  10  can  be  found  as  in  the  last  article  and 


Hence        logM  N  =  log„  N  x  "43429448. . . , 
so  that  the  logarithm  of  any  number  to  base  10  is  found 
by  multiplying  its  logarithm  to  base  e  by  the  quantity 
•43429448....     This  quantity  is  called  the  Modulus. 


EXAMPLES.     XLVI. 

Tr:>vo  i!iat 

,        1,  V,      ,        1         1         1 

,  (1+|+i+i+...y=1+(I+|+i+...y. 

5.    u+g  +  ),  +  ■■■ 


12  e  ii 

|5+il  +  f6+- 

44-' 

23     3»     4a 
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Prove  that 

ii,  kftj±?-»(.+^+^+ 

12.  log, 

13.  log,(l  +  3i  +  Sit2)  =  3a 

+(-ir- 

rovided  that  2a;  be  not  =>  1. 

14.  21oge;£-log,{I  +  li-lo8,(B-l)-i+^i  + 

15.  logt2 


'1  .2     3  .4     5  .  6T 


16.    loge2- 


'.  5      5  .  6  .  7 


17.  tane  +  5tanse  +  |tanse  +  ..;  =  ~l0g i tl,i!e<^. 

3  "  2        COs(<>  +  !)  4 

18.  If  0  be  >  ^  and  <jr,  prove  that 

(1)    sirje  +  gain3fl+|sin»e+...  aiiaf. 

ad  (2)     iBiE!e+jBin^+|Bm8fl+...adinE. 

r    .(   i^  .9   i.   ,.*        ,.  ,1 

=  2Lt3U   2  +  3tm2  +  5tan V-"*  mf'J 
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19.  If  tanE  ff<l,  prove  that 

tan2  0-- tan4  S+stan'fl  -  ...  ad  inf. 

=  Bin2e  +  y8ia4S  +  oSin,;e  +  ...  ad  inf. 

20.  Prove  that,  if  28  be  not  a  multiple  of  jt, 

log  cot  0=eos  20  +  s  coss  29  +^  cos5  20  +  ...  ad  inf. 

21.  Prove  that  the  eocfr-cisii:.  of  n:n  in  the  expansion  of 

{loB.{l+a!)l' 

^n+i—  a- 

22.  Use  the  methods  of  Arts.  259  and  260  to  prove  that 

log102=-S010S... 
and  log103=  "47712.... 

23.  Draw  the  curve  #=log,i. 

[If  x  be  negative,  y  is  inia;.'iniiry  ;  when  r  is  zero,  y  equals  -  =o  ;  when 
x  is  unity,  y  is  nothing;  when  .t  is  positive  and  -.-- 1,  y  is  always  positive  ; 
when  x  is  infinity,  jy  is  infinity  also.] 

24.  Draw  the  curve  //  =  \ogt„x  and  state  the  geometrical  relation 
between  it  and  the  curve  of  the  last  dajiiiiij!. 

[Use  Art.  147.] 

25.  Draw  the  curve  y-a1. 

261.  The  two  following  limits  will  be  required  in  the 
next  chapter  but  one. 

262.  To  prom  thai  the  value  of  (cos  -)  ,  when  n  is 
infinite,  is  unity. 

We  have  COS  -  =  ( 1-  sin--  J  . 


.    (0OB-j)*-(l. 


( 1  —  sin!  - 

L.  T. 
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Now,  by  putting 

we  have 

Lt  jl-sin2"!  Bf"'»=Lt{l+m}"  =  e.      (Art.  250,  Cor.) 
Also,  by  Art.  228, 


when  n  is  infinite. 

Hence,  when  n  is  infinite, 

cos  —     =  e°  =  1. 

Aliter.        This  limit  may  also  be  found  by  using  the 
logarithmic  series. 

For,  putting  (cos-)  =  to,  we  have 

logs  u  —  n  l°g*  cos  ~  —  ,."  '  '-'£-'  ('!K"  ~ 

=  |logefl-ains^J 

n  /  .  .  a     1   .  A  a     1   .  „ «         \ 

(Art.  256.) 
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The  scries  inside  the  bracket  lies  between  sin'--    and 
n 

the  series 

sin2  —  +  sin4  —  4-  sin6  —  +  ...  ad  inf., 
n  n  n 

i.e.  lies  between 

•  „  <* 
sina  — 

sin2  -   and  ■         , 

n  1-sin5- 

i.e.  lies  between  sin2-    and   tana-. 

Hence  —log -it  lies  between 

..,- sin- -    and    ■    tun2- (It. 

But 


(Art.  228.) 

Hence  in  the  limit  both  quantities  (1)  become  0,  so 
that  logu  becomes  zero  also,  and  therefore,  in  the  limit, 
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263.     To  prove  that  the  limiting  value  of 

when  n  is  infinite,  is  unity. 

We  have  shewn,  in  Art.  227,  that  sin  8,  6  and  tan  Q  are 
in  ascending  order  of  magnitude. 

Hence  sin-,-,   and   tan  - 

n  n  n 

are  in  ascending  order. 


are  in  ascending  order. 


Therefore  I  —   |    lies  bet- 
\  sin- 


ween  1  and  /  ^^  1  , .< 


that  |  — —   )    lies  between  1  and  (cos- J   , 


But,  by  the  last  article,  the  value  of  (cos-)   is  unity, 
when  n  is  infinite. 


Hence,   when   n   is   infinite,   the   value   of 
is  unity. 
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CHAPTER  XXII. 

COMPLEX   QUANTITIES.      DE  MOIVRE'S   THEOREM. 

264.  Complex  quantities.  The  quantity  a  +  yj—  1, 
where  x  and  y  are  both  real,  is  called  a  complex  quantity, 
A  complex  quantity  consists  therefore  of  the  sum  of  two 
quantities,  one  of  which  is  wholly  real  and  the  other  of 
which  is  wholly  imaginary. 

265.  A  complex  quantity  can  always  be  put  into  the 
form  r  (cos  0  +  V  —  1  sin  6),  where  r  and  &  are  both  real. 
For  assume  that 

x  +■  y  V^T  =  r  (cos  6  +  ■/  -  1  sin  d) 
=  r  cos  0  +  v  —  1 .  r  sin  8. 
Equating  the  real  and  imaginary  parts  on   the  two 
sides  of  this  equation,  we  have 

rcoB0  =  <E (1), 

and  r  sin  6  =  y (2). 

Hence,  by  squaring  and  adding,  we  have  ta  =  T?  +  y\ 
so  that  r  =  vV  +  y\ 
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It  is  customary  to  take  the  positive  square  root  of 
a?  +  y2  and  hence  r  is  known. 

From  (1)  and  (2)  we  then  have 

cos  0  =  --..  and  sin  0  =  -    9    ■■  . 

Vf  +  i/'  Va?  +  y* 

Whatever  be  the  values  of  x  and  y,  there  is  one  value 
of  8,  and  only  one  value,  lying  between  —  it  radians  and 
+  tt  radians  which  satisfies  these  two  equations. 

The  quantity  te  +  y  V—  I  can  therefore  always  be 
expressed  in  the  form  r  (cos  6  +  J  - 1  sin  8). 

Def.  The  quantity  +  Jafl  +  f  is  called  the  Modulus 
of  the  complex  quantity,  and  that  value  of  8  (lying 
between  -  it  and  +  it)  which  satisfies  the  relations 

cos  9  =  — j^=^=.  and  sin  8  =  — ---        - 
+  Vic2  +  if  +  ViB2  +  y* 

is  called  the  principal  value  of  the  Amplitude  of 

x  +  y*J~l. 

266.     Ex.  I.     Express  in  the  above  form  the.  quantity  1  +  ^1. 
Here  1  +  J-i  =r  (cos  e  +  J^l  sin  6), 


We  therefore  have        r=  +  ^/l  + 1  =  +  */2, 
and  theu  eoa  B  =  -^  and  ainfl^-K 


1+V-1-V»[«»j+V-Iiln2i 


so  thai  *J2  is  the  raodulu.j  and  '-'  is  tin:  pvlncipil  value  of  the  amplitude 
of  the  given  expression. 
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Ex.  2.     Quantity -1+^^$, 
Here  - 1  +  J~l  «/3  =  i-(«<w  0+  V^Isin  9 

o  that  reoa0=  -I.  and  rsinfl  =  ^/3. 

□d  then  cosfl=  -  =  and  sin0=^j-, 


Ex.3.     Quantity  -l-^Z-3. 

Here  j-qos<?=-1,  and  rsin0=: -V3, 

sothat  c=  +  ^  +  S=+3,  eoB*=-i(ma   ninfl=-^. 

Hence  (since  we  choose  for  6  that  value  which  lies  between   -  7r  and 

♦.)-.».  ..-£. 

...   -,-^-.[-(-¥)«-.(-t)]. 

267.     In  Art.  265  the  equations 

cos  <?  =  - — -■  and  sin  $  =  — .." 

+  vV  +  f  +Va?  +  tf 

are  satisfied  by  more  than  one  value  of  8.  For  the  cosine 
and  sine  of  an  angle  repeat  the  same  values  when  the 
angle  is  increased  by  any  multiple  of  2?r  radians,  so  that, 
if  8  denote  the  value  between  -  ir  and  +  tt  satisfying  the 
above  relations,  the  general  solution  is 

2mr  +  8, 
where  n  is  any  integer. 

This  is  expressed   by  paying  that  the  amplitude  of  a 
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complex  quantity  is  many-valued.  The  principal  value 
is  that  particular  value  of  the  amplitude  that  lies  between 
-  tt  and  +  7T. 

If  to  the  principal  value  of  $  we  add  any  multiple  of 
27T  we  obtain  one  of  its  many  values. 

To  sum  up;  If  6  be  that  value,  lying  between  —  it 
and  +  ir,  which  satisfies  the  equations 

cos  6  =  ~j=  and  sin  &  =  —=d= (1), 

ViKa  +  if  vV  +  -if- 

then 

x + y  V^l  =  */a?  +  tf  [cos  (2mr  +  0)  +  J~^l  sin  (Iwrr  +  &)]. 
The  quantity  Inir  +  6  is  called  the  amplitude  and  B  is 
called  its  principal  value. 

For  brevity  we  often  write  equations  (1)  in  the  form 

tan0  =  ^,  i.e.  0  =  tan-1^, 

but  it  must  be  understood  that  here  the  angle  denoted  is 
the  one  that  satisfies  the  conditions  (1). 

268.  De  Moivre's  Theorem.  Whatever  may  be 
the  value  of  n,  positive  or  negative,  integral  or  fractional, 
the  value,  or  one  of  the  values,  of 

(cos  0  +  J  —  1  sin.  0)n  is  cosn8  +  J  —  l  sin  n&. 
Case  I.     Let  n  be  a  positive  integer. 
By  simple  multiplication  we  have 

[cos  a  +  -J  -  1  sin  a]  [cos  $  +  V^l  sm  £] 
=  cos  a  cos  0  —  sin  a  sin  0  + "/  -  1  [sin  a  cos  0  4-  cos  a  sin  0] 
=  cos  (ft  +  0)  +  -/^i  sin  (a  +  0). 
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So 
[cos  «  +  V"^l  sin  a]  [cos  0  +  ■/  ^1  sin/3]  [cos  7  +  V  ~  1  sin  7] 
=  [cos  (a  +  0)  +  V  - 1  sin  (a  +  £)]  [cos  7  +  V  -  1  sin  7] 
=  [cos  (a  +  0)  cos  7  —  sin  (a  +  0)  sin  7] 

+  V  — 1  [sin  (a  +  £)  cos  7  +  cos  (a  +  0)  sin  7] 
=  cos  (a  +  0  +  7)  +  V~^l  sin  (a  +  0  +  7). 

This  process  may  evidently  be  continued  indefinitely, 
so  that 
[cos  a  -f  V  —  1  sin  a]  [cos  0  +  V  —  1  sin  0]  [cos  7  +  V  —  1  sin  7] 

to  ?i  factors 

=  cos  (a  +  0  +  y+  ...  ton  terras)  +  V— 1  sin  [a +  ,8 +  7+... 
to  n  terms]. 
In  this  expression  put 

«  =  £  =  7= -ft 

so  that  we  have 

[cos  6  +  V^l  sin  6f  =  cos  n&+  J^l  sin  n0. 
Case  II.    Let  n  be  a  negative  integer  and  equal  to 
—  m. 

We  have,  by  the  ordinary  law  of  indices, 

(coa  0+V^T  sin  0)"  =  (003  0  +  ^^1  sinfl)-™ 
1  1 


(cos  0  +  V  —  1  sin  8)m     cos  mB  +  V  —  1  sin  m# ' 
_  byCk 

cos  m$  —  V  —  1  sin  m# 
(cos  mQ  4-  V  —  1  sin  mfl)  (cos  m^  -  •J  -  1  sin  m0) 
cos  rn9  —  "J  —  1  sin  « 


cos2  mfl  +  sin; 
=  cos  (-  m)  0  +  V^l  sin  (-  m) 
=  cos  n$  +  V  —  1  sin  »ft 


=  cos  m#  —  V  —  1  sin  m# 


,GoosIe 


314  TRIGONOMETRY. 

Case  II].     Lei  n  be  fractional  and  equal  to    -,  where 
2 
q  is  a  positive  integer  and  p  is  an  integer,  positive  or 
negative. 

By  the  previous  cases,  we  have 

cos  -  +  V^~l  sin  -     =  cos  ( q .  -J  +  V^T  sin  (q .  -J 

=  cos  0  +  V^l  sin  8. 

'flu.:: ■(■fore  cos-4- V—  1  sin  -  is  snub  that  when  mulii- 
q  q 

plied  by  itself  q  times  it  gives  cos  0  +  V  —  1  sin  8. 

Hence  cos  -  +  V  -  1  sin     is  one  of  the  oth  roots  of 
1  1 

cos  0  +  V  —  1  sin  6, 

0  ,—  .  0 
i.e.  cos  — h  V  —  1  sin  - 

2  2 

is  one  of  the  values  of 

(cos  9  +  J^l  sin  6)q . 
Raise  each  of  these  quantities  to  the  pth  power. 
We  then  have  that  one  of  the  values  of 


[cos  0+ V- 1  sin  01s  is  (cos-4   .       ,...,, 
L  J        V       q  q) 


W-l  ! 
\      q 


269.  The  quantity  i  is  always  U8ed  to  denote  V  —  1 
and  will  be  often  so  used  hereafter.  The  expression 
cos  8  +  i  sin  8  therefore  means  cos  0  +  V^l  sin  0. 
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Ex.  1.    Simplify 

;f;.vS.5-:.iB-in.3*)M«o»fl 

(cue  50  +  isi'«50)r  (cos 2B 

Wo  jiiivc 

oos80  +  fBin3fl  =  (oosfl 

OOsff- 

Binfl  =  OOB(-S)+iBhl(- 

cos50  +  jsin50  =  (<sos6 

E-3         COS  20 -J 

in2e  =  coa(-20)  +  isin( 

The  given  expression  therefore 

(cosO  +  iKii.  Or"  .,■.■< 

leos'J  +  isin  tfPicoK  > 

=  fooSfl  +  i3iner13-co 

f;x.  2.    1/ 

2e<w0  =  a:  +  -  (OidScc 

■oce  I/w( 

%cot(ia6  +  n<l>)=tfnyI 

Wl:    l',:\Vi! 

^-2*008  6  = 

.-.    (s-oosflj'^-l+oo 

t™J"- 


s™</» 


=  oos  (mfi  +  mf)  +  i  sin  (me  +  n^) 
+  cos  (mfl  +  wt>)  -  i  sin  {mfl  +  ntf.) 
=  2co5(m0  +  )i#|. 
Similarly  it  could  be  shewn  that 
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Ex.3.    If      >ina-i-ii!ip+*iny=co**+coap  +  a>ty=0, 
prove  that  cos  3a  +  cos  3£  +  cos  37  =  8  cos  {a  +  p  +  y), 

and  sinSa,  +  sm3p  +  sin3y=Ssin{a  +  p  +  y). 

This  :h  ;lh  cviLiiiplo  of  the  innriy  L i-I.l: ; '  1; ■:; :ti -l- :.  1  ■  ^ ■; a  1  id;:u'..;L: ■.';■■  whirli  ere 
derived  from  aL^i/uruicr'.]  iiknl-iiii;*. 

For  we  know  that  if  a  +  b  +  c  —  O, 

then  a3  +  i3  +  c3  =  3afe, 

Let        a  =  cosa  +  isina,  6  =  cos  ,3 +  i  sin  ,9,  unci  e  =  eos7  +  i  sin 7, 
bo  that  we  have  a+1/+o-0, 

.:    (ooa0  +  isinn)s  +  (eos^  +  ism^]s4-(coB7  +  !Bin7)3 
=8(ooaa+i8ino)(ooa/!+idnP)[oos7+i»mT). 
so  that,  by  I)c  Moivre's  Thuyica:, 

(ooa8ii+ooa8(S+oo8  37)+i(Bin3o+raiS^+Bin37) 

Heneo,  by  equaling  teal  and  iinn.ain.iry  parti,  we  have  the  required 


EXAMPLES.    XLVII. 

1'i.u  into  the  form  r  (cos;  0  !  i  sin  i'j  ihc  quamhio-s 


1,     1  +  i. 

4.    3  +  4i, 
Riaii>!  1  'y 

2. 
5. 

infl)" 

-1-i.                       3.     -J'A  +  i- 
l+J2  +  i.                  6.    2-V3  +  i. 

dnpt 

7"     (cosa  +  is 

rtnl^oo 

Ur     (cos?  + 1  sin 7)  (cos  S  + is 
;30  +  isin30)~s 

inS) 

0-       (COS40  +  i: 

inn  6  J 

3  50-isin50)-«' 

(eoao  +  Uiria)4 
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13.  Prove  that 

■*■■«•  -*—  (i-)+""(H- 

If  x,  y,  t  and  u  stand  respectively  for 

prove  thru 

14.  „+»,„+^4„^„^[o..'-±to±' 

Ufain°+g+T±j1 
2         j. 

2  J' 

17,  From  t-Li;  iil.;i.LJi,v 

(«»-S«)  («»- (p)^*- !*)(«'- #>  +  («»- o«){l»-«P) 
prove,  by  patting  n  =  0O3  a  +  isiu  a  and  similar  expressions  Cor  the  other 
letluio,  the  identity 

■in(«-j8)Bin(7-*)='Biii(«-»)Bto(y-/S)  +  aai(B-T)BinOJ-*). 

18,  From  the  identity 

Q-bHs-c)       f- C)(»-a)       (*-.»)(*-&) 

((l-6)(n-C)  +  ((.-C|(6-(1;)'f'(C-o)(<;-6) 
deduce,  hy  assuming  »=cob  20  +  i  sin  28  and  corresponding  quantities  for 
«,  6,  and  c,  that 

i}  +  two  similar  expressions =0. 


smta-ftsiata-Y)' 
Similarly,  deduce  identities  from  the  identity 

1 1  _  1 
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19.  Prove  that 

(a  +  6i);r  +  (a-6i)"=2fa.a  +  6aP'cosf-tan-i:-y 

20.  I*  2cos0  =  s  +  --, 
prove  that                              2  eos  rS  =  xr  +  —  . 

21.  If  !eo.»-*+i,  !oo.*  =  s+i, 

prove  that  2coa  (0  +  #  +  .,.)=aj«„.  +— = — , 

22.  If  «,=oo.J+Vrl«»|,; 
prove  that                     a, .  x„ .  x3.  ...  ad  inf. —  ens  m 

23.  Using  De  Moivrc's  Theorem  solve  the  equation 

270.     In  Art.  269  we  have  only  shewn  that 

cos     +  ... /  -  1  sin  - 
q  q 

is  one  of  the  values  of 

(cos  0  -f-  V  - 1  sin  8)q. 
The  other  values  may  be  easily  obtained.     For 

{cos  8 + V^T  sin  $)*  =  [cos  (2»wr  +  B)  +  J~-i  sin  (2»ir+  8)f  _ 
where  n  is  any  integer,  and  one  of  the  values  of  the  latter 
quantity  is 

2ktt  +  8        , — -    .     2nw  +  8 

cos  — h  J  —  1  sin —  . 

9  J 

By  giving  re  the  successive  values  0,  1,  2,  3,...  (<j—  1), 
we  see  that  each  of  the  quantities 

8      i—^.8 
cos  -  +  V  —  1  sin  -  , 
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s V  J  —  1  Bin 

t  5 


-+J=1> 


is  equal  to  one  of  the  values  of 

(cos  0+^1  sin  0)*. 

The  highest  value  that  we  need  assign  to  n  is  q  —  1 ; 
for  the  values  q,  q+  1,  q+  2,..,  will  be  found  to  give  the 
same  result  as  the  values  0,  1,  2,.... 

Also  no  two  of  the  quantities  (1)  will  be  the  same. 
For  all  the  angles  involved  therein  differ  from  one  another 
by  less  than  2-jt  and  no  two  angles,  differing  by  less  than 
2?r,  have  their  cosines  the  same  and  also  their  sines  the 
same. 

To  sum  up;  By  giving  to  n  the  successive  values 
0,  1,  %  ...  q  —  1  in  the  expression 

2nw  +  d        , — -    .     2nw  4  0 

cos h  J  —  1  sin — — 

2  2 

we  obtain  q,  and  only  q,  different  values  for 


(cos  0  + „/-l  sin0)9. 


271.  By  the  use  of  the  last  article  we  can  now  obtain 
trigonometrical  expressions  for  any  root  of  a  quantity  of 
the  form  x  +  yi. 
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320  TRIGONOMETRY, 

For  we  proved  in  Art.  267  that 
x  +  yi=p  [cos  (2?wr  +  8)  +  J  - 1  sin  (2fwr  +  8)\ 
where  p  =  +  Jxs  +  y\ 

and  8  is  such  that 

y 


cos6  =-  and  

P  P 

Hence 

(x  +  yiy  =  pq    cos hsT-^l  si 


2)J7T  +  ffl 


.By  giving  v.  in  succession  the  values  0,  1,  2,...  q  —  1, 
we  obtain  the  j  required  roots. 

272.     Ex.  1.     Find  the  values  of 
We  have 

(„;w^j)*-[»(~+!)+^-.(.-*J)]i. 

where  n  is  any  integer, 

Giving  n  in  sueccsi-ioii  t;is  '■■■■  'ucs  0,1,2,  end  3  we  have  as  our  answers 
the  quantities 


VAir        ,—   .     1ST  , 


-"E^   /-T^IL* 


The  student  will  cote  that  the  value  «=4  will  not  give  us  an  additional 
value.    For  it  gives 


,(2,  +  5)W-l.in(2.  +  5) 
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which  is  the  same  as        cos  £  +  J~l  sin  i , 

and  this  is  the  lirsi  of  liio  <.|ua,iit.itl«s  ^".laidy  found.  Similarly  the  values 
n=5,  «=6,  it=7  would  only  Rive  vt^p.'c-.ivcly  th«  n;m;  lining  three  quan- 
tities, and  so  on. 

Ex.  2.     Fiiirf  aiZ  ffe*  values  o/(-  1)^. 

Since  oostt=-1|  and  sinir  =  0, 

we  have  (-l)^  =  (eosir+ V^sinirji 

_       2njr  +  ir       /— j-  .   2b-jt  +  x 
Giving  n  the  values  0, 1,  and  2,  the  required  values  are 
eosg  +  v'-lsing,oos7r+v'-lsin7r,   and  eoa^-  +  J -lsm-^, 

EXAMPLES.    XLVHI. 

Find  all  the  values  of 

1.     1*.  2.    (-D*.  3.    (-i)*. 

4,     (-1)*.  5.     (1  +  n/~D4.  6.    (W=3)¥. 

7.  a-V^A     8,   wa+V3!)*-        9-  U/a-V^I)*. 

10.  lei  11.  32i  12,   fi+Vza)10+(i-v'~3),L'- 

13,    Simplify  I  eos  -g-+i8ra  —  I4 

iii.id  express  the  results  in  a  form  iri-t;  I'ron  tti:Tonomcli,:i!>Ll  expressions. 
14     Find  the  continued  product  of  the  four  values  of 

15.  Prove  that  the  roots  of  the  equation  .r^  +  ll^-l^O  are 

16.  Solve  the  equation  £12-1=0  and  find  which  of  its  roots  satisfy 
the  equation  a^  +  s*  +  l=0. 

L.  T.  21 
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17.    Prove  that  Z/a  +  h~i+  $a  -  it 

has  n  real  values  and  find  those  of 

IS.    Prove  that  the  it  nth  roots  of  unity  form  a  series  in  g.p. 
19.     Find  the  seven  7th  roots  of  unity  and  prove  that  the  sum  of  their 
nth  powers  always  yumshcn  unless  ra  bo  a,  multiple  of  7,  n  heing  an  integer, 

and  tl.at  then  the  sum  is  7. 

273.     Binomial  Theorem  for  Complex  Quantities. 

It  is  known  that  for  any  real  values  of  n  and  z,  provided 
that  s  be  less  than  unity,  we  have 

o+g.i+,+;fcia,,+-fr-1fi-'>,+... 

a). 

When  z  is  complex  (=ts+y  V  —  1)  and  n  is  a  positive 
integer,  the  ordinary  proof  applies  and  the  theorem  (1)  is 
still  true. 

When  s  is  complex,  and  w  is  a  fraction  or  negative,  it 
can  be  shewn  that 

1+w  +  ^j^-W (2) 

is  one  of  the  values  of  (1  +  z)n,  provided  that  the  modulus 
of  z,  i.e.  Ja?  +  y!,  is  less  than  unity.  When  this  modulus 
is  equal  to  unity,  the  theorem  is  only  true  (1)  when  n  is 
positive,  and  (2)  when  n  is  a  negative  fraction  and  3  is  not 
equal  to  —  1. 

The  proof  is  difficult  and  beyond  the  range  of  the 
present  book.  We  shall  therefore  assume  the  result. 
The  student  may  hereafter  refer  to  Hobson's  Trigo- 
nometry, Arts.  211  and  212. 
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CHAPTER  XXIII. 

EXPANSIONS   OF   Bland   AND   C08 710.      SERIES  FOR   sin  6 
AND    COS  8   IN    POWERS    OF    8. 

274.     By  the  use  of  De  Moivre's  Theorem  we  can 
obtain  the  expansion  of  cos  n8  and  sin  n.8  in  terms  of  the 
trigonometrical  functions  of  8. 
For  we  have 

cos  n8  + 1  sin  n9  =  (cos  d  +  i  sin  $)\ 
Since  n  is  a  positive,  integer,  the  Binomial   Theorem 
holds  for  (cos  9  +  i  sin  8)\ 

Hence,  by  expanding,  we  have 

cos  n8  +  i  sin  n8  =  cosa8  +  n  cos'1-1 8 .  i  sin  8 

+  ^~      t  cos11"2 0.  i^sin* 6+    x        "  -  cos"-*0.t»sra*0.. . 

Hence,  since 

we  have 

cos  nd  +  i  sin  n8  =  cos"  8  -  ^^  cos"-^  8  srna  0 

+.(-iff-y->.^,+... 


'[- 


'  ta«- »("-1H«Tl) cos"  6  At  e  +  .. 
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B}'  equating  roal  and  imaginary  parts,  we  have 
cos  m#  =  cos"  f? -L — ~ eos'i-"61sm'J#  + (1), 


sin  nB  =  n  cos""1  6  sin  6  -^    -1! &L_U  cos"-"  0  sin"  5 

it(»-l)(«-8)(i»-8)(n-4)      „  p.   .  „.  ,_. 

+        1   2   3   4   5  /cos"-'g3Hi'fl- (2). 

The  terms  in  each  of  these  series  are  alternately 
positive  and  negative.  Also  each  series  continues  till  one 
of  the  factors  in  the  numerator  is  zero  and  then  ceases. 

275.  From  equations  (1)  and  (2)  of  the  last  article 
we  have,  by  division, 

........  a  _sin«0 


71     "(""1)co— 'Pain'e  ■  "{"     'H,"-;-)l""!i|e0--'g-in^. 


Divide  the  nnmeralor  and  denominator  of  the  right- 
hand  member  of  this  equation  by  cos"  8,  and  we  have 
tan  n#  = 

1.2  |4 

276.     The   value*    for   mavO  and  sin  »fl  in  Art.  274  may  also   be 
obtained,  by  Indue  Lion,  without  the  ose  of  imaginary  quantities. 
For  assume  (1)  and  (2)  to  be  true  for  any  value  of  n.     Then,  since 
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ira  obtain  thst  value  of  oos  (11  +  1)  0,  wjiieh,  svfu'V  roni'van  foment,  is  found 
to  be  obtained  from  j  I )  liv  changing  n  into  {»  +  l). 

Similarly  (or  eio(n  +  l)9. 

Hence,  if  the  formula;  (1)  und  (2)  ave  itue  lot  ons  value  of  «(  they  are 
true  for  the  nest  greater  value. 

But  it  is  easy  to  shew  that  they  arc  irao  for  the  valnes»  =  3  and  n=3. 
Ilt'iicc,  liy  Lidiuaion,  1'iey  Ci~n  ho  proved  to  Ik'  tri;c  for  all  valued  of  ». 

277.     From  De  Moivrc's  Theorem  may  be  deduced 
expressions  for  the  sine,  cosine  and  tangent  of  the  sum  of 
any  number  of  unequal  angles  in  terms  of  the  tangents  of 
these  angles. 
For  we  have 

cos(a  +  /3  +  7+  ...)  +  *em  (a +  #  +  ?+...) 
=  (cos  a  +  i  sin  a)  (cos  f3  +  i  sin  #)  (cos  y  +  i  sin  7). .  .(1). 
Now         cos  a  +  *  sin  a  =  cos  a  [1  +  i  tan  a], 
cos  fi+i  sin  &  —  cos  /3(1  +*tan#), 


Hence  (1)  may  be  written 

cos(«+£+y+  ...)  +  tBin(«  +  /S  +  7+...) 

=  cos  a  cos  y3  cos  y...  (1  +  itan  a)(l  +  itsm0)(l  +  itan  7)... 
=  eosacoS|Scos7...[t  +  i (tan a.  +  tan  /?  +  tan 7  +  ...) 

+  i"(tan  atan/3  +  tan 0  tan 7+  ...) 

-hr(tanatan/3ti.ui74-tan/3tan7tanS...) 

+ ) (2)- 

Using  the  notation  of  Art.  125.  this  equation  may  be 
written 

cos  («  +  j3  +  7  +  . ..)  +  isin(«+  #  +  7+  ...) 
=  cos  a  cos  /3  cos  7  . . .  [1  +  is^  —  Sj  —  iss  +  st  +  iss  —  s6 . . ,] 
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Hence  equating  mil  and  imaginary  parts,  we  have 
sin(a+,S+7...)=cosacos/3cos7...[Si  — ss+s5— Sj...]...(3); 
and 
coa(a+1S+7...)  =  cosacos/3cos7...(l  -s3  +  s4~- se...)...(4). 

Hence,  by  division, 

ta(«+p+7  +  ...)-i^±^-;...(5> 

The  signs  in  t-ho  expressions  on  the  right  hand  of  (3) 
and  (4)  are  alternately  positive  and  negatrre. 

The  relation  (5)  was  shewn,  by  Induction,  to  be  true 
in  Art.  125. 

278.     Ex.      /')'.■:■■>■,;  tim!  Ii'i,-  equation 

a?coiis8  +  b*siriie  +  2fiacose  +  2fb${n6+i;  =  0 
has  i  roots,  and  that  the  mm  of  the.  valine  of  0  which  satisfy  it  is  an  even 
iiiuliipii!  of  tt  radians. 

Let  f  =  tan  = . 

2tang         _  l-tan2| 

l  +  tans5  l  +  tans  = 

1  !■■;■■  iiijnat'on  above  becomes 

or,  on  reduction  and  simplification, 

ti(a^-2ga  +  o)  +  ifW  +  e[ib--2a--V'iu)  +  ifbt  +  ai  +  2jia-hc  =  <i fl). 

This  is  an  oiainLiim  luivi:)^  i  iiicts. 

Also  s,  =  sum  of  the  roots  =  -    = — % , 

a?-'Zga  +  e 

s„  =  sum  taken  two  at  a  tlme  =  — = — „ , 

*  o?-1ga  +  c 

«5=snm  taken  three  at  a  time=  -    .,   ■■— -       , 
and  Sj  =  sum  taken  four  at  a  time=  -,r   ""  -      ■  . 
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EXPANSIONS   OF   SIN  rt9  AND   COS  nd. 
Since  s1  —  ss,  h  lolknvs,  by  [he  k.-ii-  aniele,  that 

T:l.-  dcnoir.ii.'.atf.ir  1  -.-;  -  s4  docs  not  vanish  unless  a'--  L-.'_ 


i  multiple  of  w  radi: 

EXAMPLES. 

XLIX. 

Prov< 

i  that 

1.    o 

38  40  =  003*0- 

6cos3  0sin20  +  si 

a**. 

2.    » 

in 60  =  6003'  ( 

i  sin  0-20  cos"  fl  s> 

.ns  fl  +  6  oos  S  sin' 0, 

3.    s 

ic70  =  7eos«< 

'sin0-35cos''0s 

ina  0  +  21  cos2  Oem5 

Write  down,  in  terms  of  tan  S,  the  values  of 
6.    tan  50.  7.     tan  70.  8.     ta. 

9,    Prove  that  the  last  terms  in  the  expre: 


-11 01 


10.  Prove  that  the  last  terms  in  the  expres 
are  -  8  cos  8  sin7  6  ami  sin1,  0  respectively. 

11.  When  n  is  odd,  prove  that  the  last  ti 
sinnfl  and  cos?i0  are  respectively 

(-lp'sin**  and  n(-l)Toc 

12.  When  n  is  even,  prove  that  the  last  • 
sin  iifl  and  cos  nd  are  respectively 


13,    If  n,  /S,  and  y  be  the  roots  of  the  equation 
x^+px1  +  ga  +p  —  0, 
prove  that  tan-1  tt  +  tan-'jS  +  tan-17=jiir  radians, 

except  in  one  particular  ease. 


is  fur  sin  fie  and  sin  'JO 
;  in  the  yspatii-irir.^  pi' 


a  the  expansion  of 
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14.  Prove  that  the  equation 

has  sis  roots  and  that  the  sum  of  the  six  values  of  8,  which  satisfy  it,  is 
equal  to  an  even  multiple  of  ^radians. 

15.  Prove  that  the  equation 

aft  seo  8  -  bk  cosee  8  =  «2  -  b1 
lias  four  loots,  and  that  the  sum  of  the  four  values  of  6,  which  satisfy  it, 
is  equal  to  an  odd  multiple  of  t  radians. 

16.  If  n,  ft  7i...  be  the  roots  of  the  equation 


EXPANSIONS    OF    THE   SINE   AND    COSINE    OF   AN    ANGLE    IN 

SEKIES  Oi'  ASCENDING  1'OWERS  OF  THE  ANGLE. 


279.     As  in  Art.  274  we  have 


+ 

»l 

;«-l)(n-S)< 

—  3) 

1.2.3.1 

Put  ti$  = 

'«, 

and  we  have 

cos  a  =  cos" 

a 

5S-1)  , 

"9  sin- 

'6-) 

1.2       °°" 

.(»-g)(.-29)(a 


1.2.3.4 


cos"""3  #  ( 
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SIN  a   AND    COS  a    EXl'ANDKJ)    IN    A    SEHIES.  329 

In  equation  (1)  make  8  indefinitely  small,  a  remaining 
constant  and  therefore  n.  becoming  hidi:rmitr.;Iy  great... 
sin  0  . 

every  power  of  (--«)-    (Art.  263.) 

Also  cos  8  is,  in  the  limit,  equal  to  unity  and  so  also  is 
every  power  of  cos  8.     (Art.  262.) 
Hence  (1)  becomes 

a3      a*      a6 


280.     To  expand  sin  a  in  terms  of  a. 
As  in  Art.  274,  we  have 


sin  nB  =  n  cos-1 8  sin  8  -    v        2/v3      '  cos"-3  8  sins  8  + . . . 
As  before  put  n8  =  a,  and  we  have 


a  .-■ « 


OS- 

.2. 


sin  a  =  -j.  cos"-1  #  sin  8  —  '   " '-  cos"-3  8  sina  f 


V 

—  cos"-5  0  sin6  (? . . 


As  in  the  last  article  make  8  indefinitely  small,  keeping 
x  finite,  and  we  have 

sin  a  =  a  - 
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281.  There  is  no  series,  proceeding  according  to  a 
simple  law,  for  the  expansion  of  ta.it.  9  in  terms  of  9, 
similar  to  those  of  Arts.  279  and  280. 

We  shall  find  the  series  for  tan  0  as  far  as  the  term 
involving  #6. 


For  tan  8  - 


6^120 


I?       I* 


+  U      24'" 
by  the  Binomial  Theorem, 

(.$•«•  \  f,      *■      f  f 

-('-8+IiO— ■)L1+!"M-+*" 

neglecting  0"  and  higher  powers  of  9, 

-('-?+Tas-")(1+T+H""-) 


-*+7 


r15" 


on  reduction  and  neglecting  powers  of  8  above  95. 

A  similar  method  would  give  the  series  for  tan  9  to 
as  many  terms  as  we  please.  The  method  however  soon 
becomes  very  cumbrous  and  troublesome. 

282.  In  Arts.  279  and  280  we  tacitly  assumed  that 
a  was  equal  to  the  number  of  radians  in  the  angle  con- 
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not  unity  when  0  is  made  indefinitely  small. 

When  the  angle  is  expressed  in  degrees  we  proceed  as 
follows. 

Let  a.°  =  x  radians,  so  that 

180  =  ^' 

and  hence  x  —  njj?* 

Then  cos  a"  =  cos  x" 


=  1- 


16" 
1    ir»tf>       1 


|2  180?  ^[4  180"      j6  180" n  '"" 
So  also 

.       „         .  Xs       x5 

Bin  a  =  sm  of  =  x  —  75  +  7^  . . . 

_  Tra        1  /  -jra  y       1  /  ira  y 
_180~]3U86'  +j5^180j   "■' 

283.     Sines   and   cosines    of  small   angles.     The 

series  of  Arts.  279  and  280  may  he  used  to  find  the  sines 

and  cosines  of  small  angles. 

For   example,  let  us  find  the  values  of  sin  10"  and 
cos  10". 


_r    7T   v 
-  \6480oj  ' 
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we  have 

sin  10" 


64800      13  '..(UNDO/ 


15  \G4-moJ 

and  CoS10^1-A(_^.)3  +  ^_^_J_... 


Now 


164800J=,000°000023504- 


d  hrn^O  =■000000000000113928..., 

V64800/ 

Hence,  to  twelve  places  of  decimals,  we  have 

sin  10"  =  -000048481368, 

,                            ,n„      ,      '0000000023504 
d  cos  10"  =  1 s™ — 


-•000000001175 


284.  Approximate  value  of  the  root  of  an 
equation.  The  series  of  Art.  280  may  also  be  used  to 
find  an  approximate  value  of  the  root  of  an  equation. 

The  method  will  bo  host  shown  by  examples. 

Ex.  1.     If' — — ■  —  -  '-"  ,  proa:  tihil  the  un-jle  6  i.-  very  uc-trly  equal  Co 

Y^(7i  radian. 

We  know  that,  the  smaller  8  is,  the  more  nearly  is  — —  equal  to 
unity.     Conversely  in  our  ease  we  see  that  9  is  small. 
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In  the  series  for  sin  8  (Art.  230)  let  vis  omit  the  powers  of  9  above  the 

third,  ar.d  we  have 


Hence  #  =  -p  ,  so  that  the  angle  >:~     _  of  a  rcdiau  nearly. 
If  we  desire  a  nearer  ;ii(|>ro.\iniatii)ii.  we  laltfi  the  series  for  sine  and 
omit  powers  above  the  Gth.    We  then  have 


$  1350' 

This,™  ,.„..«.-» 

Flenoe,  iiy  solving, 

1-00032 


^22460  _  ISO- 149-933318. ..  _  -066688 


TViis  dil'ruvi  Icon  the  lirsi  .ippro-nmation  by  about  ,„„nth  part. 
Ex.  2.     Solve  «;.i,.-i-.i'u.cii,i!-:i!f?,y  .'<•(■  equation 

-(»♦•)-* 

Since  -49  is  very  nearly  equal  to  T ,  which  is  the  value  of  cos  -  ,  it 

follows  that  6  must  be  small, 
TIlo  i:]".ir.i";::.i  nnj  ije  written 

For  a  first  approximation  omit  squares  and  higher  powers  of  B.    By 
Art.  280  this  equation  then  becomes 

2  '         2    '        2      100 ' 


•••»). 
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For  a  3till  nearer  approximation,  omit  cubes  and  higher  power: 

The  equation  (1)  then  beoom.es 

1  (l     *\      ^3fl      1        1 

i  V     ay    "a      a    100' 


_^  +  *£j°*=-0115086...  radian. 


Tin;  iirs,l  approximation  is  therefore  correct  Lo  -i  pluees  of  decimals. 

The  cngls  0  is  -hyrefove  very  nearly  equal  to  -0115  radian,  i.e.  to 
about  40'. 

The  accurate  answer  is  found,  from  the  tables,  to  be  -0115075... 
radian. 

285.  Evaluation  of  quantities  apparently  inde- 
terminate. We  often  have  to  obtain  the  value  of  quan- 
tities which  are  apparently  indeterminate. 

Suppose  we  required  the  value  of  the  expression 
3  sin  0  -  sin  30 
0  (cos  0- cos  30)' 
when  9  is  zero. 

If  "we  substitute  the  value  0  for  6,  we  have 
0-0 

b  x  o' 

which  is  apparently  indeterminate. 

The  expression  however,  for  all  values  of  $, 
__    3sinr?~(gsin<9-4sui3i9)   _  4  sins<? 

~~  6  (cos  $  -  (4  cos'0  -  3  cos  6)}  ~  6  {4  cos  8  -  4  cos30} 
sin'0       _  einf?   _     1        sin  0 
f?cos#sin-#     0  cos  (9     cos  8        0 
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Now,  the  smaller  0  is,  the  more  nearly  do  both 


1 


and 


SIM   0 


approach  to  unity.     Hence,  when  9  is  actually  zero,  the 
given  expression  =  1x1  =  1. 

Such  an  expression  as  the  one  we  have  discussed  is 
said  to  be  indeterminate.  We  should  more  properly  say 
that  the  expression  is  "  at  first  sight "  indeterminate. 

286.  In  many  cases  the  real  value  is  very  easily 
found  by  using  the  series  for  sin  8  and  cos  8.  The  method 
is  shewn  in  the  following  examples,  of  the  first  of  which 
the  example  in  the  preceding  article,  is  a  particxilar  case. 


Ex.  I 

<..    Find  the  value  of 

n  line- tin  nS 

Thet 

*pr«*ion                ';'    '   ''       "'"' 

"(*-i?+r'""-)"r"TF+T--) 

»[(1-l+|i-')-(1-iF+1i-)J 

— jo~~  S' p — tfJ  — higher  powers  of  (i 

8  r^_- ea- -jj—  #'  + hifiher  powers  of  f\ 

— p- r=— 02  +  higher  powers 

— .  —  92  +  higher  powers 

ro,  this  expression 
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Ex.  2.     Find  tin:  ralt'.e,  uiieit  ,e  Is  zero,  11/  the  expres: 
cwx-log,,(l  +  x)+>dnx-l 


and  e"-l  +  x  +  ^  +  Ttt  +  tt  ■■■  (Arts,  253  and  256), 

this  expression 

-T77  +  higher  powers  of  z       -  j^-  +  powers  of  x 
\£ If 


When  x  is  zero,  this  Mloi-  expression 

Ex.  3.     Find  the  mine,  alien  3;  is  zero,  of 
ftanx\a 

When  x  is  aero,  this  expression  is  of  the  form  I  ^  J 


But  it  also  =  I j       (Art.  281], 

Now,  by  Art.  250,  the  value  of 


The  value  of  the  expression  may  be  ais..  found  by  finding  the  value  of 
its  logarithm. 
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SINES   AND   COSINES   OF  SMALL   ANGLES. 
EXAMPLES.     L, 
11  e      1014' 

prove  that  S  is  the  n archer  of  rinuans  in  4°  24'  nearly. 

prove  liiiit  0  if,  c;n'.al  to  -i';  47'  r.?:arly, 

Bjn_e     5045 
dl    -11  0        6046' 

prove  that  the  angle  S  is  1°  58'  nearly. 

*■  0  2106' 

prove  that  0  is  equal  to  3°  1'  nearly. 

to*  _  18493 

0i  0     -  19494' 

prove  that  6  is  equal  to  1°  nearly. 

6.    If  tan3=i, 

find  an  approximate  value  for  9. 

Find  the  value,  when  x  ia  zero,  of  the  expressions 


e*~l +108.(1 -g) 
sin  x  +  sin  Sx  -  Ix 


V  tan  ate -a 

4tan  6a 

x'.apj.l+r 

) 

1-COSE 

#  +  2sinz- 

■sin  3s 

z  +  tans- 

lan  3.t: 

dll>«B-8il 

iSju: 
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sin-  Ji'ii'8  -  sinwi'  nin  w'J 


21-  siFH+Tj— •]■ 

24.  -J a — -j 

25.  "'-„?.  26.    (<^f. 

Find  the  value,  when  ,i-  equals  ^,  ol' 

29.     (sine)"111*.  30.     sec^-tana. 

Find  the  value,  when  n  is  infinite,  of 

81.    («.!)'.  32.    (».?)"•.  33.    («.=)*. 

34.  If  «  be  >1  and  #  =  tj  uttLrly,  in  ova  chaL  (sin  <0  '    is  very  nearly 

(»-lR(»-H),in> 
(«  +  l)  +  («-l).m»- 

35.  In  the  limit,  when  /?=  o,  prove  that 


rtiid  deduce  that  i;i  a  ij : .lm.^ I o  ABC.  in  v,-';ii(;':i  C  U  a  viiri-.t  angle  and  GA  is 
five  times  CB,  tht:  angle  .-1  KxcencU  the  eighth  part  of  a  right  angle  by 
3' 36",  correct  to 'the  nearest  second. 
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37.  Find  a  ami  b  so  that  the  expression  a  sin  x  -V-  h  sin  2jt  may  be  as 
dost!  an  iipproiiiiiiitiijii  n.j  li'isisiblc  ;o  i-ic  ::uvr.i'0i'  ni'  raiiians  in  the  angle 
■x,  when  x  is  small. 

38.  If  y=w-  e  sin  .i.:,  where  <■  is  very  small,  prove  that 

tan|=tan|^-e+«iBJna|Y 
and  that 

where  powers  of  ■:  above  the  int.mil  ure  neglected. 

39.  If  in  the  equation  sin  (u-  0)  =  sin  wcos  a,  0  be  very  small,  prove 

feat  !.rs  approximate  value  is 

ito.*.|(i-)-"=*-|). 


12  (3 +  2  cos  2< 
by  less  than  the  number  of  raJians  in  V, 
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CHAPTER  XXIV. 

EXPANSIONS  OF  SINES  AND  COSINES  OF  MULTIPLE  ANGLES, 
AND  OF   POWERS  OF  SINES  AND   COSINES. 

[On  a  first  reading  of  the  subject  the  student  is  recommended 
to  omit  from  the  beginning  of  Art,  293  to  the  end  of  the  chapter.] 

287.  In  this  chapter  we  shall  shew  how  to  expand 
powers  of  cosines  and  sines  of  an  angle  in  terms  of  cosines 
and  sines  of  multiples  of  that  angle,  and  also  how  to 
express  cosines  and  sines  of  multiple  angles  in  terms  of 
powers  of  cosines  and  sines. 

288.  Let  x  =  cos  d  +  i  sin  0,  so  that 

1=  1  =<**6-i«n6  =  ccae     iaing 

*      C0s#  +  f!sin#       cos*#  +  sin!# 


am 

.1 

a> =  2*  sir 

,f. 

A  Iso. 

by 

De  Moiv 

re's  Theorem, 

we  have 

£C" 

=  cos  n$  +  i  si 

nn0, 
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arid  —  =  cos  nd  -  i  sin  nd, 

so  that  #"  +  —  =  2  cos  nd, 

and  xn =  2i  sin  nd. 

289.     To  expand  cosn$  in  a  series  of  cosines  of  multiplex 
of  8,  n  being  a  positive  integer. 

From  the  previous  article  we  have 


4.  "("-'>., 


TO0>- 1)^-4    , 

1.2 


■  (1). 


Taking  together  the  first  and  last  of  these  terms,  the 
second  and  next  to  last,  and  so  on,  we  have 


(2  eos  If  -  (*  +  I)  +  «(«(-■  +  ^_) 


*  i.2   r     *~) 

But  hy  the  last  article  we  have 
«"  +  ^-2cos«9,    «»-'+-i_  =  2cos(»-2)i9,.. 
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Hence 
2"  cos"  0  =  2  cos  nd  +  «  .2  cos  (n  -  2)  0 
.£-1) 
+      1.2 

i.e.     211-1  cos"  0  —  cos  ■?;(?  +  ft  cos  (n  —  2).  0 

+  *^y^cos(n-4)6+ (2). 

If  n  be  odd,  there  are  an  even  number  of  terms  on  the 
right-hand  side  of  (1),  so  that  the  terms  take  together  in 
pairs  and  the  last  term  contains  cos  0. 

If  n  be  even,  there  are  an  odd  number  of  terms  on  the 
right-hand  side  of  (1),  so  that  after  all  the  possible  pairs 
have  been  taken  there  is  a  term  left  not  containing  x. 
This  term  will,  when  divided  by  2,  form  the  last  term  on 
the  right-hand  of  (2). 

290.     Ex.  1.     Expand  cos8  $  in  a  se vies  of  cosines  of  multiples  of  0. 
We  have  (2 eoa 0f  =  ( x  +  ~\ 

=^+SzM- 28.^  +  56^  +  70  +  56.  i +28.-^, +  8.  ^  +  -i 

S*  iB*  3!°        X* 

=  2  .  cos  80  +  8  .  2  cos  60  +  28 .  2  eoa  i.0  +  58 .  2  coa  '10  +  70, 
.-.     2rcoBa0=eos8<?  +  Scos60  +  28cos'«  +  S6eos20  +  35. 

Ex.  a.    Expand  ens'  0  in  o.  series  of  wdnea  of  i!iii.!t/p!c.i  oj  0. 

We  have  (2  cosfl)7=  (x+-) 

=i7+7.^s+21^+35*+35.i  +  21.i+7.-5  +  i 
=  («'  +  i)+7(«.  +  i)+2l(..  +  i)  +  35(I  +  !) 

=  2.  oog7fl+7.2  cos 5C  +  31.  2  cos 3e  +  36.2coafl, 
.-.     26eosre=cos'?S  +  7coE50  +  21cos80  +  35ooaS. 
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291.     To  express  s%nn6  in  a  series  of  cosines  or  sines  of 
multiples  of  6  according  as  n  is  an  even  'or  odd  i. 
By  Art.  288  we  have 

2isine  =  a>~-, 


>siti»0  =  (a!-iV. 


so  that  2"i"sin"0  =  (a!--J  (1). 

Case  I.     Let  n  be  even,  bo  that  the  last  term  in  the 
expansion  is 

-f— ,     and     *"  =  (-l)2. 

The  equation  (1)  is  therefore 
2»(-l)-Bm»9-IB--~'«.j  +  '^^-)a!-=.j- 

+»J»^B^   i  ■      •  i  +  i (s) 


.^  +  ^)_w(^  +  _y  +  »J5 


1    \      n(n-\)(  1    \ 


=  2.cos?ig-ra.2cos(ra--2)^+W<1't2lj.2cos(w-4)^ 

as  in  Art.  289. 

...  2"-1  (- iy  sin"  6  =  cos  n0  -  n  cos  (n  -2)0 

+  n(^~1Kos(n-i)6- (3). 

Since  n  is  even,  there  are  an  odd  number  of  terms  in 
(2),  so  that  there  will  be  a  middle  term  which  does  not 
contain  x.  This  term,  on  being  divided  by  2,  will  be  the 
last  term  in  equation  (3). 
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Case  II.     Let  n  be  odd,  so  that  the  last  term  in  the 
expansion  (1)  will  be 

-i    and  .»=<.«-'-;(- 1)" 

The  equation  (1)  then  becomes 


1.2 

»(n-l) 

"     1.2  x"^ 

■.»(— D^      1 


Now,  by  Art.  288, 

#" =  %i  sin  «#, 

IK*1 

a?*-"  _  _  =  2i  sin  («  -  2)  5, 


Hence  (4)  becomes 
2» .  j ,  {- 1) "  5"  sin»  0  =  2i  sin  ti0  -  n .  2%  sin  («  -  2)  0 
'.2*sin(w-4)0-... 


I   ^^ 1/    «i«n 


so  that  2""1{-1)  a   sin"0 

=  sin«g-resin(w-2)g+'l<"~1)sin(ra-4)fl- 

(5)- 

Since  n  is  in  this  case  odd,  there  are  an  even  number 
of  terms  in  (4),  so  that  (4)  can  be  divided  into  pairs  of 
terms,  and  there  is  no  middle  term.  The  last  term  in  (5) 
therefore  contains  sin  6. 
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292.    Ex.  1.    Expand  silt''  0  in  a  series  of  oosines  of  multiples  of  0. 
We  have  2fi  if  sin"  B=(x-  -j 

=a*-6s*  +  1533-20  +  X5.;i -6.-4+-6, 

=  2cog  69-6. 2  bos  49  +  16. 2co8  29-20. 

.'.  -  2s  sins  9  =  coa  6B  -  6  cos  49  +  15  cos  29  - 10. 
Ex.  2.  Expand  sin?  0  in  a  serins  of  'inns  of  multiples  of  0. 
We  have  2'  i'  sin?  B=  (x  -  -Y 

=  z*-7^+21sll-a6«!+85.--81.~6+7.;g--j 

-(-J)-'(-4)«(*-i)-'-(-9- 

-  2*  .  i .  sin?  9 =2i  sin  79  -  7  .  2i  sin  59  +  21 .  2i  sin  39  -  35  .  2t  sill  9 . 

-2aBin79  =  sin79-7sin5<?  +  2Isin39-35sin9, 

EX.  3.      JtopCttUl  CON"'  9  ,!:il7  0   Pi!  (I  SCP'ft'S  of  8 IMS  Of  W.U,Wp!?8  llf  8. 

We  have 

25coss9=(e  +  M6,  and  &VsfotB=  (at  ~  iY. 

Henae  2" .  i» .  cos6  9  sin' 9=  fa!5- ~V  far  -  i  V 

♦•(-4)-(*-3- 

Hence,  as  before,  we  have 

-  2"  eoss  9  sin'  6  =  sin  129  -  2  sin  109  -  4  sin  89  + 10  am  69  +  5  sin  49 

-  20  sin  29. 
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EXAMPLES.     LI. 
Prove  that 

1,  sins  0  =  i  [sin  50  -  5  sin  38  + 10  sin  0], 

2.  cos8  0  =  ^p  [eos  90  +  9  eos  70  +  36  eos  50  +  84  cos  30  +  126  coa  0]. 

s-jg[oos  100  +  10  cos  80  +  45  eos  60  +  120  oos  40  +  310  cos  20  +  126], 

4.  sinS0  =  1ig[(ios80-8ooH6fl  +  28(ioB4^-56eo320  +  35]. 

5.  sini>0  =  ^[3in90-9Mn70  +  S6Bin50-84Bin30  +  126sin0]. 

##293 
powers  of  cos  6, 

If  x  be  <  1,  we  have 

- —   ?       .         =  siii  0  + '«  sin  20  +  a?  sin  30  + . .. 
1  —  2x  cos  #  +  a?   . 

+  xn~'  sin  n$  +  ...  ad  inf.  (1). 

This  may  be  shewn  by  multiplying  each  side  by 
.     1  -  1m  cos  8  +  %\ 
when  it  will  be  found  that  the  right-hand  member  will 
reduce  to  sin  0. 

Another  proof  will  be  found  in  Art.  358. 
Equating  coefficients  of  a!"-1  in  (1),  we  have 
sin  n6 


t  of  #"-'  in  [1  -  2a  cos  6  +  a;2]-' 
=  coefficient  of  as"-1  in  [1  -  x  (2  cos  0  -  ss)]"1 
=  coefficient  of  xn~1  in 

l+%(2cos0-ai)  +  xi(2co36-3;y+ 

+  af"-3  (2  cos  0  -  a;)'^3  +  a;""2  (2  cos  9  -  xj^> 

+  x"-'  (2  cos  6  -  x)"-1  +  a?  (2  cos  5  -  asf  + (2). 
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Now  coefficient,  of 

of1-'  in  &"-1  (2  cos  0  -  a-')""1  =  (2  cos  fffr\ 
coefficient  of  ic*"-1  in       «?,"~2(2cos  8  —x)*1-'1 

=  coefficient  of  x  in  (2  cos  6  —  x)u~* 
=  -0-2)(2cos#)"-a, 
coefficient  of  xn~'  in        £C*>-*  (2  cos  8  —  x)n~a 

=  coefficient  of  a?  in  (2  cos  8  —  a?)"-8 

aod  so  on. 

Hence,  from   (2)  picking  out  in  this  manner  all  the 
coefficients  of  as*"1,  we  have 

si^  =  (2  cos  8y~>  -  (»  -  3)  (2  cos  0)"-s 
,(«-8)(»-4) 
+  1.2 


(2  cos  ey-'* 

(2008  0)"-'+. 


(»-*)(»- 5)  (. 
1.2.3 

If  ii  be  odd,  the  last  lc?  in  could  be  provud  to  bo  {  -  1)  a    ;  if  n  be  even, 
it  could  be  shewn  to  be  (-  1) 2     (re  cos  S). 

**294.     To  express   cosnO  in  a  series  of  descending 
powers  of  cos  8. 

If  a;  be  <  1,  we  have 

■,-  -  .  . „  =  1  +  2x co&8  +  2x*  cos  28  +  2xA  cos  3#  +  . . . 

1  —  2x  cos  t)  +  a? 

...  +  2a;ncos)K?  +  ...adinf. (1). 

This  may  be  shewn  by  multiplying  both  sides  by 
1  —  2*  cos  8'+  x1, 
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when  it  will  be  found  that  all  the  terms  on  the  right-hand 
side  will  reduce  to  1  —  ze\ 

Another  proof  will  be  found  in  Art.  358. 
Equating  coefficients  of  xn  on  the  two  sides  of  (1),  we 
have 

2  cos  n0  =  coefficient  of  xn  in  (1  —  x")  [1  —  2x  cos  B  +  a£]_I 
=  coefficient  of  x"-  —  coefficient  of  x'^~2  in 

[1 -« (2  cos  0 -a)]-1 
=  coefficient  of  xn  —  coefficient  of  ic"-2  in 

l+*(2co8  0-«;)  +  as(2coa0-«)»+... 
. . .  +  ««-*  (2  cos  0  -  x)"-'*  +  «*-»  (2  cos  0  -  a;)*-* 

+  xn  (2  cos  0  -  mf  +  xn+1  (2  cos  0  -  «)"+'  +  . . . . 

Picking  out   the  required  coefficients  as  in  the  last 
article,  starting  with  the  term 

a:"  (2  cos  0~  a)", 
we  have     2  cos  n0 

=  <2  cos  fff-(n-l)  (2  cos  0)™  +  <"-gK^-8)  (2cos  0)*-< 

-  (»-»)<»-«)(»-»)  (2  cos  gr* + .....'. 

-  f(2  cos  $)»-*  -  (n  -  3)  (2  cos  Of-* 


=(2cost?)"-«(2cosg)"-3+pn    P|    3^+(?i.-3)|(2cosg)"-4 
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so  that,  finally, 


»s")"+itTy(2« 

(2). 

1.2.3 
could  be  shewn  t> 

>be 

(-1)  2    .n.(2ooSfl)  0t(-l)-J".2, 

jtcrardiii;;  as  f.  is  odd  or  even. 

**295.     To   expand   -—-3-  w  «  st'/'-tav  r;/ 
powers  of  COS0. 

As  in  Art.  293,  we  have 

.  ■  -a-  =  coefficient  of  ;^'i""1  in  [1  —  2#  cos  8  +  x^1 
Sin  8  L  J 

=  coefficient  of  wn~~'  in  [l+»(a;  —  2  cos  #)]-1 
=  coefficient  of  a?1-1  in 

l-ce(x-2coa0)  +  a;*(x-2cosey- 

+(-l)''flf{a;-2cos(?)'+ (1), 

Case  I.     Let  n  be  odd,  so  that  (n  —  1)  is  even. 
The  lowest  term  in  (1)  which  gives  any  coefficient  of 
:':'!_1  is  then  thai,  for  v.-1l;l-I'i 


Hence,  in  this 

case, 

ainrad           „  . 

sin  v 

of  a?1-1  in  1  — 

«(•- 

•  2  cos  5)  + 

+< 

-i)  • » •  (— 

■2cos^)""2~+(- 

■1)~ 

flfa~(a!-2 

coa 

6)  *' 

+( 

-!)■«»  (.- 

-  2  cos  5)  s   +. 

+  (-!)«-<  a- 

-(»■ 

-  2  cos  0)«- 

+ 
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Picking  out  the  required  coefficients  as  in  Art.  293,  we 

have 


i  +  1  m-1 

2     '     2 


1.2 

»  +  l   it-1  m-3 


(-  2  cos  6 


-(-2cos  «)'  +  ... 

+  (2  cos  ey-' 


Hence,  finally,  when  n  is  odd,  we  have 

,    ,5=i  sinnS     ,      «'-l"      ,.  ,  (»'-l")(»'-S') 
t"1'"   ■inT"1--!-^-™8^  1 00S'S 

(tf -!■)(»■- 8-)  («'-S-)_ 


■  cos11  (?  - 


+  (-1)  s   (2eos»)"- (2). 

Case  II.     Let  11  be  even,  so  that  n  —  1  is  odd. 
The  lowest  term  in  (1)  which  gives  any  coefficient  of 
-i  is  then  that  for  which 


Hence,  in  this  case, 

-. — „-  =  coefficient  of  ,£,!_1  in  1  —  a:  (ai  —  2  cos  0)  +  ... 
smo 

+  (-l)"a!'(i«-2cost))'+(-l)i+'aii+1(ai-2cos9)f* 

+  (-  1  )5  *'  x'*'  (z  -  2  cos  9) >*'  +  . . . 

+  (-  !)"->  *—•  («!  -  2  cos  »)— '  +  . 
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Picking  out  the  required  eocilieients,  we' have 


+  (-  i)f+I . v- — fSfv — -  (- 2  "■ 


f 4- (2  cos  0)'M. 

Hence,  finally,  when  n  is  even,  we  have 
0.n8 


(-1)'     ET 

»(»--2-)r      .  ,»(»'-  2')  (»• 
|3        C°"      '                |5 

"^oos'9 

N.B.     It  will  be  noted  that  equations  (2)  and  (3)  of  this  nrliulc  are 
simply  the  series  of  Art.  203  written  briciiWKrda,     This  is  clear  from  the 

method  of  proof,  or  oho  s-,fii.o:i:o:i!.  eould  bo  oi:si!Iy  voriliod  independently. 

**296.     To   expand  co.snO  in  a  series  of  ascending 
powers  of  cos  6, 

As  in  Art.  294,  we  have 
2  cos  n&  =  coefficient  of  xn  —  coefficient  of  xn~^  in 

(1  -  2x  cos  0  +  a?)~! 
=  coefficient  of  x"  —  coefficient  of  ai"-2  in 

l-m(p-ta(*e)±*(a-ioMey- 

+  (-1)'  tf(fi-  2  coa  oy+ (1), 

as  in  Art.-295. 
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Case  I.     Let  n  be  odd,  so  that  n  —  1  is  even. 
The   lowest  term  in   (1)  which  will  give  any  of  the 
coefficients  we  want  is  that  for  which 


Honco  2  cos  nd  =  coefficient  of  xn  —  coefficient  of  xn~- 


1-*<*-2cO80)  +  ...+<-1)    s 


(a;-2cos0)  ! 


+  (-1)  %   x  a  {a-2<x»0)  2  +(-1)  a  x  *  (<b-2cos<? 

+ +(-!)»«»(«  -2  cos  ey 


=  (-!)» 


-  (-  2  cos  6 


■ 

+ 

-Iff5 

+ 

-I)1 

-(-2  c, 


-(-2& 


h3    fl  +  1     W-l 

2    '     2     '     2     , 


rc+3«+ln-l»-3rc-5 
2        2        2     ~2"       2 

1.2.3.1.5  '' 

+ +  (2cos#)n. 


(-1)  s   .2aoBTi6 


=cos0[(«-l)+(»+l)] 


(»+l)(n-l)       , 


(»  +  8)(»+l)(.-lK»-3) 


cos'0[(«-3)+(»+3)] 
■9[(»-5)  +  (»  +  5)]+..„ 

n-l 

+  (-!)■  (2  cos  8)'. 


,GoosIe 


COS  n9  IN   ASCENDING   POWERS   OF  COS  6.  368 

Hence,  finally,  when  n  is  odd, 

( —  1)  s   cos  nO 

=  n  COS  6 ^-ts — ~  cos3  0  +     x rP cos*  0 

[3  [5 

- C-l)"^".2n-Ioos"e (2). 

Case  II.     Let  n  be  even. 

The  lowest  term  in  (1)  which  will  give  any  of  the 
required  coefficients  is  that  for  which 
_w-2 
r_     2     ' 
Hence  we  have 
2  cos  ?i(?  =  coefficient  of  xu  —  coefficient  of  xn~*  in 


1-<s(<c-2cos0)  +  ...+(-1)  a  a;  3   (a:-2cos0; 

+  (  -  1)'  ®*  (<B-  2  COS  0)°  +  (  -  l)~a~  «~2~  (fl!  -  2  COS  0 

+ +  (- 1)"  »»(«;- 2  cob  0)»  + 


=  (-!)»    [_l]  +  (_i)i 


l-^i-(-2c 


11  +  2  n 
2     '2 


(-2cos« 


ra  +  2  n   ft-2  K-4 
2     '2'    2 


( -  2  cos  »)• 
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~n  +  *  n+ 2  n  n-2 
2     '     2     '2'     2   ",     „ 

iXJl <~20' 

n  +  i  n  +  2  n  n-2  rt-4,  t 
2    '"S- '2'     2    "~ 2~~ " 


-(-2c 


+{2cos#)". 

(-l)~a  .2cOSJ!0 


+  ^[(n  +  2).».(n-2)(n-4)+(n+4)(n+2).n.(n-2)] 

+ +  (-l)«.(2cos<?f. 

Hence,  finally,  when  n  is  even, 

(- 1)«  cos  nO  =  1  - n^-0  +  — Qj^- cos'0 


'  cosi;  0  -I 


(-1)"  2—'  cos"  6 (3). 

tho  eqftation;  f2j  a'af  (:l)  of  fills  a'.fidi:  are  imk  tV 


N.B.    As 

series  (if)  of  Arf.  2'Jk  written  liaeirvotrJa 

**297.     From  equation  (2)  of  Art.  295  and  equa- 
tion (2)  of  Art.  296  we  have,  if  n  be  odd, 

,a  ,  (»'-l")(»"-3") 

rinTT-'--|2     ^'•l>  + J4™    ■■ 

>--l-)(»--3.)(,.-5-)eoB,(,+ 

15 

+  (-l)T(2cosO)-i+ (1), 


<_!)>     --ii^.l- 


oos1  f? 
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and  (—  I)  a   cos  n8  =  n  cos  8 ^^ ■  cos"  8 

\t 
+  ^!-151»'^12cos.9  + +  (-!)¥  2-.OOS.0 

E 

(2). 

In  these  equations  change  6  into  -^  —  Q,  and  therefore 
cos  $  into  sin  0, 

Then  sin  n&  will  become 

sinf-j, —  nOj,  i.e.  (—1)  a   cosm#, 
and  cos  n(?  will  become 

cos  (^-ne\,  i.e.  (-lf^smne. 

On  making  thuyo  subs  rim  turns  we  .shall  have,  if  w  be 
odd, 

cos nff  =  cos  9  \\  - ~  -  sin2  0  +  (i^^-~  _3.3>  sin*  0  - . . . 
(11  I*" 

+  (-l)~.2»-1sin''-i^} (3), 

and 

sin  ml?  =  n  sin  0  -  -^- "~--^  sm>0  +  -^ - ~  I!K^1^)  sins  # 
l_  l_ 

+ +  (-l>"~2~2,Msin"<? (4). 

**298.     Again   from  equation  (3)  of  Art.   295  and 
equation  (3)  of  Art.  296  we  have,  if  n  be  even, 

(-1)2    —. — -k  =ncosd-    ■■  ■-.-<— —<sos?Q 
v       '        sintf  3 


?(,--g)(„--4-)       .. 


. +(-l)a      (2cos5)»- 

(1), 

23—2 
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and 

(-1)5* 

jsmfl-l- 

2  ""•  "  +          14 

+  (-l)a2"-1(cos"0) (2). 

In  these  equations  change  0  into  —  —  9,  and  therefore 
cos  0  into  sin  6. 

Then  sin  nO  will  become 

sinf-^-  —  n$\,  i.e.  (— I)5     sinw(?, 

and  coin6  will  become 

Ou  making  these  substitutions  we  have,  if  n  be  even, 

5-  =  »  sin  0 -v— ,5 — -'  sm"  6  +  -v ^ '-  sin'0 . . . 

cos(7  ^  -5 

+  (-l)'^+1(2sin^)»-1 (3), 

and 

►  -£—.» 

+ (-I)a2n-1sin»0 (4). 

#*299.  Equations  (1)  and  (2)  of  Art.  297  and  equa- 
tions (1)  and  (2)  of  Art.  298  give  the  expansions  of  smnO 
and  cos  ii8  in  ascending  powers  of  cos  0  for  the  cases  when  n 
is  even  or  odd.  Equations  (3)  and  (4)  of  the  same  two 
articles  give  the  expansions  of  the  same  two  quantities  in 
terms  of  sin  0. 
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EXAMPLES.    LII. 

1.  sin  18  =  7  sin  6  -  56  sin3  8  + 112  sins  8  -  64  sic'  ft 

2.  cos  70  =  64  cob' 0- 113  eoB»fl  +  68oos»  8-  7cos8. 

3.  si»80=sin0[128cofr,0-192coB<>0  +  8Ocos;,0-8eoE0]. 

4.  oos  8fl=  1-32  sin2  8  + 160  sin*  6  -  256  ains  0  + 128  sinB  8. 

5.  Bin90=Bin0[256eo3B0-O8cose  0  +  240  ms«0-4OcosS0- 
Q.  ExjireHB  cos  li'J  ill  torm*  of  cos  <?  only  and  verify  for  the  ti 

-J.  -i 

respectively. 

7,     Trove  the  algebraic  identity 

Deduce  that 

2eoB^=(2CoSS]»-re(2eo3  0}"-2  +  ^^3,(2eosflr-J-.. 

*  #  300.    Ex.    Pimie  I/int  (Ae  roots  of  the  aquation 
8^9-4c2-4c  +  l  =  0 


Sw  Sir  _  1 

+  <!08   7+OOS    7   -g, 

3?r        Sit  5x 


On  putting  n  —  7  in  [■'juatioi!  ('21  of  Art.  294,  we  have 
2oc»7e=(2ooBfl)'~7(a«iBfl)»+^(2oMff)*-^-|(20o9e), 
e.,  on  reduction, 

Now  put  cos 70=  -1,  so  that 

t           3w           or 
~T  °r    7  '  °r    7 
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Equation  (1|  then  becomes 

64  eos'S- 112  eos6£»  +  56cos30-7oos  0  +  1  =  0... 

and  i'.s  roots  are 


S  of  (2)  are  therefore  -1,  and  a 


i  -=■ ,  and  cos  —  ,  the 


laiier  three  root*  Lcinf;  I 

Wtiting  c,  for  shortness,  for  cob  0,  the  equation  (2)  may  b- 
(c+l)(8e»-4e«-4c+l)s=0. 

lie iioc  cos  '.I ,  oos  '-."  ■  ••'''<<  co«  '=   are  the  roots  of  the  equa 
8e3- 4(^-40+ 1  =  0 


,  ir        Sir        Sir      -1        1 

and  C0S_CoB--CoSt  =  .-=--. 

In  equation  (3).  pulLin^  ■,;  —  ;'.:,  and  tin;] o:oihi  /-■■—  —_ ,  it  follows  that  the 

quantities  secL  ^ .  see* ''„'  .  and  sees  —  are  the  roots  of  the  equation 

(*)■ 

Ajjriin.  jju!:iriH  z-    1  -;-.'i,  '.lien,  since  suu':  <<    - 1  ■■■  tan- 1),  it  follows  that 

tan2-;,   tan-',  .  ar.d  iai-.-  ■  ' 
7*  7  7 

:o  the  roots  of  the  equation 

(l+y)»-a4{l+y)'+80(l+v)-64=0, 

e.  of  y»-aiy"+86y-7=0. 
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Without  assuming  the  series  of  Art.  294,  which  is  difficult  to 
:,  the  equation  (2)  may  be  deduced  directly  from  De  Moivre's 
Theorem. 


if  clearly  satisfied  when  0  hiis  either  of  the  values 


Writing  c  for  cos  0  and  s  for  sin  fl,  the  equation  (5|  on  b 
by  the  Binomial  Theorem  becomes 

c'  +  7i06s-21c6ea-35i'e1s3  +  35e3s4  +  21ics85-7esG-!s7=  - 1. 
KqUiirii'.'  thf  l-i'iil  pn!  L*  on  i::i:'Ji  Hide,  we  havo 

o'-aio"s*+35e»i*-7«,  +  l=0. 
Putting  s2  =  l  -e2,  we  see  th;il:  tin:  <-.c>!-.i:iti  t.f  i.-jn;h  of  iiio  angles  (6)  satisfies 
the  equation 

64e7  -  112e"  +  56^-70  +  1  =  0. 

But  this  is  equation  (2). 

*  *  301.     Ex.    Find  the  value  of 


•(•♦!)♦ 


,«.»+-.=(»+^)„«.(»4')+... ... 

From  equations  (2)  and  (3]  of  Art.  296,  we  know  that 

^^Cs  +  "<^^8V+...  +  (-lpS 

r+* 

=  (-lf*~eos«<J 

when  » is  odd, 
and  that 

i 

i-|^+^=g^W.+<-i)V-.-.(-i)5,,< 

isnfl          [ 

where  in  each  series  c  stands  for  cos  8. 
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If  eosttfl  be  now  given,  the  equations  (1)  and  (2)  give  cos  A 
But  since  cosn$  =  coa(ne  +  2s)  =  coa(n6+iir} 

these  equations  would  also  give 

-«)-«) 

Hence,  in  each  ease,  the  roots  are 

In  (1)  and  (2)  put  c  =  -  and  multiply  by  yn. 

We  liave  thou  the  equations 

when  n  is  odd, 

and  [(-!)?  ew«tf-l]»«+^j''-*--...==0 

T:;o  roots  of  thp-c  ciiufLrioiv;  avo  rus^odivoiy 

--(•4').  -K) 

Call  these  jj,  ya,  ...,  |fB, 

Then 

!/i  +  V»  +  ■  ■■  +  ya- sam  of  the  roots 

_ — — s=i =  (-1)  s  naeonfi, when n is 

|-l]T«»i» 
and  =0,  when  n  is  even. 

Ji3+ys2  +  ...+S„a=fe]+i/a  +  ...+3/„,!-2{i/]!/2+ifsy3+...) 


san0 


e2  ra#,  when  n  is 


*n*~l     l-(-l)   < 
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EXAMPLE? 

EXAMPLES. 

LIII. 

1. 

Prove  that 

(..,-! 

?)(• 

2. 

Prove  that  the  tot 

itH  of  the  equatio 

8rf  -j-  <i,r2 

-4b- 

l=»»~T' 

COB-=-  , 

3. 

I'jovl1  Oial 

.    2s- 
sin  ^ 

,  sin  y  ana  sin  ■ 

f"»« 

-^+f=o. 

l'1'"Vii  111.;; 

4. 

1 

1                     1 

,  2  *""  +  .           2  6 
io    7            «eo    , 

-=1. 

5. 

<*»*|[+<™ 

i3a- 

4  3t          4  4?r 

19 
~lf>' 

6. 

see'  -  +  see 

,2jt 

3eci?5  +  aeo*  — : 

=  1120. 

the  toots  of  the  equation 


' '    w  11  II  11  11  11 "  2 ' 

8,    Form  the  equation  whose  toots  are 

tatf*.  tan*g,  tan'g,  tan'gandtan'g. 

[Commence  wifft  sjiwtton  (3)  o/-4ri.  277.] 


Prove  tliat 


,GoogIe 


i ;■;!'.. uxomf/try.  [Era  LIU.] 

lOr  14t  22jt       -V13-1 

'B~13~+COa  13  +e°a   13   ~  i  '       ' 


10.     wai5T""'i5T,i'JBi5T™!i6-'     2' 
14,    Prove  that  sin  -—  is  a  root  of  the  equation 
64a;s-a(te1+ 24^-1  =  0, 


Find  the  value  of 


■(•♦£)-(•♦£) «{-<-»?}■ 


16.  .ln.,n»+?),tol.+?) ^|.+(„-i,^. 

17.  ooseoafl  +  ooseo^fl  +  ^'Vcoge^/'e-i-^J to  n  terms. 

18.  taa50  +  tan=(0+^Vtan2f0  +  ^ to  » terms. 

ri''o)'  I hr    Mhming    5   qin:«tii<i:s  eom-iiii'iu-e    with    equation   (5)   or   . 
277.] 

19.  tanff+ten(*+.~^  +  tan^  +  ^ ton  terms. 

20.  eot^  +  cot(s  +  ^)  +  eot(e  +  2^) ton 

22.  tana fl  +  tena ((.+  -"]  + tan* (ff  +  ?p)  + torn 


i'i  ?!  factors. 


23.  Ifubeodd,  prove  that  3=  30  =  »*-l,  where 

24.  Find  the  hu:u  of  ihe  product-,  taken  two  at  a  tin-.e,  of  ewe^-ions 
of  the  form  sect  j  0  +  "  —  1  ,  where  r  has  all  values  from  zero  to  n  - 1. 
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CHAPTER  XXV. 

EXPONENTIAL  SERIES  FOR  COMPLEX  QUANTITIES.  CIRCU- 
LAR FUNCTIONS  FOR  COMPLEX  ANGLES.  HYPERBOLIC 
FUNCTIONS. 

302.     When  %  is  a  real  quantity  wo  have  proved  in 
Art.  253  that 

e"  =  1  +x  +\~2  +  %  +  ad  "^ (!)■ 

When  x  is   not   real  but   is   complex,   i.e.   of  the   form 
a+bj~l,  the  expression  ex  has  no  meaning  at  present, 

Let  us  so  define  it  that  for  all  values  of  x  (whether 
real  or  complex)  it  .shall  mean  the  series 

l+^  +  ~  +  ^+adinf. (2). 


303.     We  can  easily  shew  thai  this  series  is  convergent 
when  x  is  complex. 


x  =  r  (cos  8  +  J  —  1  sin  8). 
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Then  &  =  l+x  +  ^  +  jg  + ad  inf. 

,       „      ■  •    „,     r3  (cos  20  + 1  sin  20) 
=  l+r  (cos  8  + 1 em  0)  +     v  J. '- 

r*  (cos  Z0  +  i  sin  30 )  ,  .  , 

+  — - -m + ad  inf. 

„      r2  cos  20      r3  cos  30 

,— ,  r     .     .      r"  sin  20     r"  sin  W  1 

W-l[r«m*+-g—  +  — |j-  + J- 

The  quantity 

l+rcos.0  +  7^- cos  20  +  ^009  30  + 


<l+r  + 


and  is  therefore  convergent  since  this  series  is  convergent 
for  all  real  values  of  r.     (Art.  254.) 
Simikrly  the  quantity 


is  convergent. 

Hence  the  series  for  ^  is  always  convergent. 

304.     When  x  is  a  complex  quantity  the  quantity  ex 
is  then  a  short  way  of  writing 

3?         0? 

l+^+|2+|3+ 

Unless  x  be  real,  the  e  in  e"  does  not  mean  the  series 
_     3      1       1 
1+1  +  ]2+]3+ 
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When  x  is  complex,  ex  stands  for  a  series  of  the  same  form 
as  that  aeries  which,  when  x  is  real,  has  been  proved 
to  be  equal  to 

('+i+H+ )• 

Instead  of  <;*  the  expression:!  E  ix)  and  iiji  (;c)  are  sometimes  aseil. 

305.  By   a  proof  similar   to   that   of  Art.   300,   C. 
Smith's  Algebra,  it  may  be  shewn  that 

ex .  e»  =  ex+y, 
whether  w  and  y  be  real  or  complex  quantities,  so  that 
the  functions  &  and  ev  obey  a  law  of  the  same  form  as 
the  index  law. 

306.  If  x  be  put  equal  to  6%,  where  8  is  real,  we 
then  have 

..     .      ,.     6*&  ,  M> 

eW=1+^+-[2+-|r+ 

0=      #      0" 

+r-n- J 

=  cos  0  +■  i  sin  0.  (Arts.  279  and  280.) 

So  e~si  =  cos  0  —  i  sin  0. 

Honce,  by  addition,  we  have 

cos  6  = 5—  , 

and,  by  subtraction, 
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Circular  functions  of  complex  angles. 

307.  When  m  is  a  complex  quantity,  the  functions 
sin  x  and  cos  %  have  at  present  no  meaning. 

For  real  values  of  x  we  have  already  shewn  in  Arts. 
279  and  280  that 

»•— i+i~i+ adinf- 

and  o»»  =  l~H  +  j4~jg  + adinf. 

Let  us  define  sin  x  and  cos  x,  when  x  is  complex, 
so  that  these  relations  may  always  be  true,  i.e.  for  all 
values  of  x  let 


a?      x*      x? 
and  cosa^=  1- 12 +-m  - Tg  + (2). 

When  w  is  complex,  the  quantities  sin  x  and  cos  x  are 
then  only  short  ways  of  writing  the  series  on  the  right-hand 
sidesof(l)and(2). 

308.     We   have   then,   for   all   values   of   x,   real   or 

complex, 

,        .     as*     jbH'     as* 
cosx  +  tsmx  =  i+xi-r^--r^-  +  -rj 


-i  +  ri+W  +  W  +  W! 


i  sin  it;  =  e-3'. 


(Art.  302.) 
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Hence  for  all  values  of  as,  real  or  complex,  we  have 
cosx  = - -,    and     sin  x  =  ■  ■     --, . 

These  results  are  known  as  Enler's  [Exponential  Values. 

309.  We  can  now  shew  that  the  Addition  and 
Subtraction  Theorems  hold  for  imaginary  angles,  i.e.  that, 
whether  x  be  real  or  complex,  then 

sin  [as  +y)  =  sin  x  cos  y  +  cos  x  sin  y, 

cos  (m  +  y)  =  cos  x  cos  y  —  sin  x  sin  y, 

sin  (x  —  y)  =  sin x  cos  y  —  cosojsin  y. 

and  cos  (x  —  y)  =  cos  x  cos  y  +  sin  m  sin  ?/. 

Since 

-  and  sin  x 


-8in(«  +  y). 

Similarly  the  other  results  may  be  proved. 

310.  It  follows  that  all  formulas  which  have  been 
proved  for  real  angles  and  which  are  founded  on  the 
Addition  and  Subtraction  Theorems  are  also  true  when 

we  substitute  for  the  real  angle  any  complex  quantity. 
For  example,  since 

cos  30  =  4  cosa  Q  -  3  cos  $, 
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where  8  is  real,  it  follows  that 

cos  3  (x  +  yi)  =  4  cos3  (x  +  yi)-3  cos  (x  +  yi). 
Again,  since,  by  l)e  Molvre's  Theorem,  we  know  that 
cos  nd  +  iainnO 
is  always  one  of  the  values  of 

(cos  0  +  is'm  8f; 
when  8  is  real  and  n  has  any  value,  it  follows  that 

cos  n  (x  +  yi)  +  i  sin  n  (x  +  yi) 
is  always  one  of  the  values  of 

[cos  (x  +  yi)  +  i  sin  (a  +  yt)]n. 

311.     Periods  of  complex  circular  functions.     In 

equations  (1)  and  (2)  of  Art.  309  let  x  be  complex  and  let 

Then      sin  (x  +  Itt)  =  sin  x  cos  2tt  +  cos  so  sin  2tt 
=  sina;, 

and  cos  (,'/■  +  ~2tt)  =  cos  x  cos  27r  —  sin  x  sin  2tt 

=  cos  X. 

Hence  sin  x  and  cos  x  both  remain  the  same  when  x 
is  increased  hy  27r.  Similarly  they  will  remain  the  same 
when  x  is  increased  by 

4tT,    6-7T, 2W7T. 

Hence,  when  x  is  complex,  the  expressions  sin  x  and 
cos*  are  periodic  functions  whose  period  is  2w. 

This  corresponds  with  the  results  we  have  already 
found  for  real  angles.      (Art.  61.) 


,Google 


I-IYl'EltlSOLIC   FUNCTIONS. 


EXAMPLES.    LIV, 

Assuming  that  cosa;  =  — — and  sinj- — — — 

-  prove  that,  for 

all  values  of  x,  real  or  complex, 

1.       COS^+siD^l.                          2.       CO9(-3t)=C09Z. 

3.    sm(-a;)  =  sinK.                  4,    eos2i  =  oos*);-si 

asar=l-2siii*a;. 

5.     sin3£  =  SBm.r-4sma.r.    6.    00s  x  -  00s  y  =  2  si 

11  _  an  -g-  . 

7.    d>.-dn>=>ra!±?A^'-. 

Prove  that 

8.     {*!(.+•)- ***H}—rfn-M-"«. 

9,    Bin  (a  +  nS)-«riBin  ««  =  «-"*' sine. 
10.     {sin(a-fl)  +  «±ttisine}«  =  sin'^|1i)3m{a-nf)  +  s±'lisin7iflE. 

312.     In   the   formula?   of  Art.   308  if  a;  be   a  pure 
imaginary  quantity  and  uqual  to  yi,  we  have,  since 


C0SJ/i  =  — 

2 

"~       2       ~       2      ' 

.       .     e* 

■  »  _  e-9i 

.>     e-y_ew      .e-y  —  ev 

srnyt 

%i 

2i         !2(-l) 

313.     Hyperbolic  Functions.     Def.     The  quantity 


whether  y  be  real  or  complex,  is  called  the  hyperbolic 
sine  of  y  and  is  written  ainh  y. 

L.  T.  24 
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Similarly  the  quantity 


is  called  the  hyperbolic  cosine  of  y  and  is  written 
cosh  y. 

[It  will  be  observed  time  «'-ic  vsiluos  of  *i;ir.  ■/  c.nr]  i-.ri-'w  ■/  are  ob'.:v!ni-,i 
from  the  exponentml  I'sprus^ior^  fur  siny  and  cosy  by  simply  omitting 
that's.] 

The  hyperbolic  tangent.,  secant,  cosecant,  and  cotangent 
are  obtained  from  the  hyperbolic  sine  and  cosine  just  as 
the  ordinary  tangent,  secant,  cosecant,  and  cotangent  are 
obtained  from  the  ordinary  sine  and  cosine. 


_,,  ,  sinhw      e' 

Thus  tanh  y  =  — r^  =  - 

J     cosh  y     & 

cosech  y  =   ■  ,      =  - 

°      smh  y     e- 


cosh  y     ev  +  e-y'- 

1     _  ey  +  <r» 

tanh  y~  ev-erv' 


sech  v/  - 

and  coth  y  = 

The  hyperbolic  cosine  and  sine  have  the  same  relation 
to  the  curve  called  the  rectangular  hyperbola  that  the 
ordinary  circular  cosine  and  sine  have  to  the  circle. 
Hence  the  use  of  the  word  hyperbolic. 

314.     From  Arts.  312  and  313  we  clearly  have 
cos  (yi)  =  cosh  y, 
and  sin  (yi)  =  i  sinh  y. 

So  tan  (yi)  =  i  tanh  y. 
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315.  Corresponding  to  most  genera!  trigonometrical 
formulae  involving  the  ratios  of  angles  there  are  formula; 
involving  the  hyperbolic  ratios. 

For  example,  we  have,  for  all  values  of  the  angle  x, 
cos5  *  +  sin'"  x  =  1, 
so  that  cos2  (yi)  +  sina  (yi)  =  1, 

and  hence,  by  the  last  article, 

cosh2i/  —  stnh*y  =  l. 


+3+e- 


=  1.] 


Again,  for  all  values  of  u  and  v  we  have 

sin  (w  +  v)  =  sin  u  cos  v  +  cos  u  sin  v. 

Put  u=xi  and  v  =  yi, 

so  r.hiU 

sin  [(%  +  y)i]  =  sin  (xi)  cos  (yi)  +  cos  (xi)  sin  (yi). 
The  expressions  of  the  last  article  then  give 
%  sinh  (x  +  y)  =  i  sinh  «  cosh  1/  4-  cosh  sxi  sinh  y, 
:.  sinh(«  -f  y)  =  sinh  .'/;  cosh  y  +  cosh  jj  sinh  ?/. 

[Directly  from  thu  diluii'imi  of  the  i;y )■»;:;■  "uoiie  ratios  we  have 
sinh  a:  cosh  y  +  cosh  a  sinh  y 
_ e*_e-^  ^  +  e-«     ,?*+£-*  gv - e~v  _  2a1*" -  2e -c+w 
-      2  2       +       2  2~~  ~~  4  '* 

on  multiplication,  =ainh(s  +  j/),] 
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Again,  for  all  values  of  8,  we  have 

L      „,     3tan0-tans0 
tan  60  =  — = — 5-t—  „„     . 
1-3  tan2  8 

Put  then  6  =  an,  and  we  have 

,„    .,      3  tan  (xi)  —  tan3  (xi) 

till)    I  ■YXl)  —  '  .,    ,       . 

K      '  1-3  tans  (xi) 

Hence  the  substitutions  of  Art.  314  give 

,   .„  ,      Si tanh  a;  —  is tanh3 x 
,tanM3*)=        1_3i,t„h.gc 

____  3t  tanh  x  +  i  tanh3  a;  , 
1  +  3  tanh2  x 
.,    ,  ,     ,   ,„  .      3  tanh  a:  +  tanh3 » 

■     '  1  +  -3  tanh2  % 

As  before,  this  may  be  easily  proved  from  the  definition 
of  tanh  x. 

316.  In  general  it  follows  from  (1)  of  Art.  314  that 
any  general  formula  which  is  true  for  cosines  of  angles  is 
also  true  if  instead  of  cos  we  read  cosh. 

From  (2)  of  the  same  article,  since 
sin- (;!/))  =  —  simVj/, 
it  follows  that  any  general  formula  involving  the  cosine 
and  square  of  the  sine  of  an  angle  is  true  if  for  cos  we 
read  cosh  and  for  sin2  we  read  —  sinh2. 

Similarly  from  (3)  we  may  turn  a  formula  involving 
tan5  into  another  by  writing  for  tan-  the  quantity  —  tanh2, 

In  this  manner  formula  and  series  involving  the 
hyperbolic  functions  may  foe  obtained  from  Arts.  241, 
242,  274,  275,  277,  289,  291,  and  293—298. 
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317,     From    the    values  in   Art.    313   it    follows,   by 
Art.  302,  that 

cosh  x  =  =  (ex  +  e-*) 

-1+|+5+|+ ■ 

amh  x  =  a  [V5  -  e-1] 


~    I  \i  i  

These  are  the  expunsioinil  values  of  cosh  a'  and  sinhat 
#318,    Periods  of  the  hyperbolic  functions. 


F« 

He. 

■  all  values  of  8,  real  or  complex,  we  have 

•"•"'- 

005,16 

+  yi)  =cob  {{x-t-yi)i}  =  cos 

(*-*)-«»[ 

-fc« 

«-»] 

(Art.  311) 

=D08[(2rf  +  a+jrf)q: 

=  c*sh[2iri  +  3 

+y<] 

=  (similarly)cosli[4:rt 

:+x  +  j/(]=.... 

Hence  the  hyperbolic  cosine  : 

:s  pur  iodic,  iti 

i  period 

being 

imaginary 

and  equal  to  2iri 

Again,  since  sinhS=  -ismSi,  we  have 

sinh  (a  +  yf) 1  sin  )  (.  +fQ  <}  -  -  <  sin  [*i  -  y] 

=  Binh[&ri  +  K  +  !ri], 

so  rhiii  the  period  of  sinh  (:i-//i)  is  2ti". 

Similarly  it  may  bo  -lic-'ii  t'ia:  tlv>  period  o'.'  Lnnli  (#  +  ;/()  ia  jti. 

The  hyperbolic  functions  therefore  differ  from  the  circular  fonesio: 
in  having  no  real  period  ;  tbeiv  period  is  imaginary. 

319,     Sx,  1.    Separate  info  its  rea!  and  inunjhwnj  parts  the  eqifesii, 
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We  have  sin  (a  +  ££)  =  sin  a  009  pi  +  cog 


We  have  tan(o  +  /3i)  = 


ginBft+aiiiiffi 

~cos2a  +  eoa9,Si 


Aliur.    Let  tan  (a  +  jii)  =x  +  yi,  so  that  tan  (a  -  /Si)  =  2  -  yi. 
_«in(«t  +  ft-)ooB(ft-ft)  +  co«(.  +  /H)Mii(a-W 


CosBa  +  cosflpi    '  uob  2n  -f  tosh  3fJ ' 

Also     y=^[ton(B+jW)-iim(o-jM)] 

_  1  m(.  +  flQoo»  (.-#)-<:■»  (B+jB)rin(a-|H) 
2t  eos(«  +  /3i)ooM«-^) 


Ex.  3.     Suspa-raJe   info    (■(.»   i™(  mei   imorjiiiarii   -part*    the    egression 
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We  have  cosh  (n.  +  ,81")  =  — 

_ no. ?(«■  +  «-) -H  dug  («■-«-) 


s:j«>;iia 


Aliter.     oogh(a  +  /SO  =  oos  {(a  +  /3i)if     (Art.313) 

-»,(.i|  oo,  fi  +  .ia  (.().!» fi 
=  coah  a  00a  8  +  i  sinh  a  sin  8. 

EXAMPLES.    LV. 

Prove  that 

1.  cosh2a;  =  l  +  2(siah3;)I  =  2  (ooshs|2-  1. 

2.  onsh  (a  +  8)  =  coshacosh  3  +  sinliasinhS. 

3.  oosh  (a  +  8)  -  cosh  (a  -  8)  =  2  sinh  a  sinh  8. 

4.  tanh    a  -f-3l  =  , r -■-  £-. 

'         r'      1  4-  tanh  a  tanh  8 

5.  eosh  3^  =  4  cosh^z-3  cosh  a;. 

6.  sinh  3£  =  3sinh  a;  +  4sinha.r. 

7.  sinh  (ic  +  y)  (.wh  (.c   - 11]  — .',  (niiili  2.r;  4-  sinh  3«). 

8.  Cosh  2a;  — cosh  ibH- cosh  8.c  -l-eosh  11k 

h  — e 

9.  eoahs  +  cosh(3:  +  y)  +  cosh(i  +  2!/)  + ton  ten 

cosh  f  3  +  —  -    y  J  ainh  -^ 

10.  sinh  x-i-  sinh  (.;  ■!■  y)  -1-  ainh  i>  +  %)  + to  n  te: 
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11.  lanhx  +  nsinhZx  +  '—^r-^  smh3.t+ to  (»  +  l)  terms 

=  2™  cosh"  x  sinh  (  -  +  1 )  x. 

12.  sinh0smO  +  icosh|Scosa=icoa(a-(./it). 

13.  sin2a  +  *  ewh  2/3  =  2  sin  (a+ifl  cos  (»-#). 

14.  OM(a+il9)+iBin(a+i«=a-P{ooa1x+iSm0). 

15.  K  tanj/  =  tanatanh£,  and  tan3  =  cotatanh  0,  then  prove  that 
tanfo+*)  =  Binh2,Jco«»at. 

16.  H  it  =  logtan(  j  +  ~J  ,   prove  that  tanh|  =  tan-. 
Separate  into  their  real  anil  im  urinary  pints  ll:o  ijuantilios 

17.  oosfa  +  ^i).  18.  aot(a  +  0Q. 
19.  eosee(a+#).  20.  see(a+,3f). 
21.    sinh(o+/M).  22.    tanh(a  +  ;Si). 

23.  Baoh(o4-/M). 

24.  Prove  tliiLt      (,;in  —  '     -",'.'    .    '  ,'.,.  ,;-■ 

25.  IiBic(^+ili)  =  a:  +  iy,  prove  that 

-Srat-rt, .-1,  and  -*.-  -t.1. 

oosh'  S     Finh2B  suiM      oos2^ 

26.  If  Em(e  +  0i)=coso  +  iaina,  prove  that  coa20  =  ±  sin  a. 

27.  If  sin(e  +  0i)  =  p(cosa  +  t  sin  a),  prove  that 

p2  =  J[C08h2^-cos2S]  and  tann  =  tanh  0cot0. 

28.  If  COH(0  +  0i)  =  .R(cosn  +  isma|,  prove  that 

*=*"*>  ssi- 

29.  If  tan(0  +  0t)  =  tana  +  iseea,  prove  that  e2*  =  ±  cot  |,  and  that 

»=•»+!+•■ 

30.  If  tan(0  +  #i)  =  eosa  +  iaina,  prove  that 

0=^+5  .  and  0  =  J  log  tan  (j+|j- 
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31.  If  A  +  iB  =  c  tan  (a  +  iy ),  then 

_        2cA 

32.  IftB,n(0  +  ^)  =  ein(.i:  +  ;y),  then 

cothy  sinh2#  =  Got  x  sin2<9. 

33.  If  tan  (a +  i(3)  =  i,  a  and  p  being  real,  prove  tliat  n  is  indeter- 
minate and  {)  ia  infinite. 

T'riii'c  ilu>r. 

34.  %{&inhx  +  nnx)=x  +  ~i  +  ^-  + ad  inf. 

35.  i  (cosh  a-  +  cus  aj  =  I  -i- '!-  +  -.-  + ad  inf. 

I!    I! 

*  #  320.  Inverse  Circular  Functions.  When  a 
and  0  are  real  and  a  =  cos  /3,  we  defined,  in  Art.  237,  the 
inverse  cosine  of  a  to  be  that  value  of  /3  which  lies 
between  0  and  tr,  and  it  was  pointed  out  that  0  was  a 
m ; i. n y - va In ed  quantity. 

If  now  *  +  yi=  coa  (u  +  vi), 

then  similarly  u  +  vi  is   said  to  be  an  inverse  cosine  of 
ce  +  yi 

But  since 
x  +  yi  =  cos  (u  +  vi)  =  cos  [Snr  ±  (w  4- »)]     (Art.  311) 
it  follows  that  2«tt  ±  (w  +  w)  is  also  an  inverse  cosine  of 
x  +  yi,  where  n  is  any  integer. 

The  inverse  cosine  of  a:  +  yi  is  hence  a  many-valued 
function.     When    the    many-valuedness   of   the    inverse 
cosine  is  considered  it  is  written 
Cos-1  {%  +  yi). 

The  principal  value  of  the  inverse  cosine  of  x+yi 
is  that  value  of  2mr±(u  +  vi)  which  is  snch  that  either 
2wtt  +  u  or  2nir  -  u  lies  between  0  and  w. 
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This  principal  value  is  denoted  by  cos-1  (x  +  yi). 
We  have  then 

(J(>S~L  («'  +  yi)  =  2mr  ±  cos-5  (x  +  yi). 

##321.     Similarly  if 

x  +  yi  =  sin  (w  +  vi)  =  sin  [mt  +  (- 1)" (w  +  vi)}, 

then  ww  +  (-  1)™  (w  +  vi)  is  an  inverse  sine  of  x  +  yi.     It  is 

a  m any- valued  quantity  and  is  denoted  by  Sin-1  (as  +  yi). 
Its  principal  value  is  such  that  its  real  part  lies  between 

—  q  and  ^  ,  and  is  denoted  by  Sin-1  (x  +  yi). 

We  then  have 

Sin-1  (x  +  yi)  =  mr  +  (—  1)"  sin-1  (as  +  yi). 

Similarly  tan-1  (a;  +  yi)  and  Tan-1  {x +  yi)  are  defined, 
so  that  the  principal  value  of  Tan-1  (x  +  yi)  is  such  that 

its  real  part  lies  between  —  ^  and  -I-  „  ,  and 

Tan"-1  (x  +  yi)  —  n-rr  +  tan-1  (x  +  yi). 
Similarly 

Sec-1  (x  +  yi)  =  2htt  ±  sec-1  (x  +  yi), 
Cosee-1  {as  +  yi)  =mr  +  (—l)"  cosec-1  (x  +  yi), 
and  Cot"-1  (x  +  yi)  =  mr  +  cot-1  (&  +  yi). 

##322.     We    shall    henceforward   use    sin-1,   Sin-1, 
cos-*1,  Cos-1,..,  with  the  meanings  above  assigned. 

##323.  Inverse  hyperbolic  functions.  If  x—coshy 
then  similarly,  as  in  Art.  320,  we  write  y  =  cosh-1  x. 
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INVERSE   CIRCULAR   FUNCTIONS. 
If  x  be  real,  we  have 


so  that  e^  -  2tee^  + 1  =  C 

and  hence  e"  =  a;  ±  \a?  —  1 

=  w  +  */a?~-l  or  — 


J 

.-.  y=  ±  \og(x+  -J a? -  1). 

The  positive  value  of  the  right-hand  side  is  the  one 
always  taken. 

Hence,  when  co  is  real,  cosh-1*  is  a  single-valued 
function. 

Similarly  sinh_1;c  and  tanh-1.*  are  defined;  they  are 
single-valued  functions,  when  x  is  real. 

#*324,  If  a  +  j9i=eosh(K  +  jyi),  then  x  +  yi  is  said  to  be  an  in- 
verse hyperbolic  cosine  of  a+jii. 

But  cosh.  (x  +  yt)  =  cosh  \2i,iri.--'-  (x  +  yi)),  as  in  Art.  318, 

Ilonec  2iis-;-=  (x  +  yi)  is  an  hivr-rte  iiyiiiTuolio  cofjuc  of  a  +  j5t.  Its 
principal  value  is  thai  valui  whose-  i;i:a;;inary  part  lies  between  0  and 
jrj,  i.e.  such  that  2imt  -  1/  lies  between  0  and  tt. 

S[:r.ilrrly  the  huorao  iiv;.ori:-i'li!;  -inr  and  isiJigcnt  of  a  +  jli  are  defined. 
In  this  case  the  principal  values  are  such  that  the  imaginary  part  lies 
between   -=-i  ami  ;-  :'. 

#  *  325.    E5t'  !■    Sttprira r<:  into  real  and  binujinnry  -parts  thv  'ptulitity 

Let  bui-i  (cos  ff+i  dn  0)  =  .i'  +  ;/i, 

30  that        eos  S  +  t  sin  fl  =  sin  (a-  +  yi)  =  sin.c  cosyj  +  cosai  sins/i 
—■  rin  .rcosh  y  +  icos  x  aiahy. 

Hence  siriiEeoshj/^cose (1), 

and  cos  a;  Binhy  =  maB (2). 
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Squaring  and  adding,  we  have 
l  =  sin2:r  cosh2;/ +  cos-  j;siiili';!/  =  siii-  jj  (1  +  sinh5  y)  +  cos2  x  sinh2  y 
=  <bi-.<:  +  sinh2;/, 

.■.    sinh2^  =  cosa.r. 
Hence  from  (2)  we  have  cotP x  =  sin 8,  assuming  sin  #to  be  positive. 
Therefore,  since  x  is  to  lie  between --  and  +  g  (Art.  321), 
re  have  cos  3:  =  +Vsinfl,  and  hence  tf  =  cos_1(Vsin  6). 

Tin-  ij;jnaiion  (2)  then  gives 

sinhy  =  +n/sinfl, 
othat  eW-3e»  h/bE^I. 

.e.  j  =  Jog[s/sinfl  +  Vl+sinS]. 

Ex.  2.     Separate  into  -its  re.n!  u/iil.  inuiiiiinn-i/  ixirte  the  quantity 

Let  tan-i(a+J3i)  =  (a  +  !/i),  so  thattan(a  +  ff»)  =  o  +  /!i, 

.*.  tan2*=tan{(;e+yi)+(ie-yi)} 


n(2yi)  =  tan[(s+yi)-(»-S0] 

<«  +  #)- (a -ft)  _       -2/5 
!  +  (■+«(■-/*)      l  +  »s 


■■     t*+e-««      l  +  o^+p2 ' 

«fo  _l  +  ni  +  g3  +  2p      (l+/3)3  +  aa 


A     J/  =  £l°g 
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INVERSE  CIRCULAR   FUNCTIONS, 
Or  again  (1|  gives         tanh  2y  =  j  -■-„        , 

We  should  have  Tan"1  (a+0£)=»wr+tan-l(o+j9i) 


EXAMPLES.    LVI. 

S^ppriLli:  into  iiic-ir  i'C-cl  r.iifl  iniiiHinfivy  prirLs  the  quantities 

Prove  that 

3.    sinh-'a;=log^+V^+r).  4.    tanh-^^sinh-i-^p. 

5,    oosh~Ia;=log  (Jx*-l  +  x}.  6,    tanh"1  s  =  Jlog  j— ^j . 

7.  Sin-1(eOBeofl)  =  {2n  +  (-l)"f  ^  +  i(-l)"logcot|. 

8.  Tan-'f^)  =  -^  +  |-^logUn^~Q. 

„         L;'n  '?./■  -'■  i;uih  2rfi     ^       .tanfl-tanhtf     ^,       ,,     ,_     ,,    ,, 
q      Tan-1 +T;in-1 ; — ,—  =  Tan-1  foot  flcothd). 
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CHAPTER  XXVI. 

LOGARITHMS   OF  COMPLEX   QUANTITIES. 

326.  If  a  =  e*  where  a  and  x  are  real  quantities,  we 
know  that  is  is  called  the  logarithm  of  a  to  base  e  and  we 
have  shewn  in  Art.  253  that 


a=^=i+iC  +  ^+;-4 


We  may  therefore  look  upon  the  logarithm,  x,  of  a  to 
base  e  as  being  derived  as  a  root  of  the  equation 

a  =  l  +  tf+~-f-p  + ad  inf. (1). 

As  in  other  cases  we  shall  now  extend  this  result  to 
complex  quantities. 

327.     Def.    If  x  +  yi  be  airy  complex-  quantity  and  if 
a  +  &i  be  a  quantity  which  in  equal  to  ex+,ji,  i.e.  to  the  series 

1+(«  +  rt  +  (£^fi'  +  fcH*,+ , 


then  x-\-yiis  said  to  be  a  logarithm  ofa  +  f3i. 
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We  say  "  a"  logarithm  because,  as  we  shall  now  shew, 
there  are  with  the  above  definition  many  logarithms  of  a 
quantity. 

We  have  a +  £»=  <*"*■»* (1). 

Now,  by  Art.  308,  we  have,  for  all  integral  values  of  n, 

e^iri  =  cos  2mr  +  i  sin  2»x  =  1 (2). 

Hence  from  (1)  and  (2)  we  have,  by  Art.  305, 
a  +  pi  =  e*+"( .  e*"*  =  e35+a,+m,r>i. 

According  to  the  above  definition  we  wee  that,  if  x  +  yi 
be  a  logarithm  of  a  +  fii,  so  also  is 

x  +  yi  +  2mri,  i.e.   x  +  (y  +  2iwr)  i. 

328.  Wo  proceed  to  find  the  logarithms  of  the 
complex  quantity  a  +  (Hi,  where  a  and  /3  are  real. 

By  Art.  267,  we  have 

a  +  pi  =  r  [cos  (2?wr  +  6)  +  i  sin  (2«tt  +  6)] 
where  n  is  any  integer,  r  =  +  Va2  4-  P?,  and  6  is  that  value 
lying  between  —  ir  and  +■  tt  suoh  that  cos  0  is  -  and  sin  0 

is  —  ,  i.e.  with  the  restriction  of  Art.  267, 

6  =  tan"'  ^ . 
a 

If  x  +  yi  be  a  logarithm  of  a  +  Pi,  we  have  then 

r  [cos  (2mr  +  0)  +  i  sin  (2wr  +  0)]  =  e***1 

=  ex.evi  (Art.  305) 

—  (;;  (cos  y  +  i  sin  y). 
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By  equating  real  and  imaginary  parts,  we  have 
ex  cos  y  =  r  cos  (2wr  +  9), 
and  e1  sin  y  =  r  sin  (2)itt  +  0), 

Hence  e1  =  r,  and  y  =  2ii7r  +  0. 

Since  x  and  r  are  both  real,  x  is  the  ordinary  algebraic 
Mapierian  logarithm  of  r,  so  that 

Hence  a  logarithm  of  a  +  /Si  is 

log,r  +  t(2mr-f-0), 

i.e.  logs  Va2  +  S^  +  *  [Sjitt  +  tan-1  - J . 

Since  n  is  any  integer  we  see  that  there  are  therefore 
an  infinite  number  of  logarithms  of  a+/3i,  and  that  these 
only  differ  by  multiples  of  2tt*. 

329.  With  the  extended  definition  of  a  logarithm 
given  in  Art.  327,  it  follows  by  the  last  article  that  the 
logarithm  of  any  number  is  many-valued. 

When  this  many-valnednoss  is  taken  into  consideration 
we  write  the  logarithm  of  rx  +  fii  as  Log  (a  +  /Si). 

Hence 

Log  (a  +  0i)  =  loge  vV  +  |Ba  +  i  (  2jwt  +  tan-"'  -1 . 

If  we  put  n  equal  to  zero  in  the  value  of  Log  (a  +  @i) 
the  result  is  called  the  principal  value  of  the  logarithm 
and  is  denoted  by  log  (a  +  /3i),  so  that 

£ 

log  (a  +  /3i)  =  log,,  v(as  +  S2)  + 1  tan"1  ~ . 

and 

Log  (a  +  &i)  =  2mri  +  log  (a  +  /3»). 
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This  distinction  between  log  and  Log  is  to  be  here- 
after a 


330.  Any  positive  quantity  has  one  real  lof/orithm 
and  an  infinite  -number  of  inuvjimr/j  ones. 

In  the  result  of  the  preceding  article  put  y8  equal  to 
zero,  ;m<I  we  have 

Log  a  =  2mri  +  loge  a. 
We  therefore  observe  that,  with  our  extended  definition  of 
a  logarithm,  every  real  quantity  a  has  a  real  logarithm 
(which  is  equal  to  log,,  a  as  ordinarily  defined)  and  an 
infinite  number  of  imaginary  logarithms,  which  arc 
obtained  by  adding  any  multiple  of  2-7ri  to  its  real 
logarithm. 

I'his  might  have  been  directly  deduced  from  equation 
(1)  of  Art.  326.  For  this  is  an  equation  of  infinite  degree 
and  therefore  it  has  an  infinite  number  of  roots,  of  which 
only  one  is  real. 

It  will  be  noted  that  the  principal  value  of  the 
logarithm  (according  to  our  extuiiriwl  definition)  of  a  real 
number  is  equal  to  its  ordinary  algebraic  logarithm. 

331.  Logarithm  of  a-  nef/otive  quantity.  In  the  result 
of  Art.  329  put  ft  =  0,  and  a  =  —  x,  where  a;  is  a  real 
positive  quantity. 

.'.  +  vV  +  iS2  =  +  as,  and  tan~'  - 

[which  is  an  angle  such  that  its  cosine  is  —  i.e.  —1, 
and  its  sine  zero  (Art,  267)]  is  equal  to  -jr. 

:.  Log  (-  w)  =  %mi  4-  loge  a>  +  wt, 
and  log  (—  as)  =  loge  x-\--ni. 

l.  t.  25 
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386  TRIGONOMETRY. 

Hence  the  principal  value  of  the  logarithm  of  a 
negative  quantity  —  x  (with  our  extended  definition)  is 
equal  to  the  ordinary  algebraic  logarithm  of  x  added 
on  to  tri. 

332.  Logarithm  of  a  quantity  which  is  wholly  imagm- 
ary.     In  the  result  of  Art.  329  put  a  =  0,  and  we  have 

Log  0&)  =  Sniri  +  log,  £  +  i  ~ 

so  that  the  logarithm  of  any  quantity  which  is  wholly 
imaginary,  consists  of  two  parts,  the  first  of  which  is  real, 
and  the  second  of  which  is  imaginary  and  many- valued. 
As  a  particular  case,  put  (3=1,  and  we  have 

Log(V~l)  =  i(Wi),r, 

so  that  the  principal  value  of  Log  (V-  1)  is  -=  i. 

333.  In  the  result  of  Art.  329  put 

a  —  cos  d  and  ($  =  sin  6. 

.;  Log  (cos  0  +  a' sin  0) 

=  log„  1  +  i  (2nw  +  9)  =  8i  +  Intti, 

.',  Loge8i  =  6i+2mri. 

The  principal  value  of  Log eai,  i.e.  logs"',  is  therefore 
that  value  of  (9  +  2n-rr)  i  which  is  such  that  9  +  2mr  lies 
between  —  tt  and  +  it. 
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14.     Ex.  1.     liiinlri:  i.nUi  it?  rail  mid  iin-.rii  >!'.!■<■  y  pari?  ;ln:  exprr??io>: 

Logsin(x  +  yi). 
it  Log  sin  (x  +  yi)  ~u  +  vi,  so  that 

is->+»i  =  iiin{x  +  yi)  =  iiina:co!tyi  +  eos!i;Binyi 
«"  +  £~^     .  e"-e'i 


...(1). 


As  in  Art.  267  lei  il:s:  -i;;iil-lnu!.L  iiu:  of  this  uxpiosi?iou  equal 

r  [cos  (2)i!r  +  9)  +  i  sin  (9mr  +  S)], 
bo  that 

/"T"7"?("''-i-'^"Y    .  .^  ~f '■■' - ■■~"Y 

=  i\f(e*v  +  e-W)-2coB2x 

=  J  J2  cosh  2y  -  2  cos  2F=  ^/  ^lt££i!? , 

and  e  =  tan-1    cots  ^j~^  I  =  tan-1  [oats  taut  y], 

with  the  visual  restriction  of  Art.  267. 
We  have  then  from  (1) 

Hence  cu  —  r,  so  that  u  —  \ogcr, 

and  v  —  2mr  +  8. 

.*.   Lagsiu(3!  +  j/;)  =  »  +  ''t  =  loge!-  +  (2nir  +  0|j 

1 ,        Tcosh  2u  -  cos  2x~\ 
=  3%.[_ ^ j  +  it^  +  tan-Mcot^tanhy]]. 

By  iiutliii;;  a  equal  to  zero,  ■.',■<■  have  the  principal  Villus;  of 

Logsin(s  +  %). 
Ex.  2.    Find  tie  general  value  of  Log  ( -  3). 
Let  £  +  ji  =  Log(-3),  so  that 

-S=r{coa(2n*  +  e)  +  iBm(2n*  +  8)}, 


.Google 


388  TRIGONOMETRY. 

Hence        3  { cos  (2nir  +  r)  +  i  sin  {Inn  +  *■)  J 

=  «***<=(*.««  =  (!*  {cos  </  +  *  sin y}. 
Hence  e*  =  3,  so  that  i^logj.S,  and  y=2na-+«-. 
.-.  Log(~3)=Io&3+(2rar+x)!. 

The-  pvUicipal  va:uf,  oiualnccl  ay  pi;ui;i:[  ;.■  ct[i.ial  to  zero,  is 
log,3  +  5ri. 

EXAMPLES.    LVII. 
Piove  that 
1.    log(oosfl  +  tsinfl)  =  tfl,  if  -r<0f  r.  2.     log(-l)=iri. 

3.  Ioa(-i)=-|i. 

4.  Iog(l  +  eos20  +  isin2fl)  =  log,{2oos0)  +  »f  if  -T<S^7r. 

5.  log  tan  ( |  + 1 1  j  =  itan-»  sin  /«. 

6.  logcoB(3J  +  y;)  =  2log„f  C-°-— ^t?°f_J .  j  +itan-1|tana:tanh^|. 

7.  log-  .  ■'  '  =  2f  tan-I(cot  staDhy). 

B-  Iogc"o7fr|l=2itan"1|taU3;te',h!"' 

10.     l"g(X  +i  tano)  =  log,:  sec  r:  +  oi',  where  a  is  a  positive  acute  angle. 

"■  l0B  (ri,«)"1°"-6~™''5) +<  (s "  i) ' 

12.  log t--  =  2t  tan-1  - . 

13.  Log(-5)  =  log„5  +  (2ror  +  ir)i. 

14.  Log(l  +  tl  =  tog.a+i^!hMr  +  jy 

15.  Find  the  value  of  log  log  sin  (s  +  jrf). 
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335.  Definition  of  a"  when  a  and  x  are  any 
quantities,  complex  or  real.  When  a  and  x  are  real 
quantities  we  know  that 

o?  =  &*<*,    (Art.  253.) 
When   a  and  &  are  complex  the  ordinary  algebraic 
deliriition  of  a?  .no  longer  holds. 
Let  us  so  define  it  that 

for  all  values  of  x  and  a,  whether  real  or  complex. 

Now,  by  Art.  329,  Log  a  is  many-valued  and  complex 
when  a  is  complex.  Hence  a"  is  many-valued  and  com- 
plex, so  that 

as  _  eSLwo  =  gfl  (amrf+log.^ 

From  Art.  305  it  now  follows  that  a?  x  a'so,"**,  so  that  a1  obeys  the 
ordinary  algebraic  law  of  indices. 

The  value  of  ax  obtained  by  putting  n  equal  to  zero  is 
called  its  principal  value. 

Hence  the  principal  value  of  a? 

=  1 +  #  log  «+ J  (log  «)*+...     (by  Art.  304.) 

If 

336.  It  may  now  be  shewn  that,  if  y  be  complex. 


^g0-+y)  =  y-^f  +  7,f- 


The  proof  is  similar  to  the  proof  when  y  is  real. 

(Art.  256.) 

It  is,  in  general,  necessary  that  the  modulus  of  y  be  <  1 ; 
otherwise  the  Binomial  Theorem  does  not  hold  for  com- 
plex quantities.       (Art.  273.) 
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If  the  modulus  of  y  be  equal  to  unity,  ?-o  that  ;/  may  be  put  equal  to 
cos  £  +  i  Bin  0,  the  expansion  can  be  shewn  to  be  still  true,  except  in  the 

casts  when  ip  is  equal  to  an  cud  mil!  [i  pic  of  -.-. 

Since  Log  (1  +  y)  =  Zmri  +  log  (1  +  y), 

we  have 

Log(i+y)=,2»"»+y-sy'  +^-1^+ 


To  separate  into  its  real  and  imaginary  parts 
n(a  +  0Cf*#. 

Let  a  +  $i  =  r(cose  +  i6m6), 

so  that  as  in  Art.  265, 

r  =  vV  +  /S2,  and  5  =  tan'1  — . 
Then,  hy  definition, 
(a  +  ffiy+yi  =  e&+yt> Los  ,n+3'1 

=  gjslosr- iilS-i-SnMrj }-'» {?'ll,« ''■'■*  :fl+a™  "'l  i 

=  gidogr   e-;/ie-2«i7Th    gi-fi/Li'sc-r-KtO+auBr)! 

_  ja .  g-mmnw]  [cog  [y  log r  +  « (^  +  2hwt)J 

4- 1  sin  [j/ log  r  4-  x  {6  +  2mir)}]. 
If  we  put  m  equal  to  zero,  we  obtain  the  principal 
value  of  the  given  quantity,  viz. 

r^e-v"  [cos  (y  log  r  +  off)  +  i  sin  (y  log  r  4-  asB)\ 
338.    Bx.1.    Find  t/«  general  value  of  [J'^ly'1. 
We  have  [t/^iyf^^^Iwf-1. 
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But        Log  ,/^I=Lag  |~cos  f  2)Mr  +  |Wi  ein  (  3**:  +  |)~| 
=  Log«*>a™"+a/'=(2ii7r+|)i. 

where  n  lias  any  integral  value. 

The  principal  value  of  [*J  -  1]*  ~l  'S  fl~2  . 
Ex.  2.     Kini  *.'(■■  ;):■/( •■rid  c-ahic  of  Lou,,  (  -  8). 
Let  Log3  (-8)=*+gi,  so  that  2*+*'  =  -3, 
i.e.  ^*WIW=3{co9(2iwr  +  ?r)  +  isin(2M7r+jr)}  (Art.  283). 

But  Log2  =  2iiTi  +  logE2,  and  3  =  eIoe«5, 

,     e(i+»i)  (aim+lose2)_t,1ogaS  .  e  (aiiF+i]  J 
.-.    (a  +  !/i)(2fMri  +  logu2)  =  logt3  +  (2i«7r  +  ir)i. 
Equating  real  and  imaginary  parts,  we  have 
slog,  2  — 2j(7ry  =  loge3, 


Solving,  we  have 

_loge  3  loB,  2  j-  (amir  +  t)  ■  2n;r 
E~            (log.2)s+4nV 
.                                    (Srair  +  ir)  log,  3  -  Snn-  log,  3 
Qd  ^  =  — llog^lrfP ' 

Hence  Log3(-3) 

|logf31oge2-t-3ii(2ni  +  l)TT:iH-;V|(2m  +  l)loee2-2Mlog83} 

'"     '  (log,  2)5+  4«V 

If  m=»  — 0,  the  principal  value  U  oiitsinefl,  viz. 
logu  a  +  7=-?: 

"log,  2     ' 
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339.  It  could  now  be  shewn  that  the  general  values 
of  the  logarithms  of  complex  quantities  satisfy  the 
ordinary  laws  of  logarithms,  viz. 

Log  mn  =  Log  m  +  Log  n, 

and  Log  —  =  Log  m  —  Log  n. 

It  could  also  be  shewn  that  Log  mn  =  n  Log  m  +  tpwi, 
where  p  is  some  integer  or  zero.  The  proof  is  left  as  an 
exercise  for  the  student. 


EXAMPLES.    LVni, 

Prove  that 

1,    *mr+—{Kmffim4+UnQat4\. 

■■  — {(~iW«*K«»M- 


.(u.*i),.A-4). 


4-  Hi,  piir.cipal  values  only  being  oonsitlcro'i,  prove. 


5.  If  itt+^=o+|W1  prove  that 

6.  ^T.';^;,-'1"^'  Pnlve  that  one  value  of  tan-1  e  it 

5j)jr  +  glogs2. 

7.  II  (a+W)*>s=mPti«,  piove  that  one  of  the  values  of  ^  is 


log.fffis  +  i8)' 
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8,  If   o""p^i  =  (.'C  -i- yi)*'-'*',    principal  values   only  being   considered, 
prove  that 

«  =  I P  l°g=  (sa  +  y2)  -  q  tan-1 1  loga  c, 

and  that  loga  («*  +  ys)  =  S  3Lt£| . 

9.  Prove  that  the  real  part  of  the  principal  value  of  (i)i=s(i+«  ia 

rsoosgloga). 


2  (3  lo«  (ir -i- &a)  +  a  tan"1  - 

is  an  even  or  an  odd  multipii-  of  [t  . 

11.    Prove  that  the  general  value  of 

(1  +  itana)-' 
IB  e«+*™«  [cob  (log  cos  a}  +i  Bin  {log  cob  a}]. 

prove  that  one  of  the  values  of 


13.  Provethat        Log^— (V-l)^-"^*, 
where  m  and  n  are  any  integers. 

14.  Prove  that  the  general  value  of  Log4  (-2)  is 

<log2|3  +  m. (2)1  +  11^      .  (2« .+  U»Jrhg| 
2(log2)'  +  2m%-         ''     2(log2)^  +  2mV='' 
Explain  the  fallacies  in  the  following  arguments: 

15.  For  all  integral  values  of  n  we  have 
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Raise  all  these  qmai '.'.;■  ica  t';  lLc  piiwer  J  -  1 ;  thus 


16.  For  all  values  of  9  we  have 

so  that  (*(»—■)=«*<«-«) . 

Henee  8-r  —  8  +  ir,  i.e.  ir  —  0. 

17.  If  fl  and  t>  be  lIio-  jsiir-cipol  values  of  the  amplitudes  of  two 
complex  numbers  .;■  a-nl  it,  prove  that 

log  £!/  =  Iog  r  +  Sojj;/-2Niri, 
where  n  is  -1,  0,  or  +1  according  as  8  +  </>  is  ^ir,  greater  than  -  jt  and 
not  greater  than  ?r,  and  not  greater  than  -  r,  respectively. 
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CHAPTER  XXVII. 

GREGORY'S  SERIES.   CALCULATION  OF  THE  VALUE  OF  ir. 

340.     Gregory's  Series.     To  prove  thatt  if  0  be  not 
less  than  —  ?  and  be  not  greater  tlian  +  - ,  then 


We  have             cos  0  +  i  sin  6  —  eei, 

and                            cos  0  —  i  sin  0  —  e~si. 

„    txx6  +  imn8_  eK  _  &m 

Ml, 

"  cos  0  -  i  sin  0  -  (rei 

where  n  is  an  integer. 

1  -  *  tan  0 ' 

.:  (20  +  2*wr)  i  =  log  (1  +  i  tan  0)  -  log  (1  - 1 

tan 

»)■ 

Now  log  (1  +  i  tan  0)  may  be  expanded  provided  that 
tan  0  be  numerically  less  than  unity. 
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Hence     (20  +  2mr)  i 

=  i  tan  &  —  -:$  tan2  8  +  =  i*  tans  6 


'[- 


Jh't 


?tan2#  —  :  r  uurtf- 


9  +  KiHan3f  +  -*'tanB( 


.-.  0  +  nn-=tan0-  | tan3 6  +  j=  tan5 0 - (1), 

where  n  is  an  integer. 

The  right-hand  member  of  (1)  may  be  written  in  the 
two  forms 

tan<?(l-;Uan2<?)+itan60(l-^tan20')+ (2), 

and 

tan  0 - 1  tan3 0 (l  -  5 tan2 #)  -  y  tan7 8  (l  -  ^ tan11  fl) 

+ (3)- 

If  #  lie  between  0  and  ~  ,  so  that  tan  8  is  positive  and 

leas  than  1,  then  from  (2)  we  see  that  the  sum  of  the 
series  is  positive,  and  from  (3)  that  it  is  less  than  tan  0 
and  therefore  less  than  unity. 

In  this  case,  therefore,  n  must  be  zero  and  we  have 

8  =  tan#--5tans#  +  -tani0  - ad  inf.  ...(4). 

If  we  change  the  sign  of  0,  then  every  term  in  (4) 
sign,  so  that  the  series  must  also  be  true  for 


values  of  0  between  0  and  - 
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341.  When  tan  8  is  equal  to  unity,  we  have 

Iog(l+itaa0)  =  log(l  +  t)=log  \l  +  (cos^  +  isin  |)1 , 

so  that  the  expansion  of  log  (1+i  tan  0)  is  by  Art.  336, 
still  tnus. 

Similarly  for  log  (1  —  -itan#). 

Hence  Gregory's  series  is  true  for  the  extreme  values 

6=-t  and  0=-t- 

4  4 

342.  If  6  lie  between  j  and  —r-,  or  between 


t  and  ■-.— , 

4  4  ' 

or,  generally,  between 

.  *       j         .  3tt 
nw  +  -  and  W.TT+  ^-, 

4  4 

tan  (J  is  greater  than  unity ;  in  these  eases  the  expansion 
of  log(l+itan#)  does  not  hold,  and  there  is  no  such 
expansion  as  equation  (1)  of  Art.  340. 

343.     If  0  lie  between  — -  and  — ,  let  it  equal  ir  +  a, 

so  that  a  lies  between 

-  7  and  +  -; , 
4  4 

and  hence,  by  equation  (4)  of  Art.  340, 

h  =  tan  a  —  ^  tan3  a  4-  ^  tan"  a  — 

But  tan  a  =  tan  (0  —  tt)  =  tan  0, 

so  that  this  equation  is 
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Comparing  this  with  equation  (1)  we  see  that  n  equals 
-  1  when  0  lies  between 


If  8  lie  between  -j-  and  -j-  it  may  be  similarly  shewn, 

by  putting  0  equal  to  2tt  +  a,  that  in  this  case  n  is  equal 
to  -2. 

In  general  if  t?  lie  between  pir  —  -j  and  pn  +  -^ ,  the 

equation  (1)  of  Art.  340  is 

0-pir  =  tan  flrr^.tan*  5  +  =  tan5  0  - 

344.  The  series  (2)  of  Art.  340  may  be  slightly 
transformed  by  writing  tan  0  =  x,  so  that  x  must  be  not 
less  than  —  1  and  not  greater  than  1. 

It  then  becomes 

tan~'  x  =  x—  |x3+  |x"  —  ix7+ ad  inf., 

"where  tan-1  x  is  that  value  which  lies  between 

345.  The  results  oi  the  jireuc-ilinf;  articles  may  be  inure  directly 
cimnected  iviih  the  pixeedhii:  chapter  in  the  folio  whig  manner. ' 

If  tan  0  be  numerically  less  than,  m-  numerically  equal  to,  unity  we 
have,  by  Art.  336, 

Log(l  +  ttanS)  =  2j)Tt+itanfl-^iHan;,0  +  5i3tan3e..., 

and  Logfl  --tla-nC)  —  2fjwt  -  ■*"  ian9-^iE  tana  9  -  ^i3  tun3  0..., 

where  ;j  and  j  ii.it:  both  integers. 
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Hence,  by  subtraction, 

Log-ri^_  =  2(3)-3)7ri  +  2;[|tone--tan»e+  ...J .(1). 

Bat  L°gf^S  =  L08[rse-^ln5 

=Log  (coa  6  +  i  sin  &f  =  Log  [cos  29  +  i  sin  20] 

=2«ri  +  i.20 (2), 

where  r  is  an  integer. 

Some  one  of  the  values  of  the  right  hand  of  (I)  must  iborcfui'O"  bo 
equivalent  to  some  one  of  the.  vhIhbk  on  th«  right  hand  of  (2). 

Hence,  by  eqi:a*J:ir;  am]  i  fining  r  —  j? H- 5  =  ji,  we  must  have,  for  some 
integral  value  of  n,  the  relation 

0+wr  =  t«n0--tan30.-l--5tan['0-.... 

I:  v.o  -rvji^ia'-j1  iivi:ie;;;o.:.  '--^hx.'  ou'y  o;'  olio  lii";u'"ilinH  then  in  (])  both 
p  and  q  tire  aero  and  tan  w  is  iinniericiilly  L-ps  than  unity. 

Also,  by  Art.    3S'.i,  t-Lio  valne  of  )■  in  (2)  is  koto  and  0  lies  between 

Combining  l-Iil-su  l'-yo  sjLitemonts  ivo  ;;oo  that'  p,  q,  and  r  are  zero,  and 
therefore  n  if  Kern,  when  i)  lies  between  --  and  +  j. 

346.     Value  of  7T.    One  of  the  nhief  uses  of  Gi-egory's 
series  is  its  application  to  find  the  value  of  tt. 
In  Art.  344  put  x  =  X,  and  we  have 


—  (HHHHnr-A) 

-1-2[iO+ra  +  Iiii5  + ]■ 

This  series   may  be   used   to   calculate  it  ;   its  defect 
however   is   that   the   successive   terms    do   not    rapidly 
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become  small,  so  that  a  very  large  number  of  terms  would 
have  to  be  taken  to  obtain  the  value  of  it  correct  to  any 
great  degree  of  accuracy. 

For  this  reason  other  series  have  been  sought  for. 

347.  Euler's  Series.     We  can  easily  prove  that 

tan"1  g  +  tan"1  g  =  ^ . 
In  Art.  344  put  in  succession  x  equal  to 

1       a  l 
2and3' 
and  we  have 

-r  =  tan  1  s  +  tan  '  - 
4  2  3 

11    1       1    1^1    1_ 

~2     3'23  +  5'  25     7'2'  + 

1_1    1.      1    j._l    _1 
+  3     3"3s+5"3'     7'  S7  + 

This  series  converges  more  quickly  than  the  preceding 
series;  but  more   than   eleven   terms   of  the   series   for 

tan-1  x  would   have   to  be  taken  to  give  tt  correct  to  7 

places  of  decimals. 

348.  Machin's  Series.  A  more  convergent  series 
than  the  preceding  is  Machin's,  which  is  derived  from  the 
expression 

4  tan-1  i  -  tan"1  —  =  -         (Art.  240,  Ex.  4). 
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By  substituting  in  succession  -  and  ^g  for  m  in  Art. 
344,  we  have 

4        [5     S'o-      5'5S     7'5' J 

_rj-_!  _l+ij__     ] 

239     3   239"      5    239'  J' 


[lO     3103     ol0s     7107" 


1  111         1 

239     3  239a     5  239' 


16  > 

:io 

3-2 

16 

x5' 

10r' ~ 

.   '001024 

16 

*9 

10"" 

.   '0000009102 

*  *  5  259'"  ,°0000009" 


3'2010250079 

»»iS 

=  •0426606666... 

»4£ 

-'0000292571... 

,      1     2" 

6  *  iris- 

=  ■0000000298.. 
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3'2010250079 
-  '0594323552 

it  =  314159265/27 

This  is  the  value  of  tt  correct  to  8  places  of  decimals. 
By  taking  the  first  series  to  21  terms  and  the  second 
series  to  three  terms  we  should  get  it  correct  to  sixteen 

349.     Rutherford's  Series.     A  further  sirnpliliaitirm 
of  Machin's  formula  is  the  expression 

4tan-^-tan-'^  +  tan-'^=^. 
For  we  have 


239' 
EXAMPLES.    LIX. 


write  down  tli a  va.li;e  of  ».  whon  0  lies  hetivcen 

,       llir        ,  13tt  .      7t        ,  9tt 

1.     —  and  -j- .  2.    -r  and  -j  . 

a      19»        ,  21jr  .  3*-        ,        5tt 

3.     - r~  an"  ~~ r  ■  *.      — r  all£'  ~~  _r  ■ 
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6.  Prove  that 

-+{*-l+Jw-&+-\ 

7.  Prove  that 

4      3  T  7      3  \A'     Is  j  +  5  \3S      75/ 

8.  IIarbe-s^/2-1,  prove  that 
a(*-5«'+ia" ad  inf.  ^ 


~iTP 

sVi-W  +sl,i-W 

Find  the  value  of  *■  t 

throe  phiCBs  of  ueciirtLls 

9. 

Bjuh 

:;;  L'.ir'er'; 

Series. 

10. 

By  us 

ns  M:Lt:'riL> 

a  Series. 

11 

By  us 

n«  1<  u  11 10  libra's  Ssritfs. 

12.  To  the  sKtoiid  or  dor  of  Hiinul  qiiiuititifs,  prove  that 

!  */lTST«  log  (1  -  »)  +  tan-' »  .in  (r  + »)  =  ^ ,. 

13,  When  both  9  and  tan-1  (see  0)  lie  between  0  and  =  ,  prove  that 

tan-1  f aec  0)  =  j  +  tan2 -  -  -  taTi"-  +  =  tan10„-  .... 
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CHAPTER  XXVIII. 

SUMMATION    OF    SERIES.       EXPANSIONS   IN    SERIES. 

350,  We  shall  now  apply  the  results  of  the  preceding 
chapters  to  the  summation  of  sonic  trigonometrical  aeries. 

The  chief  series  may  be  divided  into  four  classes ; 

(1)  Those  depending  for  their  summation  on  a 
Geometrical  Progression  ultimately, 

(2)  Those  depending  ultimately  on  the  Binomial 
Theoreni, 

(3)  Those  depending  ultimately  on  the  Exponential 
Theorem,  including,  as  sub-eases,  the  Sine  and  Cosine 
Series, 

and     (4)  Those  depending  ultimately  on  the  Logarithmic 
Series  and,  as  a  sub-case,  Gregory's  Series. 

351.  In  Arts.  352 — 355  we  shall  sum  one  example  of 
each  of  these  classes.  It  will  generally  be  found  more 
convenient  in  summing  one  of  those  series  involving  sines 
of  multiple  angles  (sueh  as  sin  a,  sin  2a,  sin  3a  . . .)  to  also 
sum  at  the  same  time  the  companion  series  involving  the 
cosines  of  the  same  multiple  angles 

(i.e.  cos  a,  cos  2a,  cos  3a...). 
The  method  will  be  best  seen  by  a  careful  study  of  the 
following  four  articles. 
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352.     Ex.      Sum  to  ■»  terms,  and  to  wfinil-//,  the  xeriu-i 

1  +coosa  +  c2cos2«  + , 

where  c  is  less  than  unity. 

Let 

C  =1  +  c  cos  a  +  c2  cos  2a  +  ...  +  c""1  cos  (to  -  1)« (1), 

and 

£  =  csina  +  c*sin2a  + +  C"-1  sin (n -  1)  a (2). 

Multiplying  (2)  by  i  and  adding  to  (1),  we  have 

0  +  iS'4  =  l  +  e(cosa  +  isina)  +  ca(eoB2a  +  isin2a)  + 

=  1  +ce"i  +  cae*li+  ...+c"~,e^-||l'i     (Art.  308) 

=  -— - — g-,  by  summing  the  G.P., 

=  |l-c'(coam+.-Bi.i.«)i     (Art308) 
1  -  c  cos  a  —  %c  sin  a  ' 

_  (1  —  cncosna—  it;"  sin  ma]  ;1  —  c  cos  a  4-  io  sin  «} 
(1  —  c  cos  a)2  +  cs  sin2  a 
{(1  —  c  cos  a)  (1  —  c"  cos  Ma)  +  cn+1  sin  na  sin  a} 

+  i  {c  sin  a  (1  —  cn  cos  net)  —  c"  sin  «a  (1  —  c  cos  a)] 
1  —  2c  cos  a  +  c* 
Hence,  by  equating  real  and  imaginary  parts,  we  have 
„_  (1.  —  c  cosa)(l  —{;'"■  co«  )i.ft)  +  f/"-1 1 


and    $  = 
and  S  = 


1  —  2c  cos  a  +  & 

e  sin  a  {1  —  c"-  cos  no)  —  c"  sin  «,a  (1  —  ■ 

-;  cos  a) 

1  -  2c  cos  a  +  o2 

1  —  c  cos  a  —  c"  cos  na  +  c"+L  cos  (n  - 

-i)« 

1  -  2c  cos  a  -I-  ca 

c  sin  a  —  c'1  sin  Ha  +  c']  H  sin  (m  —  1)  « 

1  —  2c  cos  «  +  c2 
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The  sum  bo  infinity  is  obtained  by  omitting  the  terms 
containing  c™  and  c™+1,  which  become  indefinitely  small 
when  n  is  very  great. 

Hence  Gm 


and  S 


1  —  2e  cos  a.  -\ 

c  sin  a 


1  —  2c  cos  a  +  <? ' 

Vrom  the  results  for  0  and  S  it  is  now  clear  that  the  above  serie3 
might  have  been  summed,  without  the  use  of  imaginary  quantities,  by 
multiplying  both  sides  of  (l).and  (2)  by  the  quantity  1  - 2c 008 o  +  u*. 

Tho  cOHi'liuients  of  .-',  c' /:''■-■  would  then  be  found  to  vanish  and  the 

values  of  C  and  S  be  easily  obtained. 

353.     Ex.     Sum  the  series 

1.  1 . 3    .   „       1 . 3 .  5    .   „  ,  .   . 

,  am  a  -j-  -     ,  si.v  in  +  ..,-■■,      .  sin  3«  4-  ....  ad  mi. 
2  2.4  2.4.6 


2.4° 
1.3 

h2T4C' 

Hence,  multiplying  the  first  by  i  and  adding  to  the 
second,  we  have 

«     a-     -,      1     t     1.3  „;     1.3.5   ,, 

by  the  Binomial  Theorem.     (Art,  273.) 
/.  (7  +  Si  —  {1  —  cos  a  —  i  sin  a}_! 

=  {2Bin?P|ao.(|-|)+i8in(|-|)P 
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Hence,  by  equating  rual  arid  imaginary  parts,  we  have 

id  S={2S;„!*sm^-". 

If  a  =  2mr,  clearly  S  =  0  and  <?  =  go . 

EXAMPLES.    LX. 
Sum  the  series 
1.    «ta«  +  ^rin2»  +  ^«InB«  + adinf. 

3.  Bina.sino  +  sm3aam2B  +  sia5asm3o+ adinf.,  where  a^ +  |. 

4.  sin  a.  COS  a  +  sinaa  .  cos  Sai-  sin'-' a  .  <;os  3a  4- ad  inf., 

where  a  ^  +  =■ . 

5.  sia  a  +  c  ainla  +  ^  +  c2  sin  (n'+ 2(3)  + to  n  terms  and  ad  inf, 

6.  1  +  ecosha  +  c1  Dosh2o  + +  c"_lcoah  (it-  l)a. 

7.  c  ainha  +  e8  sinh  2a  + -l- ad  inf. 


10,    When  a  —  =j ,  find  what  are  the  values  of  tl 


11.  sin«+»sm(«+/S>  + 
h  being  a  positive  integer. 

12.  dn«+jdnfa  +  jijdn5«+ adinf. 

13.  Qos"0-«eos"-1aoosa  +  ^^'oos«-'oooB2a...to(»+l)t« 
n  being  a  positive  integer. 
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15.    H-5COi2fl-s-iooaJfl  +  ^'-3    dob  68- ad  inf. 


2.4.6 


"C-a 


sinh3!(  + to  n  terms,  where  n  is 


354.     Ex.     Sum  the  series 

,      c5  cos  25     0*005  45  ,  .   , 

1  +  ^2~~  +"^"  + admf- 

T         „     ,      cs  cos  25     c*  cos  45  ,  .    .       .  , 

Let     C=l  +  ■ — Tg —  H jt h ad  inf.  ...(1), 

,  „  c2 sin 25     c4 sin 45  ,.   „      ,,, 

and  S=        — a- —  +  — jt  ■■-  + adinf....(2). 

C  I* 

Hence 

C  +  <£K-l  +  ^f +^  + ad  inf. 

If  I* 

where       y=  ceH  =  c  (cos  5+*ein  5). 

1     ._^*..  1     _-„._*-.. 


ouosB[cos(csin5)  +  Vsiii(csin5)] 


By  equating  real   and   imaginary  parts  we  therefore 
have 

G=  |  cos  (c  sin  0)  [««""*  +  e-ec03  s] 

=  cos  (c  sili  5 )  cosh  ((■  cos  0), 
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and  S  =  „  sin  (o  sin  8)  [e" cos  *  -  e~° eos  e] 

=  sin  (c  siu  0)  sinh  (c  cos  0). 
Aliter.     From  (3)  we  have 

=  cos  (c  sin  5  -  t'e  cos  0)     {Art.  307) 

=  [cos(csin(?)«->s(/ccosf)  +  si(i(csiii^)sin(tocosfl)] 

=  [cos(osin^)cosh('f;i;oHS)-r'tsiii(!;si).i(3)sinh{ccos5)] 
(Art.  314). 
Hence  0  and  -S  as  before. 

355.     Ex.     Sum  the  two  series 

c  sin  a  4-  -r.  sin  2a  4-  -s  sire  3a  4- ad  inf., 

and       c  cos  a  +  ■=  cos  2a  +  ^  cos  3a  4- ad  inf., 

'where  c  is  nmiwrwullij  ml  'jreater  than  unity. 

Let   S  and   C  stand   for  these  two  series ;  then,  as 
before,  we  have 
0  +  Si  =  o  (cos  a  4-  i  sin  a)  +  ^  (cos  2a  4-  i  sin  2a)  4- 

=  ^4-^+^4- (1) 

=  -Iog[l-ce"*]    (by  Art.  336)  (2) 

=  -  log  [1  -  c  cos  a  -  ic  sin  a]  (Art.  308). 

Let  1  —  c  cos  a  =  r  cos  0,  and  —  c  sin  a  =  r  sin  0, 

so  that 

n — s ;.  /i      1  -  C  cos  a 

r  =  +  VI -2c  cos  a  +  c2,     cos0  =  — -, 
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and 

sin  0  =  -  °-  "5  « ,  ie.  fl  _  tan-  f*K^ , 
with  the  convention  of  Art.  267. 

.".  #+;&  =  — log  [Vl-2ccos«  +  c8(cos0  +  isin0 
=  —  log  [vl  —  2c  cos  a  +  c3 .  ew] 


g  Vl  -  2c  cos  a  +  ca  -  &'. 


.■.  C  =  —  log  ,/(l  -  2c  cos  a  +  ca)  =  -  «  log  (1  -  2c  cos  a  +  c2) 

(3), 

and  £  =  _<?  =  _  tan"1  (^j^^)    (4). 

Exceptional  cases.     When  c=  1,  the  quantity  (2) 
=  log  [1  -  cos  a-i  sin  a]  =  log  [1+cos  (a— n)  +i  sin  (a  —  ir)]. 

This,  by  Art.  336,  is  always  equal  to  the  series  (1) 
except  when  a  —  it  is  equal  to  (2ra  + 1)  ir,  i.e.  except  when 
a  is  a  multiple  of  2ir. 

In  this  case  S  =  Q, 

and  C  =  +  1  +  2  +  3  +  4 ' 

which  is  known  to  be  a  divergent  series, 
When,  c  =  —  1,  the  quantity  (2) 

=  log[l  +  cosa  -ft  sin  a]. 

This  by  Arc.  33(i  is   always   equal  to  the  series    (1) 
except  when  a  =  (%n  +  1)  tt. 
In  this  case  8  =  0,  and 

n       ,        1        1        1 

0-l+S+g+5+ 
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The  results  (3)  and  (4)  give  then  the  sum  of  the  two 
series  except  when  (1)  c=  1  and  a  =  Zmr,  (2)  c  =  —  1  and 
a  =  (2n  +  l)w,  and  (3)  when  c>  1. 

In  examples  depending  on  the  logarithm  series  it  will 
be  often  found  that  for  some  particular  values  of  the  angle 
there  is  no  sum. 

Particular  case.  Let  c  =  cos  a,  where  a  lies  between 
0  and  — ,  so  that 

S  =  cos  a. sin  a  +^  cos3 a  sin  2a  +  -  cos3asin3a+.... 
In  this  case 
S  =  - 
=  —  tan-1  (—  cot  a) 

_-(-!)■_ 

rem  en  ib  e  ring  the  convention  mentioned  above, 


EXAMPLES.    LXI. 


-■  Sill  1V0X3C-- 


-f-.-  sin(a-f2/S)  + ad  inf. 


+  ra  cos(a  +  20)  + ad  inf. 

, .  ad  inf. 


™-tt"""'  i? 

-(■4-M+i»(yW. ,aw. 
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sinh  2a     sinh  3  a 

+  ~ fa-  +~ )3_  + 


p£-'- ad  inf. 

—  d  '    f 

eos(3sina)  + ad  inf. 


»(Soc 


[In  the  following  examples  c  may  be  assumed  to  be  positive  and  not 
greater  than  unity;   when  r  equals  unity  there  will   be,  as  in  Art.  355, 
exceptional  cases  for  some  values  of  the  angle  a.] 

11 

c  sin  a  -  —  sin  2a  +  -^  ain  3a  - ad  inf. 

12 

CBiiiB  +  gOaHn8ii  +  gC,sdnEo+          ad  inf. 

13 

1   a               1  s        -                 a  "  f 

14 

.«..-£—.•.♦£.■-.«.+ « 

15 

.,h.-;**l.+|*dnfc+ rftat. 

16 

cos  a      Jooe3a+1eos5d  -          ad  inf. 

17 

eeoSa-iC3coS<a  +  2/3)+^coS(a  +  4,3) ad  inf. 

18 

sin  a  sin /3  +  - sin  2a  sin  2/3  +  -^  sin  3a  sin  3/j ad  inf, 

19 

msin!o--  -wi-sin-2a  -     m3  sin'-  3a  - ad  inf. 

20 

sinh  a-  ^  winli  L'a  —  -  ninli  »a  - ad  inf. 
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21.  e°<;osj3-ieSacos3j3  +  ^5"t;o35/3- ad  inf. 

jr      1         2i      1         3w      1         i-ir  ,  .    , 

22.  «»r  +  s«»y  +  s«»r  +  ToWiT admf. 

23.  If  fl--ffl  =  tflna|sm20-£tan<gsin40  +  |tftn«|sin6e-...  ad  inf. 

prove  that  tan  n  =  t»n  0  .  cos  w. 

24.  H  0  aud  0  be  positive  acute  angles  prove  that  the  sum  of  the 

Sin0eo6  0  +  ism3<?cos3#  +  jrsin50cos5<p+ ad  inf. 

is  j  or  0,  according  as  9  >  or  <  0. 
Prove  that 

25.  tanhic  +  gtanh3£  +  gtardiBa;  + 

=  tan  x  -  ^  tan3  x  +  ■=  tan's  - ,  whore  ^  lies  between--  and  +  7. 

=  2  I  tan2S  +  -  tan"  0+-  tanI0<?  + ) ,  where  9  lies  between 

27.    sin(f  +  iBmSfl  +  gSin5<'  + 

=a(uin0-!BinB8+gSlJi60- V  where  fl^(2«+l)^. 

356.  We  subjoin  some  examples  of  .series  which  come 
under  neither  of  the  foregoing  heads  nor  under  that  of 
Chapter  XIX.  In  general  they  are  to  be  summed  by  the 
artifice  of  splitting  each  term  into  the  difference  of  two 
terms.  Considerable  ingenuity  is  often  required.  When 
the  answer  is  known  the  method  of  summation  can  usually 
be  easily  seen ;  for  the  answer  when  n  is  put  equal  to 
unity  gives  the  form  in  which  the  first  term  of  the  series 
has  to  be  put. 
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Dx.  1.     Sum  to  n  terms 


Since  e&visya  sin  30;=3  sin^-4sin3.£,  we  have 

1     dns'-^r^,8       amH-1^!.,   "       lain"! 

«.d«.'=i[»*.'-»-»'], 

3»-»  an"  —  =  -  r3n  Bin  —  -  3—'  sin  —1 . 
iioncc,  bv  addition,  the  reiniivctl  ?r.m 

^[«.t-*.]. 


Ex.  2.     Swm  r.;;;>  .svi't« 

tan  a  + 2  tan  2«  +  2a  tan  23a  4- +  2""1  tnn2"-1  a. 

We  have  easily 

tan  22o  =  eot  S5o  -  2  cot23s, 
and  tan  2"-1  a= eot  2"-1  a  -  2  cot  2»a. 

By  multiplying  these  rows  in  succession  by  1,  2,  22, 2"_1  \ 

tana  +  2tan2a  +  22tan22n  + +  2""1  tan  2"-1a  =  cot  a  -  2"  CO 

the  other  terms  all  disappearing. 

The  required  sum  therefore  =  eot  a-  2"cot2"o. 

Ex.  3.     Swat  the  series 
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Let  w^therth  farm,  i.e. 

K  +  l)tan,S 

=  [1  +  tan  {«  +  <»■- 1)/3|  tan  {«  +  r/J}]x  tan[a  +  r/3-(<t+  r-l/S)] 
=tan{a+rjS}-tftn{u+?^101.     [Art.  98.] 

Hence  giving  r  in  saoet'ssiou  the  values  1,  2, »,  we  have 

.(l+NjtwP-tKi  (■  +  #-*«  a, 
(X  +  wa)ianp=tan(a  +  2/3}-tan(«  +  /3), 


JIouc!?  liy  addition 

(b  +  S „)  tan  jS  =  tan  {a  + up)  -  tan  a, 


EXAMPLES.     LXII. 


M(9  +  0)  +  Beii(S  +  0)seo(S  +  a0)  +  9ec(S  +  20)aee((H-3^) 


tane  +  gtan-  +  ~3ta1i-a  +  ^tan<j3+ ad  inf. 

tanhS  +  gtanh-^  +  ^.lanli  J.,  -i-  1):!tanh  =3  + to 

UnS6ce2S  +  tan3flisi:eii)  -Dan  4#scii804- ton 


'l.rbiLl.v. 

10.  ,4r.< 
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11.  sin  20cosa0-!sm4<?cosa2(?  +  i  sin  8<?eoaU0- to  n  terms. 

13'  m8  +  L&  +  coJ+co^  +  —  ^Hl* to  "  terms' 

14.  tanaa  tan  2a  +  -  tana  2a  tan  4a+ i  tan3  4a  tan  8a+ a3  inf. 

15.  cos30  -gCOSa3fl+  5=008" 3*9-  acofl83'0  + to  )i  terms. 


20. 

tan-1=+ tan-' 

7+tan    13+tan    21+ 

°  ■"•"»»■ 

21. 

•.-->>+ 1.„- 

2               ,       ,     2»-' 
5+ *1^' 1^^*- 

.dint 

22. 

,i„-.i+,in- 

^6    +   '          Vl2 

v',7:.T 

■«"■<■ 

Expansions. 

357.  In  some  branches  of  higher  Mathematics  it  is 
desirable  to  be  able  to  expand  certain  quantities  in  a 
series  of  ascending  powers. 

As  an  example  we  will  expand 

log  (1- 2a  cos  0+a!) 
in  ascending  powers  of  a. 
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since 

2  cos  0  —  eei  +  e~ei, 

we  have 

lot 

y  (1  —2a  cos 

d  +  a?)  =  \og[l-a(esi  +  e 

■*)  +  < 

'■] 

-i°g[(i 

-ae«)(l-(M-«)] 

-log(l- 

-  ae6i)  +  log  (1  —  cte~w) 

=  -mf- 

-!*"'     3aV"     i"'"" 

—  ae~ei 

_1    ,j,_la,j_ 

--«[«' 

'  +  <r"]  -a «'[«"'  +  e-*f|- 

-i*[ 

eZU  j.  g-M*] 

=  -2     MCOS0  +  ttM 


The  expansion  of  log  (1  —  aeo;)  is  legitimate,  by  Art. 
336,  if  the  modulus  of  —  ae01  be  less  than  unity. 

Now      —  aeei  =  a  cos  (tt  +  8)  +  i  sin  (tt  +  8), 
so    that   its    modulus   is    equal  to  a.     Hence  the  above 
expansion  is  legitimate  provided  (.hat  a  is  less  than  unity, 

The  expansion  is  also  legitimate  if  a  be  equal  to  unity 
provided  that  8  do  not  equal  an  even  multiple  of  tt. 

It  is  also  legitimate  if  a,  be  equal  to  —  1  and  d  do  not 
equal  an  odd  multiple  of  tt. 

358.     Ex.     Expand 

1-a2 


I -2a  cos  8+  d* 

in  a-  series  of  ascetulin;]  powers  of  a. 
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We  have 

1-a3  2  -2a-  cos  g 

1  — 2a  cos  8  + a2  I  — 2a  cob  0  +  a5 


=  -1  + 
=  -14 


a^  +  O 
2- a  (eei  +  <rw) 


1  —  ae^     1  —  ae~H 
=  -  1  +  (1  -  ae")""1  +  (1  -  ae-^)"1 

=  -l  +  l+aeBi  +  aseWi+ase3si  + 

+  1  +  ae~m  +  aV~M  +  <^0~m  + 

=  \  +  a{ef>i+e-ei)  +  a?(em  +  e-m)  + 

=  l  +  2acos0  +  2<[:!eos20  +  2a3cos30+...aduif. 
The  expansions  of  (1  —  ae6i)~J  and  (1  —  ae~e{)~'  by  the 
Binomial  Theorem  are  legitimate  if  the  modulus  of  ae^'be 
less   than    unity,   i.e.   if  a   be   numerically  <  1,   but   not 
otherwise.     (Art.  273.) 

The  above  series  is  the  one  assumed  in  Art.  294. 
Similarly  we  can  deduce  the  series  of  Art.  293.      For 
we  have 

2a  sin  g  _  1  a  (e°(  -  e~K) 

1  -  2a  cos  $  +  a?  ~~  i  1  -  a  (e6i  +  e~6i)  +  a? 

1         atP-atr"  ]L  F 1  1       1 

i(l-a^i)(l-ae-<H)     iLl-os""     l-w-*J 

=  i{(l  +  ae*  +  aW*+. ..)-(l  +  ae-"  +  (Pe-Ui  +  ...)} 

=  2a  sin  0  +  2a5  sin  26  +  2a3  sin  30  + ad  inf. 

As  before  this  expansion  i*  legitimate  only  if  a  <  1. 
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359.     Ex,     If  sinx  =  nsin(a  +x),    expand   <e    in 

ries  of  ascending  powers  ofn,  where  n  is  less  than  uni 

Since 

sin  x  =  n  sin  (a  +  as)  =  n  (sin  a  cos  ss  +  cos  a  sin  x), 

nsin  a 
,',  tan  x  =  = , 


1  —  n  cos  a  ' 
'-  ni  sin  a  _  1  —  ne-"' 
e-m      \  —n  cos  a  —  ni  sin  a       1 
.'.  2%i  =  \og(l-ntrB-t)-\Qg(l-ne*i) 


tfe;-i*!-  - 


+  o  m3  (e5"'  —  e-3"-*) ad  inf. 

=  n .  2i  sin  a  +  „  »**  ■  ^  &^n  %a  +  s  "a  ■  2i  sin  3a  +  . . . 

.',  #  =  ?i  sin  a  +  —  ?ia  sin  2ct  +  ^n3sm  3a  + (1). 

In   this   equation  wo  have  assumed  so  to  lie  between 


read  %kwi+  ''Ixi;  the  loft  hand  of  equation  (I)  would  then 
be  x  +  fcTT,  and  we  must  choose  /;  so  that  x  +  Ictt  shall  lie 


2  ^  8' 

As  before  the  expansions  are  legitimate  if  w  be  <  unity. 
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Expand  e"x cos  bv  in.  a  series  of  ascending 


powers  of  x. 
We  have 


=l[1+(«+6^+«+™+ ] 

+i[1+(.-«,.+«s^as+ .]. 

The  coefficient  of  ;c" 

_  (o  +  &Q"  +  (a  -  hi)* 

If  a  +  hi  =  r  (cos  a  +  i  sin  a),  so  that 

?■  =  +  V  tts  +  6!  and  tan  a  =  -  , 
a 

with  the  convention  of  Art.  267,  then  the  coefficient  of  of1 

_  {r  (cos  a  +  i  sin  «)}"  +  [r  (cos  a  —  i  sin  a)}n 

2^ 

_         COS  Tig 

by  De  Moivre's  Theorem. 
Hence  we  have 


r  =  +  Vaa  +  b3  and  tan  a  =  -  . 

This  expansion  is  legitimate  for  all  values  of  a,  b,  and 
x.     (Art.  303.) 
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EXAMPLES.     LXm. 

Espand  in  an  inlinite  series 

1  +  aCQBfl  „      a*e-a«*(e-+) 

3.  r^''-j.     *.  .■-»(»«*«. 


Vn.-.f:  \\n.'. 


'MW.Ji='[""-i""ltiW»-]' 


7. 

tan"1r^w-rasinfl+2a39in2''4-3oasin3e+ adlnf- 

8. 

|  tan-1  (sin  a  tan  2/J)  =  sin  o  tan  p  + 1  sin  3«  tan'jS 

+  -  sin  5a  tan'  p+          ad  inf. 

0. 

If  ein  0  —  s  cob  {8  +  aj,  expand  8  in  a  series  of  ascending  powers 

10. 

E^pund  y  in  terms  of  cos  a,  where 

llairfiiaN'^ary. 

11.  If  tan  &=»  tony,  and  jb=j--— •,  prove  that 

a  +  nr=jf  — m  sin2j/  +  -jrBin4y-  ^r-sta  6y  + ad  inf., 

whore  i-  is  lo  be  so  chosen  that  x  +  rir-y  lies  between  -  ■  and  t>- . 

12.  What  does  the  series  of  the  preceding  question  become  when 
(l)«=eoeo.  and  (2)n=— ?y? 

13.  Expand  logcoslj  +  0)   in   a  series  of   sines    and  cosinea   of 
g  multiples  of  9. 
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14.    Expand  log  tan  j  -  +  -  )  in  a  series  ol'  sines  of  a  standing  multiples 


15.  Prove  that 

{l  +  ««iHi«)(l  +  «-"tBi»)(l  +  i"«>ta)(l  +  e-w«rta 
=  4(, 
where  jS=g-2n. 

Hence  expand  log  (1  +  coajS  cose)  in  a  aeries  of  co 
otB. 

16.  Prove  that 

SaoosS     -jizBaooafl+ft^ginafl-a^ooaSg-ga'Bl 


17,  Prove  that 

Iog.oos*=-log2  +  cos20-|cos40  +  icos6ff- ad  inf., 

if  8  he  an  angle  whoae  cosine  is  positive. 

18.  In  any  triangle  where  a  >  6,  prove  that 
16ge=Ioga~-oo8G-|  ^oos2C-~cjos3f;- ad  inf. 


j~We  have  c3=aa  +  ia-  2a*  cos  C=a=  (l  -jj«")(l  -^«"i0 Y] 

it  the  coefficient  of  i"  in  the  expansion  a 
e*1  ain  62  +  e!asin  arc 

y-]f9-taf™'Il}-s'»-'3- 

it  the  coefficient  of  C"  in  the  expanaion  o; 
loglaS+l'+^-SoBe) 
,  1  r      1               2.W9B0      1 
|-^W+ —     ■ 


19.    Prove  that  the  coefficient  of  «■  in  the  expansion  of 
&"1&mbx  + equinox 
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CHAPTER  XXIX. 

RESOLUTION    INTO    FACTORS.       INFINITE    PRODUCTS   FOR 
SIN  8   AND    COS  8. 

361.  We  know  from  Algebra  that,  if  P  be  any 
expression  containing  x  and  if  the  value  x  =  a.  would 
make  P  vanish,  then  x  —  a  is  a  factor  of  P. 

Hence  to  find  the  factors  of  any  expression  P  we  first 
solve  the  equation  P  —  0.  If  the  roots  thus  found  he 
a,  /3,  ...  we  know  that  #  —  a,  x  —  ft...  are  factors  of  P. 

We  shall  apply  this  method  in  the  following  articles. 

362.  To  resolve,  inlu  fnolorg  the  expression 

a^  —  ZaPcosnO  +  l. 

We  have  first  to  solve  the  equation 

x-.n  _  2xn  COS  1l8  +  1  =  0, 

t.  e.  x™  —  2xn  cos  n8  +  cos2  n8=  —  sin3  n0, 

30  that  xn  —  cos  n8=  ±  V^T  sin  n8, 

and  therefore 

x  =  [co3  nd  ±  V^l  sin  rcf?]". 
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As  in  Art.  271  the  values  of  this 
quantities 

cosO  +  .'smfl,  cosffl  +  ^U;  am  (»  +  ??), 
c„(e  +  ^)±isi11(«  +  42) 

Taking  the  first  pair  of  these  quantities  we  have  the 
i  factors 


x  —  cos  8  —  i  sin  0  and  %  —  cos  8  +  i  sin  8, 

or,  in  one  factor, 

(x  —  cos  Of  +  sin2  #, 

i.e.  the  quadratic  factor 

a?  -2a>  008  0+1. 

Similarly   the   second,   third,  ...    pairs   of  the   above 
quantities  give  as  factors  respectively 

jks  —  2a;  cos  1 8  H 1  +  1, 

a?-2a;cos(8  +  —)  +  !, 


and  aS»-2as"e'o8J0  +  — —  tt^  +  1. 

Also  on  multiplying  together  these  it  factors  we  see 
that  the  coefficient  of  #™  in  their  product  is  unity,  which 
is  also  the  coefficient  of  a?'1  in  the  original  expression.  No 
other  numerical  factor  i*  therefore  required, 
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Hence 
x2n  -  2x"  cos  nd  +  1 

=  (x3  -  2x  cos  0 -I-  IS  |x2-2xcos 


K^ 


...  he-  ax  cos  (8  +     n  -«■!  +  il ....  (l). 

By  dividing  by  is"  we  have 
*»  +  i-2cos»0=j<t+l-2cos»jL+l-2cos('e  +  ^'U 

-H--"('+5t-**)} <2> 

The  relation  (2)  may  be  written 

a,»  + 2cosit<?  =     II    \x  +  -  -  2  cos  f  0  +  — U 

*"  r=o    I       «  V  "  /J 

where     II     stands  for  the  product  for  all  integral  values 

of  r  from  r  =  0  to  r  =  n  —  1  of  the  expression  following  it. 
Similarly  we  may  shew  that 
s?»  -  lepaf1  cos  nd  4-  a™ 
=  {a?  -  2o*  cos  0  +  a3}  la?  -  ^oa  cos  (d  +  — ^  +  a»| 

^-a«»((?+5:)+rf}.:.{-i-tooo8(tf+*tiir)+*} 
(S)- 

363.    Tlie  proposition   of  the  last  article  may  also  be  proved  by 
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We  shall  first  shew  that  a;" +  —--2  cos  no  ie 


Let  a*+  — -2eu*  i\a  bu  di; :i ..ire. I  i;y  i/i  (lit,  and  z  +  --2eosa  by  X,  so 

that  we  have  to  shew  tVii.t  r/j  (a)  [a  divisible  by  \,  fur  ull  positive  integral 
Yf:  I'.ics  of  II. 

.-issii«ie  that  this  ii  true  for  <p(n-l)  and  ^(re-2). 

We  have  thou,  by  oidinaiv  mnir-i  plication, 

K)"«--  H^^—  '-"•} 


sinoe  2CosTO(  +  2coa(n-2)a  =  4<!0sacos(I(-l)a. 

Hence     (*  +  -  J  x^(»-l)  =  ^(«)  +  0(tt-2)-2>icos(ii-l)o, 

■■■  "f «-(»+;)  #(n-l)-*fi-D+ftO0i^-l)«... 
Now  0(l)=ii!+^-aooBo=X, 

-(■♦=♦■-•)■ 

so  that  <p  (1)  and  •/>  (2)  are  divisible  by  \. 

Hence,  putting  n—3  in  (1),  we  see  that  ^(3)  is  divisible  by  \, 
Similarly  putting,  in  (1),  n  —  i,  5,  6 in  sucoea 

by  induction,  0  (n)  is  rliv-sib'u  by  \  I'oi-  all  values  o£  n, 


is  divisible  by  a; 
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Again  tf»+i-2<ws»ia=<!!"+i~  2  cos n  fa  +  ~\ 

and  i=  similarly  divisible  by 

I'njcciiiliiiL;  in  inis  v.-av  ivc  can  shew  thiii  it  is  rlivisibk  iiv 

■♦r— (-+3 »^»("+*-»< 

and  hence  obtain  equation  (2)  of  Art.  362. 

364.     De  Moivre's  Property  of  the  Circle, 

A  geomctricsil  meaning  may  be  given  to  the  equation 
(3)  of  Art.  362. 

Let  ABGD  ...  be  the  angular 
points  of  a  polygon  of  n  sides 
which  is  inscribed  in  a  circle  of 
radius  a,  so  that,  0  being  the 
centre,  we  have 
S.AOB=zBOC=zCOV=...  =  — . 

Let  P  be  a  point  within,  or 
without,  the  circle  such  that 

0P  =  %    and    £POA=e. 
Then 

ZPOB=0+—,    ZPOC=0+  —  ,... 
n  n 

and  we  have 

PA*=OP*  +  OAs  -  iOP.  OA  cos  POA 

=  af—  2ax  cos  0  +  a?, 
PB*  =  OP*  +  OB'  -  20P .  OB  cos  FOB 


=  af—2aa!C< 
=  xs  —  %a%  ci 


>('+%* 
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Hence  PA" .  PB*  .PC*  ...ton  factors 

=  J*!—  2ax  cos  O+oA  \afl~  2a#cos  [6  H ]  +  <*  f 

(B*—  2ff;r  cos  (0  H )  +  aT  •■•  to  n  Actors 

=  «*"  -  2a"iB"  cos  «0  +  a3". 
365.     Cotes'  Property  of  the  Circle. 

In  the  preceding  article  let  the  point  P  lie  on  OA,  ■ 
let  it  be  on  the  line  joining  the 
centre  to  one  of  the  angular  points 
of  the  polygon. 

In  this  case  6  —  0,  and  we  have 
PA\PB*.PC*....  tonfactors 
=  <e">  -  2aV  +  aM 

.-.   PA.PB.PC...  toHfactors 
=  a^  —  an  or  else  an  —  'xn. 
The  first  of  these  values  must  be  taken  when  P  is 
outside  the  circle,  on  OA  produced,  so  that  a:  >  a. 

The  second  must  be   taken  when  P   is  within   the 
circle. 

We  therefore  have 

PA.PB.PC.PD...  to  n  factors  =  aJ"~  an..  .(1). 
Again  let  a,  /S,  7,  S ...  be  the  middle  points  of  the  arcs 
AB,  BG,  CD,...  so  that  AuBftCy ...  is  a  polygon  of  2» 
sides  inscribed  in  the  circle. 
By  (1)  we  have 
PA . Pa . PB . Pfi .  PG . P7  ...  to  2ra  factors  =  »•»  -a* 

(2> 

Dividing  (1)  by  (2),  we  get 

Pa.Pfi.Pj  ...  to  m factors  ==«»  +  «" (3). 
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The  equation  (3)  may  alau  be  deduced  directly  fruiu  equation  (S|  of 
Art.  302  by  putting  $  —  -  .     We  then  have 

to  n  faetors  =  iclin-2a',2:''oos  ir  +  n2" 

=  a;SH  +  2aMi"  +  o2"  =  (a*  +  o")a, 

i.e.  Pa».PjS*.2V to  «  factorB-l^+a")2. 

This  is  relation  (3). 

366.     To  resofee  into  factors  the  expression  xn  —  1. 

We  have  first  to  solve  the  equation 
«^  - 1  =  0, 
i.e.                      «"  =  1  =  cos  2r7r  +  i  sin  2r7r, 
where  r  is  any  integer, 
so  that  «  =  [coa  2r7r  ±  i  sin  2r7r]«  (1). 

JVrsi,  let  n  be  even. 

As  in  Art.  271  the  values  of  the  expression  (1)  are 

-  .     .       _  2?r         .     .      27T  47T    ,     .     .      4>TT 

cos  0  +  %  sin  0,  cos  —  +  %  sin  —  ,   cos  —  +  i  sin  —  , 

n  n  n  n 

n  —  2          ..n—2  mr       .   .    mr 

. . .  cos  — ■     ir  ±  %  sin 7T,   cos  —  ±  t  sin  — . 

But  cos0°  +  isin0°  =  l, 

and  cos  —  +  i  sin  —  =  —  1. 

n  ~  it. 

iloiiee  in  thiH  Cnse  the  roots  are 
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The  factors  corresponding  to  the  first  of  these  pairs  are 

x  —  1  and  x  +  1,  i.e.  the  quadratic  factor  a?—  1. 

Those  corresponding  to  the  second  pair  are 

2tt      .    .    2w         ,  2tt      .   .     2tt 

x  —  cos 1  sin  —    and  x  —  cos 1- 1  sin  —  , 

n  n  n  n 

i.e.  the  quadratic  factor 

2x 

:)■-—  2a' cos h  1. 

Hence  we  get  »  pairs  of  quadratic  factors. 

When  multiplied  together  they  give  the  correct 
coefficient  for  a™,  so  that  no  constant  quantity  need  be 
prefixed  to  their  product. 

Hence,  finally,  when  n  is  even, 

«»  _  1  =  (a?  - 1)  (&  -  2x  cos  —  +  lj  L?  -  2x  cos  ^  +  l) 


■■(2). 


>,  let  n  be  odd. 
As    in    Art.   271    the   values   of  the   expression   (1) 
are  now 


The  first  pair  reduces  to  the  single  factor  x  —  1. 

Taking  the  other  pairs  together,  as  before,  we  obtain, 
when  n  is  odd, 
^-l-(0-l)j^-S«ioos  —  +  lU«*-2«oos  —  +ll... 

...\a?-2xcoB^^-ir+l\ (3), 
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Hence  we  have 

when  n  is  even,  and 

when  7i  is  odd. 

These  formulae  can  also  be  deduced  from  the  funda- 
mental one  of  Art.  362  by  putting  nd  =  2tt, 

367.     To  resolve  ccn  +  1  into  factors. 
We  must  solve  the  equation 

#"  +  1  =  0, 
i.e.  icn  =  —  1  =  cos  (2r-7r  +  if)  +  i  sin  (2r?r  +  tt), 

where  r  is  any  integer, 
so  that  as  =  {cos  (2j-7t  +  if)  ±  i  sin  (2nr  +  tt)}51 

2m- +  w,   ,   .    2r?7-  +  7r  ... 


.AVsf,  to  n  be  even. 

As  in  Art.  271,  the  values  of  the  expression  (I)  are 

tt      .  .    tt  3tt      .   .    3tt  5tt      .   .    5tt 

cos  —  ±  a  sin  —  ,   cos  —  ±  %  sm  —  ,   cos  —  +ism  — 

. . .  COS  > —  +8S1D  ! ' —  . 

The  factors  corresponding  to  iho  first  of  those  pairs  are 

x  —  cos i  sin  —   and   x  —  cos  — \-i  sin  — , 

!.  the  quadratic  factor 

x2—  2x  cos  — +  1. 
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The    quadratic    factor    corresponding    to    the    second 
pair  is 

and  so  on. 

Hence,  as  in  the  last  article,  when  n  is  even,  we  have 

a?>  +  1  =  (a?  -  2x  cos  -  +  1 J  far*  -  2x  cos  —  +  1 )  - . . 
...  {a?  -  2sc  cos  C"-1)"'  +  i"|  . 


!y,  let  n  be  odd. 
The  values  of  the  expression  (1)  are  in  this  case 


>-JW      ..(»-!), 


The  last  pair  of  roots  reduces  to  the  single  root  —1,  so 
that  x  + 1  is  one  of  the  required  factors. 

The  quadratic  factors  cot-respond:  tig  to  the  successive 
pairs  of  roots  are 

77  3w 

a;2-2#cos-  +  l,   a?*-2a:cos —  +  1,  ... 

x2  —  2x  cos ir+1. 

Hence  finally,  when  n  is  odd,  we  have 
*»  + 1  =>(»+!)  (af-2»  cos  -+l\(a?--2a>  cos  — +lY.. 
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We  have  then 

*   /  2r  + 1  N 

when  n  is  even,  and 

a    /  2r  4- 1  \ 

«"  +  l  -(»  +  1)  II  frf-fescoB— ^—  7T+1J, 

when  w  is  odd. 

These  formula  can  be  deduced  from  the  fundamental 
one  of  Art.  362  by  putting  n6  —  ir. 

368.    Ex.  1.     E.r/ii'(.'.<  in  a  pi-fidiiot  oj  n  fac'on  the  quantities 

cosn^-cos«0  and  co-fhmji    C'lsn'j. 
In  equation  (2)  of  Art.  362  put;r  =  e**,  so  that  a-'^e-*',  and  hence 

and  an  +  a!~"  =  e"*s  +  e-"*'=2coe7i#. 

We  then  have 

r2eo8*-2cos(0+  —  j] to  m  factors, 

I       J  {.  ,  2b-2    \] 


Similarly  by  putting  a  =  e*  we  have 
eoahn^-oosmS 

=  2n-'[cosh^-coaS]    cosh0-cos  (0  +  —  1    

[™h«-™(»+^--2,)]. 
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Ex.  2.    If  n  be  even,  prove  that 

^    .    2ir    .     4w    .     6?r            ,    n-2 
2n        2n        'in                2n 

•■J' 

In  equation  (2)  of  Art.  366  put  n  equal  to  unity. 

a;"     1      3T"-I  +  3!,'-2  + +  #  +  ! 

Thcn.Binoo        ^_1                      -  +  1 

refore,  when  r  15  unity,  -'— — -  -  '  , 

Hence  we  have 

■*)(■■ 


±v= 


2it '"      2n'" 


2n 


Each  of  the  angles 


.-3I    ^  ^1?     ■ 

it*  2n 2» 

that  each  of  the  sine?,  on  tin;  :i^ht-h:n:d  siile  of  (1)  is  positive. 

On  the  left-hand   side  wo   therefore  replace  the  ambiguity  I 
positive  sign  and  have  the  required  result. 


EXAMPLES.    LSIV. 


Factories  the  following  q  .ia;i  vitiii-n. 
1,    ai8+2a3cosl20Q  +  l. 
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14,    If  n  be  even,  prove  that 


2      sia  2a  Bln  2m  slu 

a» 

.      B-l 

Bm  2n   * 

_35i}0O8'0oS85r 

n-1 
•"to*- 

15,    If  it  be  odd,  prove  that 

E,c2!t  sm2»'"'Bm   3n   *"    V*1 

-■ 

y5         w         Sir 
COS2ne032n  "' 

008    g 

•T  *>£*■£;■■■  *>^r'-'- 

.fi 

U0S2«O0Sa)!'" 

n-I 

16.     Pzove  that    sin-sin — 

.    «-l          n 

17,    If  n  be  odd,  prove  that 

ir        Sir        3ir 

j  («-!)» 

18,  Shew  that  cog  np 

Prove  that 

19.  rinn*=a»-lM»*sfai(*+£) sin  {4,  +  ^^ 

[Put  e=l,  ami  0  =  2&  fei  the  equation  0/  Art.  362.] 

»«♦—*(♦♦£)-.(♦*£) *[♦♦¥']■ 

{Change  $  into  <p  +  t-  in  the  jceinnia  nf  tiie  preceding  question..] 

21.    2-.ao,*oo,(f+geo.(«  +  ^) ,.^+ti,) 

and  =  ( - 1)  9  eos  nrp,  when  n  is  odd. 

I  Change  <p  into  <p  +  Zin  the  result  of  Ex.  19.1 
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Sir  2m -1  nir 


24.  „!«S mJ|a.-l)r     (-11--1 

25,  Prove  that 

j:"-n"co8«a         __1     '™-1 


•Kg) 


[In  ffcc  expression  (SI  q.f  Art.  (302)  c'xwfc  s  into  ffi  +  fe,  carps?"?  and 
rgu/ijf  co,: jjkienu  of  ft.] 

26.  The  circumference  of  a  circle  of  radius  r  in  divided  into  2rc  equal 

pacts  at  points  P,,  PB, P„„;  if  chords  be  drawn  1'iom  P!  to  the  other 

points,  prove  that 

p&.PjP, p,pH=f*-y«. 

Also,  if  O  be  the  middle  point  of  the  are  P^P^,  prove  that 
OP^.OPs OPn=j2i*. 

27.  H  -^i^s -^sn+i  be  a  regular  polygon  of  n  sides,  inscribed  in  a 

circle  of  radius  a,  and  OAx+1  be  a  diameter,  prove  that 

OAi.OAi OJ„  =  an. 

28.  A^s -4H  is  a  regular  polygon  of  n  sides.     From  O  the  centre 

of  the  polygon  a  line  is  drawn  meeting  the  incircle  in  P,  and  the  eircum- 
I'llOb  in  ./■'... 

Prove  that  the  product  of  the  perpendiculars  on  the  sides  drawn  from 
P,  is  to  the  product  of  the  perpendiculars  from  Ps  as 

eos"%ot^tol, 

8  being  the  angle  between  OPPj  and  OA,. 

29.  ABCD is  a  regular  polygon  which  is  inscribed  in  a  circle  of 

vadins  a  una  centre  0  ;  prove  that 

PAt.PBZ.PC- =  /s"-2a,Veosne  +  aii", 

where  OP  is  r  and  the  angle  AOP  is  <?. 
Prove  also  that  the  sum  of  the  angles  that  AP,  BP,  GP, make 

with  OP  is  tan*1  ^—^fz^ 
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Resolution  of  sin  0  and  cos  8  into  factors. 
369.     To  express  sin  8  as  a  product  of  an  infinite  serie.H 
of  factors. 

We  have  sin  6  =  2  sin  -  cos  5 


Similarly  in  (1)  changing  8  into  ^  and  s-  +  3  succes- 
sively, we  have 

.    6     a  .    0    .    fir  ,   0\     .  .     0   .    /fcr  ,  $\ 

.    fir      9\      „    .     /w       0\     .     /w      7T       0\ 
aild       sm^+^Ssm^  +  ^.Brn^+^  +  ^j 

0\ 


Substituting  those  values  in  the  right-hand  side  of  (1) 

we  have,  after  rearranging. 

.    .     _.  .     0   .    -jr+d  .    27T  +  0  .    Znr+0     ... 
smp  =  2ssm  n^siii'   „a    sin — ^ — sin  — ^— —  ...\&). 

Applying  once  more  the  formula  (1)  to  each  of  the 

terms  on  the  right  hand  of  (2)  and  arranging,  we  have 

.   .   a,  .   e  .  w+e  .  27T+0  .  3ir  +  0  .  iw  +  e 

sin  6  =  2'  sin  ^  sin  -^-  sm  —  ^—  sin  — ^—  sm  — ^— 

.      OTT  +  V     .      fa  +  e    .      7-7T+0  ,„, 

sin    -23      sm      ^—  sm — ^- (3). 

Continuing  this  process  we  have  finally 

p- 
P 

where  p  is  a  power  of  2. 
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The  last  factor  in  (4) 


Bmi  P    J      ™     P 


The  last  factor  but  one 

...,J„(P- 8)  *  +  <_■;,,' 
V 


)' 


p 


and  B 

Hence,  taking  together  the  second  and  last  factors, 
the  third  and  next  to  last,  and  so  on,  the  equation  (4) 
becomes 

17  +  6    .     7T-01     f    .       27T+61     .      -27T--0I 


The  last  factor  i 


J' 


..(.1). 


wmcn  ■.■m^-r.-y-™.- 

Hence  (5)  is 

siti  ^  ^  2^'-'  sin   ■    sin3  -   —  sins  -      si 

p  L     P        w  L 


.  (6). 


Divide  both  sides  of  (6)  by  sin  -  and  make  0  zero. 


'.-£,     .« 


°?J<-o 


,GoosIe 


SIN  6   IN    FACTO JW. 


p  =  2p-'  .  sir 

P  P 

Dividing  (6)  by  (7),  we  have 


sin  Q  =  p  sin  - 


2x  .  „3ir 

—  sin-—  ...  snv- 

P  P 


M-1)* 


.  ,6- 

r     ■  ."i 

sm2  - 

sm  p 

i £ 

■  ,*T 

.  ,3ir 

sin-    - 

P  - 

L              3>  J 

-1 


Now  make  p  indefinitely  great. 
Since 

[*«■>£]_„-  -/■*!     -",|An ■--■■"■ 


and  so  on,  we  have 


=  —,  (Art.  228), 


-•-•(»-s)('-«)('-w)---u 

This  theorem  may  be  written  in  the  form 
8m0-/n"(l-^). 
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'3  0  as  a  product  of  an  infinite  s 


370.     To  e 

of  factors. 

In  equation  (4)  of  Art.  369  write  for  0  the  quantity 
-x  +6,  and  the  equation  becomes 

cos  9  s=  2P"1  sin  - 


3tt  +  2<?   .    5tt  +  20 
a  — s sm  — s ■■■ 

2p  2p 

.      (2p-l)7T+2^ 


-(!)■ 


The  last  factor 

.    f        7r-2^|       .    ir-28 
=  sin    7r = — -    =  sin — =— , 

tlit1  last  but  one 

.    j~(2p-3)7r  +  201       .    3tt-20 
=  sin       r       '■■  ■  —    =  sin  —a , 

and  so  on. 

Hence  taking  the  factors  in  pairs,  as  before,  we  have 

a    o^J-    ^+2^  ■   7T-20lf  .    3^+20    .    3tt-201 
cos#=2P  M  sm  ■  -    ■■  gin     .,      ■■       .sin  — ;■ —  sm-  — = ... 

In  (2)  make  #  zero  and  we  have 


i  =  2P  '.sin2.,'  ■  .sin-  ~ .  sin- "- 
2p  2p         ; 

Dividing  (2)  by  (3),  we  have 


''HI 

r 

•VI 

i-!LfE 

:w 

*. 

.  ,it     ' 

"'*  2p 

sina 

2?    . 
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In  (4)  make  p  infinite ;  then,  as  in  the  last  article,  we 
have 

This  theorem  may  be  written  in  the  form 

Since   cosf?=-^ ■■-. — 3,  the   product   of  cos  6   may   be 

derived  from  the  products  for  sin  20  and  sin  8. 

371,     The  equation  (i)  of  Art.  3(59  may,  by  means  of  Art.  362,  be 
shewn  to  be  true  for  all  integral  values  of  p.     For  we  have 


-  2a:  cos  ($  +  —  J  +  ll to  p  factors. 

--(♦♦tM "' 


Put  x=l,  and  we  have 
2(1-oob^)={2-2oo8^}  |2-2ooa(0  +  ^)[ toy  factors. 


\op  factors. 

I' ut  '-77- —  ■■'.  iiiid  cxii-iiui  ;;:e  square  root  of  both  sides.     We  have  then 

_  1       _        sin-,  am    ^     .sin     ?     am  ^ 

If  6  lie  between  0  and  -  ad  the  factors  on  the  right-hand  ^ide  of  (1J 
are   positive   and   so  also  ia  sin  9.      Hence  the  ambiguity  should   be 

replaced   by  the  positive  aign. 

If  9  lie  between  tt  mid  '.'.-,  dl  the  lacices  on  Lhe  n;;hi-liand  Hiilc;  urn 
positive  exc-oui  one  lust,  whie.h  is  negative. 

Hence  the  product  is  nc^Lii  e  aj.il  =0  also  is  =;iti  0,  so  ttau  in  this  case 
also  the  positive  sign  is  to  be  taken. 

Similarly  in  uny  ether  c::se  it  m;:y  be  shew::  o'lf-L  the  positive  -r_-;i 
must  be  taken,  and  we  have,  for  all  integral  values  of  p, 
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372.  Sink  6  and  cosh  0  in  products. 
By  Art.  314  we  have 

sinh  0  =  ~  i  sin  (0%)  and  cosh  0  =  cos  (di). 
Also  the  series  of  Arts.  3(59  and  370,  being  formed  on 
the  Addition  Theorem  are,  hy  Art.  310,  true  when  for  6 
we  read  8i, 

...-^-^(i-SXi-SXi-g) (i) 

-«(i+S(i+£!)(i-&) « 

-"-(1-£)(1-£)(1-£)--4W 

=(1+?)(1+3ie)(l+-) (2, 

The  products  (1)  and  (2)  are  convergent.     For  we  know  (C.  Smith's 
Algebra,  Art.  333)  that  the  infinite  product  n  (l+wj  is  convergent  if  the 

sarins  1aa  lie  convergent. 
In  the  eaee  of  (1),  2u„ 

-*Vi      I     1     I  \ 

"^  1  +  22+3,.  +  4,+ )' 

and  the  kltur  scrips  is  kjimv:i  ;;j  he  con  Verdun. 

373.  Sums  of  powers  of  the  reciprocals  of  all 
natural  numbers. 

From  the  results  of  Arts.  369  and  370  we  can  deduce 
the  sums  of  some  interesting  series. 
From  Arts.  369  and  280  we  have 

(i-3(i-£)(i-£) - 

_sin9        _<P      t^ 
~    6     ~        (3      |5' 


1  inf. 


. .  ad  inf. 
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Taking  the  logarithms  of  both  sides,  we  have 

»og(i~£W(1-iy+1„g(i-sg+ 

Now,  by  Art.  256,  we  have 

,    i,     »\      re    i  c    i  >       i 

log(l-Sr,)--L2vi  +  22Vi  +  32V.  +  -J 
;o  that  (1)  gives 

&  r  i    i    i      1    1 0*  r  i    i    i      i 


-log[l-(|-  j^  +  ...)] 

*  ,  «/_i  _i  n_ 

6  U20     2'367      


6      180 


..(2). 


Since  equation  (2)  is  true  for  all  values  of  8  the 
coefficients  of  IP  on  both  sides  must  be  the  same,  and 
similarly  those  of  8t,  and  so  on. 
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Hence  we  have 

1/111  ,  .   .\         1 

-^(li+^  +  3i  +  -admC)  — 6' 

.11(1  +  1  +  1  +  U_JL 

Stt'U'      2'     3'  y         180' 


Hence 


p  T2.  T3.  t—       6 

I+i+i. 
1'  +  2' +  3' 


■»d  S  +  5  +  S+--M W. 


374.     By  proceeding   in  a  similar   manner  with  the 
result  of  Art.  370  we  have 


(i-£)(i-£)(i-£)- 


-0089-l-Tj-rg..., 

so  that 

,      /.      40"\     .      /,        402\     ,      /.       40"\ 
log  (l  -  -i)  +  log  (l  -  jpr^J  +  log  (l  -  3^) 


Hence  as  before 
-4S>/1       1       1  \      1168'  (1       1       1  \ 

~     \2       24, +  '  ■  •  J      2\2       24+"'J  +"' 

~      2  +  24  +  "'      2\4      •"J     ~       2      12     "" 
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Hence,  equating  coefficients  of  81  and  Sl,  we  have 

4  (1   , 

"  2" 


i  +  15  +  s 


[1 


1 


-At-  +  3'  +  5^ 


3  +  S  +  ia  +  --HS" 


••(1). 

..(2) 


375.     Wallis'  Formula. 

In  the  expression  of  Ait.  369  pat  0  =  ^  ■  and  we  tlave 


'■'•[•-at-ac'-a 


irl.S    3.5    6.7 


where  n  is  infinite. 


2.4.6 2« 


5  (2n  4- 1|,  where  n  is  infinite. 


1.3.5 (2n-lJ 

It  follows  thai  when  n  is  vury  jTioat  (but  not  necessarily  infinite)  then 
2.4.  e 2n 


r3757;.-.;.-(2nrT)  =  V2  (*•  +  !>  ™<7n«>fc 

=  \/JMr",  ultimately. 

This  is  called  Wallis'  Formula,  and  j/itcs  :n  a  simple  form  a  very  n 
approach  to  the  product  of  the  first  n  even  numbers  divided  by  the  firs 
y  great. 
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376.    Ex.    Prove  that 

tftnfl  =  8e[,?S71s*  +  3V'-40=  +  6Vf^  + J' 

From  Art,  370  we  have 

loeeoS9  =  log(l-5)+log(l-|5)+log(l-^)  + (1). 

In  this  equation  substituting  fl-'-k  for  9  we  have 

iogcos(fl+/1)=iog[i-|.(e  +  ;1|=]+iog[i-i^(e+ft)9]  + (a)- 

Now  logcos(0  +  h)  =  log[oos8{cosh~tm0Aah)] 

=  logeos0  +  Iog[l-^  + -tanefft-^  + )]  (Art.  280) 

=  logcos0  +  log[l-fttan#  +  higher  powers  of  ft] 
=  log  cos  0  -ft  tan.  B  +  powers  of  ft.    (Art.  256.) 

Also  log[l-i(fl+ft)=]-log^i^  +  log[l-^Fi  + ] 

,   r,  ^n     89ft  ,, 

-log    3-     ..■     -  ■  „         „  + powers  of  ft, 

and  log  [l-^  (I?  +  ft)3] 

=  log    1  -  ^—.    -  =—. — r-r.  +  powers  of  ft. 
L       8VJ      3V-i92 


..(3) 


Substituting  these  values  in  (2)  and  equating  on  each  side  the  a 
Lents  of  -  ft  we  have 

se  se  e$ 


The  series  (3)  may  also  be  written 

2  2  2  2 

~v-%6      ir  +  26  +  3Tr~20      3;r  +  20  + 

[The  student  who  is  acquainted  with  the  Differential  Calculus  will 
observe  that  equ;i:ion  j;J)  it  oijtfji  O'i  i™  -:1  i  1":"r-;-i n ■  n ii lini;  (1)  with  respect 
to  9,1 
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377.    Ex.    Prove  that 

cosh  3a  -  cos  20 

=w«[1+g[l+(^y] 
H^y][-U)1K^)-] -* 

'here  <•  if  -ic.ro  r;r  (ii;;/  vh/.iti\:e  ,;r  any  itejiutive  integer. 
We  have 

M»-.<.[.-fi^r][i-!^] ««. 

r(7r  +  fl  +  ai)(ir-fl-atpl  r(ir  +  J  -  at)  (it  -  8  +  «t)-j 

_(7T  +  g)S+^  _  (T-tl)'+B»_ 

Hence  (1)  g: 


cosh  2a  - 


[fc^f±iT|^M. „,. 


In  (2)  put  o  =  0  and  we  have 


.    {T  +  g)s     (tt-0)2     (2tt-  +  fl)2     (3a— fl)' 


Dividing  i»  by  (3)  wa  have 


The  factors  of  coBh2a  +  cos20  may  now  be  obtained  by  dianyinf!   9 
into  S  +  |and  they  are  found  to  be  2 cob5 en  \l  +  (j^—  )  J  wllere  7  »3 

an;  odd  integer,  positive  or  negative. 
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EXAMPLES.    LXV. 

Prove  that 

1111  ,  .    ,       IT2 

1-    p-2-5+3^-p+ ***-avi- 

„      111  ,  .  ,     ,  PM" 

1  1  1  1  ,  .    .      t' 

3"    TT2  +  2Tl  +  376  +  4.8  + adinf"  =  l2' 

.       1       3      6      10  ,  .   ,      t2  / ,     7T2  \ 

4.  s»  +  p+1»+5r+ ■*»*  "ji^-h)  ■ 

5.  Prove  that  the  sum  of  the  products,  taken  two  and  two  together 
of  the  reciprocals  of  the  squares  of  all  odd  numbers  is  -^j . 

6.  Prove  that  the  sum  of  the  products,  taken  two  and  two  toother. 
of  the  reciprocals  of  the  squares  of  all  even  numbers  is  -     ■  , 

Prove  that 

7.  ""s3-j.-*-K.7ii- 


~8-\-2t~ 


U.     coooou_fl     g_r  ■  g  +  r*  $_2v  *  6  +  2t 

0-3*-     <?- 

and  hence  that 

1  +  eoosece     11              1 

"" 

20=        ep   e*-** '  p-av  

Use  (fce  relation    amtc  8  -  %J(  taJi  ^  +  co(„  J  ■ 

11                 3                   5 

9"    4*-               7r*-«*      3V-4fl*"l"6V-M» 

ad  inf. 

flfte  ffte  relation  2  see  6  =  tan  (  j  +  ^  1  +eo(f  j 

*»•] 
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[Apply  tin!  process  of  Art.  M7(i  la  Or:,  result,  obtained.] 

&*      (9-  irY      {9  +  7r)'J      (0  -  2ir)s      (B  +  2v'f 
Prove  that 

-^■C-')(^)(-.i) 

,  ,  (^.)(>-^) 

=  11 1  1 ] ,  where  r  is  any  positive  or  m:,:a'.ivL.'  ij: ;.(.■; rpr  in-  ?i:vij. 

\        a  +  rirj 

13.    SL".  -11(1  + 1,  where  r  is  any  positive  or  negative 

sin  a  \       a  +  rirj 

I i; r.-H ti i' : .  inckn.li  !">■■-  /.pro. 

cos  a  V        ff  +  2a/  \        T-2ay  V       3*-  +  3u,/  \,        Sjr-2aJ 

=  11    l  +  i —    ,  where  r  is  any  odd  integer  positive  or  negative. 

15.    — — =n    1  - I,  where  r  is  any  odd  integer,  positive 

or  i: eg ii live. 

E'-i^] 

whore  t*  is  any  mid  j!iti.!:;oi'  pu^it.ivo  or  negative. 

[Multiply  t'.ioethn-  the  result*  of  Exs.  14  (Hid  1:1  aiuJ  ((Vn  change.  28 
and  2a  mto  9  and  a.] 

where  r  is  any  ever,  positive  or  iiegiLtivu  mto^cr,  including  zero. 
Hence  deduce  the  factors  of  cosh  x -  cos  a. 

L.  T.  29 
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L9.    2eosh0  +  2cosa 

-4co,'?["l  +  -^-Yl+-°-     1 

=4°°-Hi+(^f]' 


;e  product  of 

53.     J-H  *fl.(s 


r  is  any  integer  posiiin 
Prove  tli  at 


2nJ 

:;  ill!  dtiiuco  the  evpa  ssiim  I'm-  pinh  »  ir.  the  form  of  an  i 
quadratic  factors  ia  a. 

[Start  with  the  msalt,   when  8  is  zero,   of  Ex.   1,  A 
■  <:$nii  r.'/f  ip  <'qn«i  to  -■:>o  :'ii:l  di:'i>k-] 

21.  Prove  that  the  value  of  tie  mfinlto  product 

(■♦J)  ('♦«('♦« -« 

22.  A  semicircle  is  divided  into  m  equal  parts  and  a  concentric  and 

similarly  situated  semicircle  is  divided  into  -n  equal  parts.  Every  point 
of  section  of  one  semicircle,  is  joined  to  every  point  of  section  of  the 
other.  Find  the  arithmetic  mean  of  tiie  squares  of  the  joining  lines  and 
prove    that    when    m    and    n   are   indeiinirely    increased    the   result    is 

a2  +  6s 5- ,  where  a  and  6  are  the  radii  of  the  semiorroles. 

23.  The  radii  of  an  infinite  series  of  concentric  circles  are  a,      ,  ^ ,.,, 


s 


;  the  angles  that  the  tangents  subtend  at  the 
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24.  A"  infinite  straight  line  is  divided  by  an  infinite  number  of  points 
into  portion?  each  of  length  a.  If  any  point  P  be  taken  so  that  y  is  its 
distance  from  the  straight  line  and  x  in  it*  (UHtjL:io«  measured  along  the 
straight  lino  from  one  of  the  points  of  division,  prove  that  the  sum  of  the 
squares  of  the  reciprocals  of  the  distances  of  the  point  P  from  all  the 
points  of  division  is 

-    ,     2>"/ 

smb. — - 


ay    :     ,    'liry      _       Jvr.r ' 

[Use  the  result  of  Ex.  7.] 
25,    If  a,  b,c denote  all  the  prime  numbers  2,  3,  5 prove  that 


K)K)K)-. 
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CHAPTER  XXX. 

PRINCIPLE   OF   PROPORTIONAL   PARTS. 

378.  In  the  present  chapter  we  shall  consider  the 
Principle  of  Proportional  Parts,  the  truth  of  which  we 
assumed  in  Chapter  XI. 

We  then  assumed  that  if  n  be  any  number  and  n+1 
the  next  number,  whose  logarithms  were  given  in  our 
tables,  and  if  k  be  any  fraction,  then,  to  7  places  of 
decimals,  it  is  true  that 

\og(n  +  k)-\ogn=L 
log  (re +1)- log  n 
The  truth  of  this  statement  we  shall  now  consider. 

379.  Common  .Logarithms.  We  have,  by  Art. 
260, 

log,,  (n  +  k)  -  logu  n  =  logllh^±_  =  fi  loge  (l  +  -)  , 

where  /*s-43429448... 

Hence,  by  Art.  256',  we  have 

i»&<«+*)-iog.—£-?£+SS- a). 
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Now  in  our  ordinary  logarithm  tables  n  contains 
5  digits,  i.e.  n  is  not  less  than  10000.     Hence,  if  h  be  less 

than  unity,  we  have  ^  —  less  than 

i(-43429448...)xIi, 
i.e.  less  than    '^H^^in  p     ^.  <  ■0000000021.... 

Also  ^  —  is  less  than  one-ten  thousandth  part  of  this. 

Hence  in  (1)  the  omission  of  all  the  terms  on  the  right- 
hand  side  after  the  first  will  make  no  difference  at  least  as 
far  as  the  seventh  place  of  decimals.  To  seven  places  we 
therefore  have 

log10<n  +  A)-logu»  =  ^. 

So  log10  (n  +  1 )  -  logiati  =  ^r- . 

Hence,  by  division, 

^ogio(n  +  h)-log1„n_h 

log10(ra-t-l)-log10/i 
The  principle  assumed  is  therefore  always  true  for  the 
logarithms  of  ordinary  numbers  as  given  in  our  tables. 

380.    We  way  enquire  what  is  the  smallest  number  in  the  tables  to 
which  we  can  safely  apply  the  principle  of  proportional  parts.    We  must 
find  that  value  of  ft  which  makes  ^—„  <  -^,  no  iAiid  «"-> '^.10r.  h-. 
The  greatest  value-  ■,>[  h  ooin;;  unity,  we  then  have 

n2>g.l0>,  i.e.>217H72'4 

.-.  «>1473. 
The  number  1-173  is  ikcroi'nru  tin;  rei:;iired  least  number. 
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381.     Natural    Sines.     Suppose   we    have   a   table 

calculated  for  successive   differences  of  angles,  such  that 

the  number  of  radians  in  these  successive  differences  is  h. 

[In   the   case   of  our  ordinary  tables  h  =  number  of 

radians  in  1' 

=  *n  ?rltm  =  -000290888.. .,     i.e.  h<  -0003.1 
60  x  180 

Also  let  k  be  less  than  h.    Then  our  principle  was  that 

sin  (0  +  k)  —  sin  $  _  h 

sin(0  +  /t)  —  sin  0      h' 
We  shall  examine  this  assumption. 
We  have 
sin  (0  +  k)  —  sin  0  =  sin  $  cos  k  +  cos  0  sin  k  —  sin  $ 

[k3     k*  "I  F        k?  "I 


=  &  cos  #  -  j^  sin  0  —  j^  cos  0  . . . 

If  If 


(Arts.  279  and  280) 


is  always  less  than  ^  (-0003)5,  i.e.  always  less  than  '00000002. 

The  third  and  higher  terms  may  therefore  be  safely  neg- 
lected, and  we  have 

am  (0  +  k)  -sm0  =  kcosB --sin  0 (1). 

If 
The  numerical  ratio  of  the  second  term  to  the  first 
term 

=  ^kta.n$  (2). 
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This  ratio  is  small,  except  when,  6  is  nearly  equal  to  -. 

Hence,  except  when  the  angle  is  nearly  a  right  angle,  the 
second  term  in  (1)  may  be  neglected,  and  we  have 

sin  (8  +  k)  —  sin  0  =  k  cos  0. 


So 

sin(0  +  A)- 

sin  0  =  h  cos  6, 

and  hence 

sin  (0  +  k)  - 

sin  (0  +  h)  — 

sinl?      k 
sinf     h 

(3). 

When  6 

that 

is  very  nearly 
sin  (0  +  k)  - 

a  right  angle 
sin  $  =  k  cos  0, 

we 

cannot  say 

and  hence  in 

this  ease  the  relation  (3)  does  not  hold  and 

the  difference  in  the  sine  is  not  proportional  to  the 
difference  in  the  angle.  In  this  case  then  the  differences 
are   irregular.     At   the   same   time  the  differences  are 

insensible ;  for,  when  0  is  nearly  - ,  k  cos  6  is  very  small. 

In  fact  kcosd  has  nothing  but  ciphers  as  far  as  the 
seventh  place  of  decimals,  so  long  as  $  is  within  a  few 
minutes  of  a  right  angle.     Also 

yg  sin  6  is  always  <  C299§£ ,  i.e.  <  '00000005 . . . 

Hence  when  the  angle  is  nearly  a  right  angle  a  com- 
paratively small  change  in  the  sine  will  correspond  to  a 
comparatively  large  change  in  the  angle ;  also  at  the  same 
time  these  changes  are  irregular. 

382.  Natural  Cosines.  Since  the  cosine  of  an  angle 
is  equal  to  the  sine  of  its  complement  this  case  reduces  to 
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that  of  the  sine.  The  principle  is  therefore  true  except 
when  the  angle-  k  nearly  zero,  in  which  case  the  differences 
are  insensible  and  irregular. 

383.     Natural  Tangents.     With  the  same  notation 

as  before  we  have 

,/,,,,       „       tan^+tan/e      ,        .        tan  k  w.x-8 

tan  (8  +  k)~  tan  8  =  - — 3—  —*  —  tan  8  = g- r 

1— tan#tan«  1  —  tan  a  i.tin  k 

=  tan  k  sec2  8(1  +  tan  8  tan  k  +  tan2  8  tan2  k. . .) 
-Betftfl  *  +  £  +  ...]  rH-tan<?(&  +  7!  +  ...) 

+  tana0(As +  ...)]     (Art.  281) 

=  Asec2^+^^L^  +  ^sec2^ri  +  tan^l+ (1). 

cos3  8  IS  J 

The  third  and  higher  terms  may  be  omitted  as  before, 

except  when  8  is  nearly  a  right  angle. 

Unless  the  quantity  k-  —  ■     .  be  large  we  shall  then 

have 

tan  (0  + £)- tan  0  =  fcsec20 (2), 

and  the  rule  is  approximately  true. 

When  #  is  >  -7  the  second  term  of  the  equation  (1)  is 

>  2P,  so  that  taking  the  greatest,  value  of  k,  viz.  about 
*0003,  this  would  give  a  significant  figure  in  the  seventh 
place.     The   principle   is   therefore   not   true   for   angles 

greater  than  -r ,  when  the   differences   of  the  tabulated 

angles  are  1', 
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384.  Natural  Cotangents.  As  in  the  last  article  it 
can  be  shewn  that  the  principle  must  not  be  relied  upon 
for  angles  between  0  and  45°. 

385.  Natural  Secant.     We  have  sec  (0  +  k)  -  sec  9 

1  1_ 

cos  $  cos  k  —  sin  6  sin  k     cos  8 

1 


1  —  k  tan  d  ~  -Id1 ... 
k  tan  0  +  k1 


:2  U+tan30J  +  ...  ] 

=  &sec0tan0  +  &2see#(^  +  tan50J+ (1). 

The  ratio  of  the  second  bo  the  first  term 


2+tan»0         ri 


This  is  small  except  when  6  is  nearly  zero  or  ^ .     Hence, 
except  in  these  two  cases,  we  have 

sec  {6  +  k)  -  see  6=k tan  9  sec  6 
and  the  rale  is  proved. 

When  6  is  small  the  term  k  sec  0  tan  6  is  very  small, 
so  that  the  differences  are  insensible  besides  being 
irregular. 

When  6  is  nearly  —  this  term  is  great,  so  that  the 
differences  are  not  insensible. 
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386.  Natural  Cosecant.     Just  as  in  the  case  of  the 

secant  it  may  lie  shewn  that  the  differences  are  insensible 
and  irregular  when  8  is  nearly  90°,  and  irregular  when  0 
is  nearly  zero.     Otherwise  the  principle  holds. 

387.  Tabular  Logarithmic  Sine.     We  have 
Z10  sin  (9  +  k)  -  Ao  sin  8  =  log!,  — (e  t fc) 

=  log:(1  [cos  k  +  cot  8  sin  k]  =  log[0    1  +  k  cot  8  —  -~  . . . 

(Arts.  279  and  280) 
=  fi    k 


The  numerical  ratio  of  the  second  term  to  the  first 

1  ,  1         =      k__ 

~  2       sin  8  cos  8  ~  sin  28 ' 

This  is  small  except  when  8  is  near  zero  or  a  right  angle. 

Hence,- with  the  exception  of  these  two  cases,  we  have 

LBm(8  +  k)~Lsm8  =  fiGot8xk, 

so  that  the  rule  holds  in  general 

If  8  be  small  the  term  pk  cot  8  is  large,  so  that  the 
differences  are  large  as  well  as  irregular.  We  cannot 
therefore  apply  the  principle  to  small  angles  in  the  case 
of  tables  constructed  with  difference  of  1', 

Even  if  the  tables  were  constructed  for  differences  of 
10"  we  are  not  sure  of  being  free  from  error  in  the  7th 
place  of  decimals  unless  8  be  >  5". 
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If  8  be  nearly  -z  the  terms  jxk  cot  8  and  -^-  cosec2  6  are 

both  small,  so  that  if  the  angle  be  nearly  a  right  angle  the 
differences  are  insensible  as  well  ay  irregular. 

388.  Tabular  Logarithmic  Cosine.  The  rule 
holds  approximately,  since  the  cosine  is  the  complement 
of  the  sine,  except  when  the  angle  is  small,  in  which  case 
the  differences  are  insensible  as  well  as  irregular,  and 
except  when  the  angle  is  nearly  a  right  angle,  in  which 
case  the  differences  are  large. 

389.  Tabular  Logarithmic  Tangent.     Here 

L  tan  (8  +  k)  -  L  tan  8  =  logu  taa(fl+A) 

v         '  °         tan  o 

-  l        1  +  cot  8 1  an  h  =  Yl+_  k  cot  8~\ 

-  Iog10 1_Uu-0^n  h  ~  log*  \j—]e  tan  flj 

=  log10  [(1  4-  k  cot  8)  (1  +  k  tan  8  +  &a  tan2  5  -f  . . .)] 

=  log»    1+-=— 2 a  +  — Ta  +  — 

°    |_        sin  0  cos  p     cos't' 

[sin  0  cos  i?  +  cos3  8     2sina<?coy26>      '"J 

(Arts.  256  and  260) 

~sin0cos0      */rffnn»2fl+-' 

The  numerical  ratio  of  the  second  terra  to  the  first 
=  k  cot  18.  This  is  small  except  when  8  is  near  zero  or  a 
right  angle. 

Hence,  with  the  exception  of  these  two  cases,  we  have 

2u. 
L  tan  (8  +  k)  —  L  tan  8  =    ■  %,,,.  k, 


sb.i  :?&>'' 


3  that  the  principle  is  in  general  true. 
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that  the  differences  are  then  irregular  but  not  insensible. 

The  same  statements  are  true  for  the  tabular  loga- 
rithmic cotangent. 

390.     Tabular    Logarithmic    Secant    and   Cose- 
cant.    We  have 

L sec(8  +  k)  -  L aeo  0  =  L con  d - L cos  ($  +  k) 
and       L  cosec  (8  +  k)  —  L  cosec  8  =  L  sin  8  —  L  sin  (8  +  k). 

Hence  the  results  for  the  L  sin  and  L  cos  are  also  true 
for  the  L  cosec  and  L  sec. 
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CHAPTER  XXXI. 


EIUfORS    OF    O'HSETIVA'ITOS. 


391.  We  have  up  to  the  present  assumed  that  it  is 
possible  to  observe  any  angles  perfectly  accurately.  In 
practice  this  is  by  no  means  the  case.  Our  observations 
are  liable  to  two  classes  of  errors,  one  due  to  the  instru- 
ments themselves,  which  are  hardly  ever  in  perfect  adjust- 
ment, and  the  other  class  due  to  mistakes  on  the  part  of 
the  observer. 

392.  An  error  in  any  of  our  observations  will  clearly, 
in  general,  cause  an  error  in  the  value  of  any  quantity 
calculated  from  that  observation.  For  example,  if  in  Art. 
192  there  be  a  small  error  in  the  value  of  a,  there  will  be 
a  consequent  error  in  the  value  of  x  which,  as  we  see 
from  the  result  of  that  article,  depends  on  a. 

393.  ■  The  importance  of  an  error  in  a  length  depends. 
in  general,  upon  its  ratio  to  that  length.  For  example  in 
measuring  a  piece  of  wood,  about  six  feet  long,  a  mistake 
of  one  inch  would  be  a  veiy  serious  error ;  in  measuring  a 
mile  racecourse  a  mistake  of  one  inch  would  bo  not  worth 
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considering;  whilst  in  measuring  the  distance  from  the 
Earth  to  the  Moon  an  error  of  one  inch  would  be  abso- 
lutely inappreciable. 

394.  We  shall  assume  that  the  errors  we  have  to 
consider  are  so  small  that  their  squares  (when  measured 
in  radians  if  they  be  angles)  may  be  neglected  and  we 
shall  give  some  examples  of  finding  the  errors  in  derived 
quantities. 

We  shall  assume  that  our  tables  and  calculations  are 
correct,  so  that  we  have  not  to  deal  with  mistakes  in 
calculation  but  only  with  errors  in  the  original  observa- 
tion. 

395.    Ex.  1.    MP  (Fig.  Art.  42)  is  a  vertical  pole;  at  a  point  0 

distant  a  from  its  ftitii  its  angular  ei,  cation,  is  found  tn  he  i>  and  its  height 
tlu-n  calculated;  if  there  he  an  error  3  in  the  oh  scr  rat  ion  of  6  find  the 
consequent  error  in  the  height. 

The  calculated  height  h  —  a  tan  9,  clearly. 

If  the  error  S  be  in  excess,  the  rcai  duvaiion  is  0-5,  and  hence  the 
real  1: tight  K  =  a  tan  [9  -  8). 

Hence  the  error  h  -  K  =  a  tan  9  -  a  tan  [9  -  S) 

""cosffceate-J)""^9-5' 

i:  m?  v.ed.eet  -;iua:i:s  and  liij'l'.ee  powers  of  S. 
The  ratio  of  the  error  to  the  calculated  height 

=  Ssec2#^-tan<?=  .      -. 

liscfipt  when  sin  '20  is  small  this  ratio  is  small  since  S  is  small.  It  is 
least  when  sin  28  is  jfreiilsst.  i.e.  when  8  is  -  . 

The  ratio  is  large  when  9  is  near  zero  and  when  it  is  near  -= . 

Hence  a  small  mistake  in  the  angle  malies  a  relatively  large  mistake 
in  the  calculated  result  when  the  angle  subtended  is  very  email  or  when 
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When  6  is  small,  both  the  calculated  height  and  the  absolute  error. 
viz.  «tan0  and.  «sec30.5,  are  small,  but  the  latter  is  great  compared 
with  the  former. 

M'liou  9  ia  nearly  ;i0'.  both  '.hV:Q  ipnr.tljios  are  great. 

Ex.  a.  Tfie  fceigfct  0/  a  tower  is  found  as  in  Art.  192;  if  there  be  an 
error  8  in  excess  in  the  aiir/h:  a,  find  the.  corresponding  correction  to  be 
made  in  the  height. 

The  real  value  of  o  is  a-0;  hence  the  real  value  of  tha  height  is 
found  by  substituting  a  -  8  for  0  in  the  obtained  answer,  and  therefore 

n(a-g>Sir„3_ 


ii!(fl 

-a  +  0) 

p*i*-«i  •»•+«» 

(?- 

-«)i 

m» 

a  si 

HUB 

in?       : 

l-floota 

10- 

«>    "14 

_«E 

HOB 

>- 

Krt«][l-»noi  (?-.)+ ; 

1 

i(|9- 

/<*■ 

ifl- 

^V 

S{eot(0-a)  +  ootn}] 

11 

ri «  s 

i"»  , 

i{H- 

-«)      1 

.  the  calculated  Leurhi  is  iii  ere  fore  6 

JiF 

!0 
— )' 

ootth.. 

irror  to  the  calculate:!  iiei;;hl 

»nin0 

»»-■)■ 

Ex.  3.  The  angles  of  a  triawih  in;-  cnleii'mtcri  from  the  aides  a  — 2, 
b  —  'i,  and  c  =  l,  hut  it  is  found  th.nt  the  side  c  i>  era'csliirtrtled  by  a  small 
quantity  S;  find  the  consequent  errors  in  the  angles. 

From  the  given  values  of  the  sides  we  easily  have 

.7  „    11  1 
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Coi-):o*  [xiii ding  to  the  value  4-5,  let  the  values  of  the  angles  be  A- 
B-fla,  and  G-63. 

"-  -«^-!S?eS?-V('-3-- 

[Arts.  279  and  2 


7  ,  VIS.  _7 
8+    16      1-8 


...(1). 


«l*     "J-     2(4-3). 2  16      I1    4^     ' 

...*.>-^[.+g-A[u-¥.]. 

g  =  yi5; 


,sfC    fl,_2s  +  3^(4-5)2_-: 

•  (O-ej—  2i23—  -- 
l    V15         i    as 


The  errors  in  the  i:.ii;;ic5  aro  ili-vel'oio 

-1V15.      -2V15,  3V15S      =, 

"160      5'    -T87-6'  and  ^-8  radians, 

so  that  the  smallest  angle  has  the  lariat  error. 

We  note,  as  might  have  hum  jissumol  ,-,■  prim-',,  thai  the  sum  of  the 
errors  in  the  three  angles  is  zero.  This  ia  neoeeaaiily  so,  since  the  sum 
of  the  angles  of  any  triangle  is  always  two  right  angles. 
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ERRORS    OF    OBSERVATION. 


EXAMPLES.    LXVI. 


1.  The  height  of  i!  Ilj.11  is  lottnd  hy  ^nciiH-.nin:;  the  cngies  of  elevation 
o  and  |9  of  the  top  and  bottom  of  a  tower  of  height  !>  on  the  top  of  the 
hill.     Prove  that  the  error  in  the  height  h  eiuised  !-■>'  an  error  6  ill  the 

culated  height  of  the  hill. 

2.  At  a  distance  of  100  feet  from  the  foot  of  a  tower  the  elevation  of 
its  top  is  found  to  be  30'-';  find  the  jjvi-aic-?!'  and  least  errors  in  its 
calculated  height  due  to  errors  of  V  and  i.i  inches  in  she  elevation  and 
distance  respectively. 

3.  In  the  example  of  Alt,  li.H'i  find  the  errors  in  the  calculated  values 
of  tin:  ilajmarl  and  tower  due  to  an  error  o  in  the  observed  value  of  a. 

If  a  =  1000  feet,  a  =  30°,  (3  =  15°,  and  there  be  an  error  of  1'  in  the 
value  (if  a.  caletli.aie  the  numerical  value  of  fir'*.;  errors. 

4.  AB  is  a  vertical  pole,  and  CD  o  horizontal  line  which  when 
produced  passes  through  B  the  foot  of  the  pole.  The  tangents  of  the 
angles  of  elevation  at  C  and  D  of  the  top  of  the  pole  are  founi  to  be 
5  and  j  respectively.     Tind  the  height  of  the   pole  having   given  that 

CD =35  feet. 

Prove  that  an  error  of  1'  in  the  determination  of  the  elevation  at  D 
will  cause  an  error  of  autjt.o^hnately  1  inch  in  the  calculated  height  of 
the  pola 

5.  The  elevation  of  the  summit  of  a  tower  is  observed  to  be  a  at  a 
Station  A  and  p  at  a  si  at  ion  ;*,',  which  is  at  a  distance  r  from  A  in  the  direct 
horizontal  line  from  the  foot  of  the  tower,  and  its  height  is  thus  found  to 


If  AB  be  measured  not  dirtc'Iy  tioni  tin:  tower  'eut  bori/onliily  and 
i  direction  inclined  at  a  small  atij.de  0  to  &•:■.  direct  line  shew  that,  to 
reet  the  height  of  the  tower  to  the  second  order  of  small  tjtiantiticri.  the 


6.    A,  B,  and   C  are  three  given  points  on  a  straight  line ;   D  is 

another  point  whose  distance  from   B   is  found  by  observing   that  the 

L.  T,  30 
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angles  ADB  and  CDB  are  equal  and  of  an  observed  magnitude  8;  prove 
that  the  error  in  the  calculated  length  of  DB  consequent  on  a  small 
error  8  in  the  ohserved  magnitude  of  0„  is 

(u2  +  fca-2<i6eos&?]$ 
approximately,  where  . Ill— -a  aai  BG  =  b. 

7.  In  measuring  the  three  Bides  of  a  triangle  small  errors  x  and  y 
are  made  in  two  of  them,  a  and  b ;  prove  that  the  error  in  the  angle  0 
■will  be-  -■  cot  A  — cot  It,  and  find  the  errors  in  the  other  angles. 

8.  In  a  triangle  ABC  we  have  (riven  that  approximately  «  =  3(i  feet, 
6  =  50  feet,  and  C  =  tan_1 '-;  find  what  error  In  the  given  value  of  a  will 

error  of  5"  in  the  m 

9.  A  triangle  is  solved  h-om  the  parts  C-15",  a-^6,  and  6  =  3; 
prove  that  an  error  of  10"  ii'i  the  valne  of  C  won  Id  ciruse  an  error  of  about 
13-6B"  in  the  calculated  value  of  B. 

10,  Two  sides  h  and  <■  and  the  included  angle  ,1  of  a  given  triangle 
are  supposed  to  be  known  ;  if  there  he  a  small  error  6  in  the  value  of  the 
angle  A,  prove  that 

;l)  the  consequent  error  in  the  calculated  value  of  J!  h 

-  CsinU  cos  Ccosee  A  radians, 

(2)  the  consequent  error  iv.  the  calculated  vnine  of  a  is  c  sin  B  .  8, 

and  (3]   the  consequent  error  in  the  calculated  area  of  the  triangle  is 

11,  There  are  errors  in  the  sides  a,  h,  and  e  of  a  triangle  equal  to 
x,  y,  and  z  respectively;  prove  that  the  eouscquenL  error  in  the  calculated 
value  of  the  circum- radius  is 

^aotAaobBooiG[icB6eA+yaeoB  +  tamC]. 

12,  The  area  of  a  triangle  ';■-.  found  by  measuring  the  lengths  of  the 
sides  and  the  limit  of  error  possible,  either  in  escess  or  defect,  in 
measuring  any  length,  is  n  times  that  letnah,  where  n  is  small.  Prove  that 
in  the  case  of  the  triangle  whose  sides  are  measured  as  110,  81,  and 
59  yards,  the  limit  to  the  error  in  the  deduced  area  of  the  triangle  is 
about  3'1433jt  times  that  area. 
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13.  The  three   sides  of  a   triangle  are  measured  and  found  to  be 

nearly  equal.  If  the  measnreuier.t*  enu  he  ivrong  one  per  cent,  in  excess 
or  defect,  prove  Sunt  the  greatest  error  Hint  can  arise  in  calculating  one 
of  toe  angles  is  80'  nearly. 

14,  It  is  observed  [hat  Die  elevation  of  the-  summit  of  a  mountain  at 
each  corner  of  a  pbuiii  Imrinuiital  o  ■  i :  l  i  I  :i  [  ■  ■  ?.  a  i  I  rianijle  i-.  a;  prove  thai  the 
height  of  the  mountain  is 

7i  ■"""•< 

where  a  is  the  sltto  of  the  triiWKlo.  if  i.hvi:^  ht:  a  nmal]  error  n"  in  the 
elevation  at  C,  shew  that  the  true  height  is 


i—['*i££rj- 
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CHAPTER   XXXII. 
MISCELLANEOUS  PROPOSITIONS. 

Solution  of  a  Cubic  Equation. 

396.  The  standard  form  of  a  cubic  equation  is 

f  +  Say"  +  3by  +  c  =  0. 
Put  y  =  x  —  a,  and  this  equation  becomes 
a*  -  3  (a1  -  b)  m  +  (2a*  -  Sab  +  c)  =  0.. 
i.e.  it  becomes  of  the  form 

a?-Spic  +  q  =  Q (1). 

Hence  any  cubic  equation  can  be  reduced  to  the  form 
(1),  which  has  no  term  containing  w-, 

397.  To  solve  the  equation,  a?  —3px  +  q  =  0. 

Put  x  =  —  ,  and  we  have 

a»~3p»'*  +  g»'  =  0  (2). 

Now,  by  Art.  107,  we  always  have 

cos  30  =  4  cos3  6  —  3  cos  0. 

so  that  cos3  8  -  2  cos  0  -  2  cos  30  =  0 (3). 
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SOLUTION  OF   A  CUBIC   EQUATION, 
Now  (2)  and  (;})  are  the  same  equation  if 
3  =  cos6>,  3j»i.a  =  |,  and  --j_cc*30  =  g7!.s. 


1L;.i  .[!;■;.' 


and  therefore  cosS0  =  -4g-^-)  (4). 


The  equation  (4)  can  always  be  solved  (by  means  of 
the  tables  if  necessary)  if 

'  1  \i 

p  be  positive,  and         ^?(l^]  <^< 

i.e.  if  g*<4p*. 

[The  student  who  in  Kcquainwr]  with  the  Theory  of  Equations  will 
notice  that  is  the  ftiiss:  wliiei;  ea.nn.Lji.  ijh  si'lvert  by  Ciird;:.ii's  Method,  it 
is  the  case  when  the  roots  of  the  n;  isjiiiul  cubic  are  all  real.] 

If  <9  be  the  smallest  angle  satisfying  equation  (4),  then 
the  values  ""'""IT  an<^  ""'""a" 

also  satisfy  it,  so  that  the  roots  of  the  equation 
#3  —  Spx  +  5  =  0 

1        _      1        /„     2tt\  ,1        /.     4ir\ 

are       -  cos  0,     -  cos    f  +  tt    >  anf*  _  cos    #  +  tt    > 
n  n       V       3  7  «       V       S  ^ 

i.e.   2Vi»cos^,    2>JpQOs(0  +  -^\  and  2  «/p  cos  ($  +  ~  J . 

398.    Ex.    SoZwb  tfre  e$u««io« 

Put  k=^-2,  and  the  equation  becomes 
^-8^  +  1=0. 


/Google 


470  TRIGONOMETRY. 

Put  y~- ,  and  the  equation  is 


!v;:::aT.imifi  H)  and  (a)  ;r 


The  roots  of  (3}  are  cleavly 

40°,  40°  +  120°,  and  40°  +  240°! 
so  that  z=eos40°,  or  cos  160°,  or  cos280°. 

.*.   j  =  2cos40°,  or  2eoslG0°,  or  2cos280°. 
.-.   a=y-a=-2+2oos40°1  or   -2-2cos20°,  or   -2  +  2cos80°. 
On,  referring  to  the  tables  wo  iLc-n  Lave  the  values  of  x, 

EXAMPLES.    LXVU. 

Solve  the  equations 

1.    2^-3^-1=^0,  2.    ^+3^-1=0.  3.    & -24a -32=0, 

4.    a?- 6^  +  63;  + 8  =  0.  5,    a»-21o!+7=0. 

B,    £a  +  4sca  +  2<e-l  =  0.  7.    xi-lx  +  5  =  0. 

Maximum  and  Minimum  Values. 

399.     In  Art.  133  we  have  given  one  example  of  the 
maximum  value  of  a  trigonometrical  expression. 
We  add  another  example. 

Jfxcw.fi  y  be  two  positive  an'jles  -whoM  sum  is  a  constant 
angle  a(^»7r),  find  when  H-inxsvny  is  a  maximum,  and 
extend  the  theorem  to  'more  than  two  angles. 
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We  have     2  sin  x  sin  y  —  2  sin  x  sin  (a  —  a) 

=  cos  (a  —  2#)  —  cos  a. 
Hence    2  sin  x  sin  y   is  greatest   when    cos  (a  —  2«)    is 
greatest,  i.e.  when  a  =  2*',  and  therefore 
a 

The  product  is  therefore  greatest  when  the  angles  * 
and  y  are  equal. 

Let  there  he  three  angles  x,  y,  and  z  whose  sum  is 
equal  to  a  constant  angle  /S.     If,  in  the  product 

sin  x  sin  y  sin  z, 
any  two  of  the  angles  x  and  y  be  unequal,  we  can,  by  the 
preceding   part   of  the   article,  increase    the  product  by 
substituting  for  both  x  and   y  half  their  sum  without 
increasing  or  diminishing  the  sum  of  the  angles. 

Hence  so  long  as  the  angles  x,  y,  and  z  are  unequal, 
we  can  increase  the  given  product  by  thus  making  the 
angles  approach  to  equality. 

The  maximum  value  will  therefore  be  obtained  when 
the  angles  x,  y,  and  z  are  equal. 

This  argument  can  clearly  be  applied  whatever  be  the 
number  of  the  angles  x,  y,  $.... 

400.  We  can  now  shew  that  the  maximum,  triui/ale 
that  can  be  inscribed  in.  a  given,  circle  is  equilateral. 

For,  if  R  be  the  radius  of  the  circle,  we  have  (as  in 
Ex.  XXXVI.  10)  the  area  of  the  triangle 

=  2R-  sin  A  sin  B  sin  0, 
where  A  +  B  +  G=2tt,  a  constant  angle.     By  the  preced- 
ing article  it  follows  that  the:  triangle  is  greatest  when 
A  -  B  =  G. 
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EXAMPLES.     LXVIII. 


1.  If  x+y  be  a  given  angle,  less  than  w,  prove  that 
(1)    tmz+umy,        (2)    ao&x+<ne'y,    and    (3) 

all  have  their  greatest  values  when  x=y. 

2.  Find  the  minimum  value  of 


J''i!id  the  minimum  values  of 

5.  It  x+y  —  a,  where  a  is  ^>^,  find  when  tan  x  tan  y  is  amaxi 
We  have  1  -tan  x  tan  jy  = ■,—    -j— .  . 

6.  Prove   that  the  maximum  triangle  having  a  given  perint 

[::ii;:ii!.t<;:-LiL, 

The  area  of  a  triangle  can  be  provort  to  equal  s'tan  —  tan  —  tar 

7.  Prove  that  the  area  of  the  pedal   triangle   of  an 
triangle  is  never  greater  than  one  quarter  of  the  area  of  the  latter. 

8.  If  ABC  he  a  triangle,  prove  that  ihe  least  value  of 

oos2^  +  oos3B+cos2Cis-|. 
Prove  also  that  eon  .-i-j-uofi  IS  —  oOs  C  is   siJwavB  >1    and  not 


On  the  geometrical  representation  of  complex 
quantities. 

401.  In  Chap.  IV.  we  pointed  out  that  if  a  distance 
in  any  direction  (say,  horizontally  towards  the  right)  be 
represented  by  a,  then  -  a  represents  the  same  distance 
drawn  in  an  opposite  direction,  i.e.  horizontally  towards 
the  left. 
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■t.?:; 


This  effect  of  prefixing  —  to  a  is  therefore  {Fig. 
Art.  48)  to  rotate  OA  in  the  positive  direction  through 
two  right  angles.  The  operation  —1  performed  on  a 
therefore  means  turning  a  through  two  right  angles. 

402.  Now  V—  1  x  V—  1  =  —  1 ;  hence  whatever  mean- 
ing we  give  to  the  operation  v7—  1  it  must  be  such  that 
performing  that  operation  twice  shall  be  this  name  thing  as 
performing  the  operation  —  1. 

Let  us  therefore  assign  to  the  operation  V- 1  the 
turning  any  length  through  one  right  angle  in  the 
positive  direction.  Performing  the  operation  V—  1  on  a 
twice  will  therefore,  as  it  should  do,  turn  a  through  two 
right  angles. 

Hence,  with  this  interpretation,  V—  1  a  means  a  line 
drawn  at  right  angles  to  the  line  denoted  by  a. 

403.  We  can  now  shew  what  is  denoted  by 

x  4-  V—  1  y. 

Draw  OX  and  OY  two  lines  at  right  at 
along  OX  a  distance  0M  equal  to  x  and 
then  draw  MP  parallel  to  OF  and  equal 
to  y,  so  that  MP  represents  V—  1  y. 
Then  P  is  the  point  that  represents  the 
quantity  a;  +  V—  \y,  or,  again,  we  may    o  m~~ 

say  that  OP  is  the  line  representing  this  quantity. 

We  have    OP  =  VOM 2  +  MP1  =  </tf  +  f, 


and 


L  MOP  =  tan- 


OJf" 
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Hence  the  length  of  OP  represents  the  modulus  and 
MOP  the  principal  value  of  the  Amplitude  of  x  +  iy. 
(Art.  265.) 

404.  Addition  of  two  complex  quantities. 

Let  OP  represent  the  complex  quantity  x  +  iy  and 
OQ  represent  u  +  iv,  so  that 

0N=<c,NP  =  y,0M=% 

and  MQ  =  v. 

Complete  the  parallelogram 
OPEQ,  and  draw  RL  perpendicu- 
lar to  OX  and  FS  perpendicular  to  RL. 

Since  PR  Is  equal  and  parallel  to  OQ,  we  have 
NL  =  PS  =  OM,  and  SR  =  MQ. 

Hence  OL^ON +  NL=w  +  u, 

and  LR  =  LS  +  SR  =  y  +  v. 

Therefore  OR  represents  r.lie  complex  quantity 
x  +  u  +  i(y  +  v), 
so  that   the   sum   of  two   complex   quantities   is   repre- 
sented by  the  diagonal  of  the  parallelogram  whose  two 
adjacent  sides  represent  the  two  given  complex  quantities. 

405.  Let 

x  +  iy  =  T  {cos  0+isin0), 
as  in  Art.  265, 

Then 
(cos  a  +  i  sin  a)  (x  +  iy)  =  r  (cos  a  +  i  sin  a)  (cos  9  +  i  sin  8) 

=  r  [cos  (a  +  0)  +  i  sin  (a  +  0)] (1). 

Now  v  [cos  8  +  i  sin  0] 

means,  with  our  interpretation,  a  line  of  length  r  drawn  at 
an  angle  6  with  OX. 
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Also  r  [cos  (a  +  0)  +  i  sin  (a  +  &)] 

means  a  line  of  the  same  length  r  drawn  at  an  angle  a  +  $ 
with  OX  (Art.  403). 

Hence,  by  (1),  the  effect  of  multiplying  %  +  iy  by 
cos  a  +  i  sin  a  is  to  turn  through  an  angle  a  the  line  that 
represents  x  +  iy. 

406.      Geometrical  ■utmnii/iy  of  !)<■;  Noivre's  Theorem. 

The  quantity 
(cosM+isin  a) (cos /3 +  ^11/3) (cos  y  +  i  sin  7) (cos  8-1-  i  sin  8), 
means  the  line  represented  by  cosS  +  isinS  turned  first 
through  an  angle  7,  then  through  ft,  and  finally  through 
a,  i  e.  altogether  turned  through  a  +  ft  +  7. 

But  this  total  operation  gives  the  same  line  as 

[cos  (a  +  ft  +  7)  +  i  sin  (a  +  ft  +  7)]  [cos  8  +  i  sin  S\. 

Similarly  for  any  number  of  factors. 

Hence  De  Moivre's  Theorem  expresses  algebraically 
the  geometrical  fact  that  to  turn  a  line  through  a  number 
of  angles  successively  has  the  same  effect  as  turning  the 
line  through  11.11  angle  equal  to  the  sum  of  the  angles. 

Ex.     The  tlirBri  cube-  roots  (ii  unity  an!  cftsily  found  (o  1>h 


0  that  we  have 

(coa  0  +  i  sin  0)  (cos  0  +  i  sin  0)  (eo 


(-*♦'-*)(-*♦"■*)(-* 
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The  first  of  tlw.r-o  cqwitr.-.m*.  sime.1  ihrit  'Uirninr;  n  lino  throe  times  in 
succession  li;ro.i:.:li  ;i  soro  jit:lc  _;ivc-  t h • :  original  lice. 

The  second  states  that  turning  it  three  times  in  succession  through 
an  angle  —  ,  (i.c.  altogether  through  2jt)  gives  the  original  line. 

The  third  states  ili:;i  tuniin;!  ii  tluoo  tiiiies  in  Kueeossioii  Lln'ou^u  an 
aagle  — ,  (i.e.  nltogyther  through  -I71-)  gives  the  original  line. 

These  k  la  ionic  n  is  are  all  clearly  true. 

407.     Multiplication  of  two  complex  quantities. 

If  a>  +  iy  =  r  (cos  8  +  i  sin  $), 

and  u  +  iv  —  p  (cos  <£  +  i  sin  0), 

we  Lave 

<w  +  w)  (#  +  iy)  =  ^p  [cos  (8  +  4>)  +  i  sin  (8  +  <p)]. 

The  effect  of  multiplying  a  complex  quantity  x  +  iy 
by  another  u  +  iv  is  therefore  to  turn  the  line  repre- 
senting as  4  iy  through  an  angle 


and  to  alter  its  length  in  the  ratio 

Hence  the  multiplying  of  one  complex  quantity  by 
another  is  represented  by  "  si  turning  and  a  stretching." 
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MISCELLANEOUS  EXAMPLES.    LXIX. 

1.  Prove  that  the  equation  tan  x—ltz  has  an  ii:ihiJLsiiumb.;r  of  too  is. 

2.  If  -4,  B  and  0  be  the  au^Iiis  of :;.  trutiijnu,  prove  that 

1 -8eo8 /loos  Boos  C 
is  iUwu-ys  positive. 

3.  If  n  and  ff  be  Iho  hnaiiir.ajy  ir.vn:  root*  of  unity  prove  that 

4.  If  #  be  less  than  a  radian  prove  that  ,t~2\/  -= very 

nearly,  iho  error  in  th-  ]r;fr-hn.nd  irinnilii:):  linns-  ri(:'!.:\y  :'   ..  rudiim*. 

5.  If  cos(0  +  t0)  =  sec{a-l-i/S),  where  a,  0,  fl,  and  <j>  are  all  real,  prove 
that 

taah20cosha^  =  sin2o  and  t&nh*j3cosha0=Bln*fl. 

6.  If  a:  =  2  cos  n  cosh  |9  and  y  =  2  sin  a  sinh  £, 
prove  that 


and  see(a  +  i/S)-Bee{tt-i/S)  = 


a^  +  i/' 

7,  Prove  that 

+^~^sinM*c»s(m-3)flBia«  (»-*)+ +  sin"(0-^) 

8,  Prove  thai  the  roots  of  the  equation 

3!"  sin  n6  -  ns"-1  sin  {nS  +  4,)+  "^"^  *■-»  sin  (nd  +  2<p) 

- to  (n+1)  ti 

where  «  is  an  integer  and  k  han  any  integral  value  from  0  to  n  - 
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e  that  the  anm  to  infinity  of  the  series 


is  8,  if  9  be  acule,  and,  generally,  is  mr+(-  l)*fl,  where  n  is  so  chosen 

that  iiir  +  (- 1)*  y  lies  henveen  -  ^  and  +=  . 

10.  If  the  are  of  a  circle  of  radius  unity  be  divided  into  n  equal  ares, 
and  rig  hi- angled  i*osoclc:> Via  ogle:;  be  descried  cu  the  chorda  of  these  ares 
as  hypothenuses  and  harp  their  vertices  outwards,  prove  that  when  n  ia 
indefinitely  increased  the  limit  of   the  product  of  the  distances  of   the 

vertices  from  the  centre  is  e-,  where  a  is  the  angle  subtended  by  the  arc 
at  the  centre. 

11.  The  side*  of  a  •  o; .i .  n.t-  polygon  of  ■:.■  sides,  which  is  inscribed  in  a 

circle,  meet  the  tangent  at  any  point  P  of  the  circle  in  A,  B,  C,  Z> 

Prove  that  the  product  OA.OB.OC.OD =  a"tannfl   or  a*  tan"  nfl, 

according  as  i)  is  odd  or  even,  where  a  is  the  radius  of  the  circle  and  8  is 
the  angle  which  the  line  joining  P  to  an  angular  point  subtends  at  the 
circumference. 

12.  A  regular  polygon  of  n  side*  is  inscribed  in  a  circle  and  from  any 
point  in  the  circumference  chord*  lire  drawn  to  the  angular  points;  if 
these  chords  be  denoted  bycL,  c5, ...  n„,  hcginning  with  the  chord  drawn 
to  the  nearest  angular  point  una  ''liking  tiie  "est  in  older,  prove  that  the 
ipr.!ir-ir> 

c1cs  +  c2c,  +  ..,  +  C)l_1c„-cl[c1 
i*  independent  ol'  the   position  of  the  point  from  wliich  the  chords  arc 

13.  A  series  of  radii  eiyiae  "he  eirc.ui' Terence  of  a  circle  into  '>),  equal 
parts ;  prove  that  the  product  of  the  perpendiculars  let  fall  from  any 
point  of  the  circumference  upon  ,■■.  successive  radii  is 

!«      , 

where  v  is  the  radio*  of  the  circle  and  0  is  the  angle  between  one  of  the 
extreme  of  tho*c  radii  and  Lin:  radius  to  the  given  point. 

14.  If  a  regular  polygon  of  n  sides  be  inscribed  in  a  circle,  and  (  he 
the  length  of"  the  chord  joining  any  'ixed  point  on  the  circle  to  one  of  the 
an.guk;  i:->inrs  of  the  poU'v/on,  move  that 

\2m 
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15.  ABCD...  is  a  regular  polygon  of  a  skies  which  is  inscribed  in  a 
circle,  whose  radius  is  u  and  »-|;,;-i!  centra  is  0  ;  iu-ovc  taat  the  product  of 
the  distances  of  its  aii^uistr  points  from  a  straight  line  at  right  angles  to 
OA  and  at  a  distance  h  {-:■  u)  i'rnm  the  centre  is 

16.  Prove  thiil  ticro  is  oue,  anil  only  one,  solr.;ion  of  tlii;  enualiou 
V  -co  -  0  and  that  it  is  !:■-.«  rimrj  ■'- . 


n(*+l) 
18.    Prove  that 


— t ,  where  nt  is  any  integer. 


|+|+|+...aM..|[,.+a.-:-ra(^)]. 


20,    Prove  that 


21.  From  the  sum  of  the  series 

Bin2e-|sin4fl  +  ieinfiS-...  ad  inf., 

■r  otiicrivise.  shew  that 

22.  Prove  that 
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23.  Prove  that  the  general  value  of  sinh_1jc  is 

ifc7T+(-l]*l0g|>+^/l+^], 

where  k  is  any  integer. 

24.  If  ft.,  Pi* Ph  be  the  distances  of  the  vertices  of  a  regular 

polygon  of  n  sides  from  any  point  P  in  its  plane,  prove  that 

J_      1_  J___^ r^-a" 

(ttI  +  ft*+ +^-r'J-a2r="-2a"r"coB«S  +  «™' 

where  a  is  the  rudiu,-.'  ol  ll:e  oil cut^ioi i-olt:  ul'  ti.e  )>;>lyi,i!ii,  ,■  is  the  i.Kstance 
of  P  from  its  centre  O,  and  8  is  thu  angle  thai  OF  makes  with  the  radius 
to  any  angular  point  of  the  polygon. 

25.  If  9  +  0+^=2*-,  prove  that 

Llcnec    deduce    the    relation    between    the    six    straight  lines    joining 
4  points  which  are  in  one  plane. 
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133  _        84                                    1596 

3441 

205'       208"                                 3445' 

3445 

220       171       220 

221'     221'      21  " 

XIV.    (Pages  96,  97.) 

2  sin  (0  +  »£)  sin  -^.            31.     2  sin  (6  + 

n*)oa 

,GoogIe 


XV.    (Pages  98,  99.) 
B120.  2.    sin  12. 

os  80.  4.     cos  12 

XVI.    (Page  102.) 


XVII.    (Pages  109,  110.) 


2     (II161.     (2)  I  ■     (31  119 

XVIII.    (Pages  123—125.) 

V2  +  V3.  7V3  +  4V3 

6"""'   '  18 

18     ^JV)  V13 .    169 

12'         2     or  3    '    120" 

16_       49  .7 

105'     305'  SV2' 


2J2         '  2^/2         ■    V'-'. 

-W2  +  1W4T2V5: 

./i~f~lf.  23.      -  and   +.  24.      -and 

(1)  2*wr+  j  and  2mr  +  -^  ;    (2)  2?wr+  -j-  and  2iwr  + 
(3)  2mr  -  j  and  2reir.+  ^ ;     (4)  2mir+  j  and  2«ir  + 


,GoosIe 


ill  TRIGONOMETRY. 

30.     (1)     2ww  -  ~  and  2mw  +  ~ ; 

,„,        ,  3w  .    n  5x 

(2)  2mr  +  -T-  and  2mir  +  ^-; 

(3)  2mr  +  —r-  and  2??^  +  —  . 

XIX.    (Pages  129,  130.) 

12.  The  sine  of  the  angle  is  equal  to  2  sin  18°. 

13.  2nl 


Id. 

^5+10- 

XXI.    (Pages  142,  143.) 

1. 

T-K*-**)"    2'    HDl-(fc*i)i 

3, 

(2»*l)|or2«r. 

4. 

(2„^c  „  +  (-!)•?. 

5. 

5?-(.+J)-(«.> 

6, 

f-(-*J)j-     '■  K)*°^4 

8. 

-J-("S-        »•  Mt4)" 

10. 

«+(-i>.ji-+(-i)-ii»-(-i)-^. 

11. 

(2„4)i;  (»-- j)=. 

12, 

^^[..(.irg.     i,  _,.j- 

14. 

2rw            2      /_         n-\               ,_          1      T, 

;    I2r7r±^l.             15.     —. 2nr*; 

16. 

nwr       1  /            tt\ 

,GoosIe 


17  9™r     *"•    Vs™      ^ 

17.  ftw-j,   g^T-gj- 

18.  ,w  +  (-1]rJ_J.  19.     ^(-IJPJ.J. 

20.  ,»+£+(_  !)■*  21.     2mr  +  ?r±A. 

6  .  '  4  4 

22.  -  21°48'  +  »*■  +  (- 1)"  [6812']. 

23.  2iwr  +  78°58' ;  2iwr+27°18'.     [N.B.  coa  25°  50'  =  -9.] 

24.  (w  +  46";  »wr+26°34'.  25,     2*w;  2mtt  +  ^. 
26.  2iw;  2mr+^.  27.     2»w  +  ^;  2nw+|. 


b,:  2jwt*t. 


«■  K)1- 

37.     (  =  -  », 

-  («S)i- 


XXIII.     (Pages  157,  153.) 

1.  T-90309;  3-4771213;  2-0334239;  T-4650389. 

2.  -1553361;  2-1241781;  -5388340;  1^-0759623. 

3.  2;  2;  0;  4;  2;  0;  3.         4.   -312936. 

5.  1-32057;  5-88453;  -461791. 

6.  (1)21;     (2)13;     (3)30;    (4)  the  7th ;    (5)  the  21st 
(6)  the  32nd. 
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4  log  3 

TRIGONOMETRY 

log 

2  +  2  log  3 

log7  + 

■1  lag  3  - 

-log 

2'    41og7- 
7  log  3  +  4 

3  log  3  -  2 
log  2 

log  2' 

■22221. 
1  ■63611. 

3 
9. 

12. 

log  3  +  log  2 
8-6414. 
4-7161. 

-  2  log  7  ' 
10. 
13, 

9-6192. 

•41432. 

XXIV.    (Pages  167—169.) 

1.  4-5527375;  1-5527394.     [N.B.  log 35706  =4-5527412.] 

2.  4-7689529;  3-7689502. 

3.  478-475;  '004784777.  4.     2-583674;  '0258362, 
5.  (1)     4-7204815;     (2)     2-7220462;     (3)     2-7240079; 

(4)     5273-63  ;         (5)     -05296726 ;     (6)     5-26064. 

B.  -6870417.  7.     43°23'45". 

8.  -8455104;  -8454509.  9.     32°16'35" ;  32°16'21". 

10.  4-1203060;  4-1218748. 

11.  4-3993263 ;  4-3976823.       12.  13°8'47". 
13.  9-9147334.       14.  34°44'27". 

15.  9-5254497;  71"27'43".      16.  10-0229414. 

17.  18"27'17".       18.  36°52'12". 

XXV.  (Pages  171,  172.) 

1.  13D27'31".       %     22D1'28". 

3.  1-0997340;  65°24'12-5". 

4.  9-6198509;  22°36'28". 

5.  10°15'34".       6.  44°55'55". 

7.  (1)  9-7279043;  (2)  9-9270857;  (3)  10-1958917; 
(4)  10-0757907 ;  (5)  10-2001337; 

(6)  10-0725027;  (7)  9-7245162. 

8.  (1)     57°30'24";     (2)     57°31'58";     (3)     32°29'15"; 
(4)     57°6'39". 

9.  -53736037. 
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ANSWERS. 

LO. 

(1)      C»(«-||). 

bc  9!  sec  i/ ;     (2)      cos  (re  +  y)  sec 

(3)     ow^-y), 

iOsecKsecj/; 

(4)     ooa(a!  +  y)c 

osec  x  sec  y ; 

(5)     tan3  a;; 

(6)      tan  a;  tan  y. 

XXVI.    (Pages  179,  180.) 

1. 

11          ,9 

s-  2-  and  r 

2. 

4        3 
^41'  5'  antl  5 

8         40     24              496 
74l;  IP   25'  and   1025' 

3. 

k.   *>  and  1. 

-     4    56       ,12 
and  co.  5.     = ,  ^=  and  =-^ . 

SS-  7-     60°,  45°,  and  75°, 

116 

XXVII.    (Pages  185—187.) 


313 


17.  16|ft.  19.     jj.  22. 

XXVIH.    (Page  190.) 

1.  186-60...  and  193-18. 

2.  26°33'54";  63°26'6";  10^5  ft. 

3.  48°35'25",  36°52'12"  and  94°32'23". 

4.  75°  and  15". 

XXIX.    (Page  193.) 

1.  90°.  2.     30°.  4     120°. 

5.  45°,  120"  and  15°.  6.     45°,  60°,  and  75°. 
7.  58°59'33".             8.     77°  19' II".  9.     76°39'9". 

10.  104"28'39". 

11.  5G°15'4",  59°51'11"  and  63°53'45". 

12.  38°56'33",  47°41'7"  and  93°22'20". 

13.  I30°42'20v5'',  2:!J27'S'5",  and  25°50'31", 
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Xll  TRIGONOIITTHY. 

XXX.  (Pages  197—200.) 

1.  63°13'2";  43°58'28".        2.,    117°38'45";  27°38'45". 

3.  8^7;  79°6'24";  40°53'36". 

4.  87° 27' 25-5";  32°32'34-5". 

5.  40°53'26";  19°6'24";  ^1  :  2. 

6.  71°44'30":  48°15'3Q".         7.     78°17'41";  48°36'19", 

8.  108°12'25-5";  49°27'34-5". 

9.  A  =  Ab";  B  =  15a;  G  =  Jd.         10.     J6 ;  15" ;  105°. 
11.  '8965.  14.     40  yds.;  120°;  30°. 

15.  7-589467;   I08°26'6";  18°26'6";  53°7'48". 

16.  226-87;  73°34'50";  39°45'10".  17.     2-529823, 

18.  A  =  83°7'39";  JS  =  42°16'21"  ;  c=  199-099. 

19.  i?=110°48'15";  C  =  26°56'15";  a  =  93-5192. 

20.  73"1'51"  and  48°  41' 9". 

21.  88°30'1"  and  33°30'59". 

XXXI.  (Pages  205-207.) 

1.  There  is  no  triangle. 

2.  B,=  30',    01  =  105°,  and \~J2;  #,-60°,  (73  =  75°, 
and  £a=  ^/6. 

3.  -8,-30°,    C,  =  120°,  and  6,  =  100;  £,=90°,   Cs  =  60°, 
and  J,  =  200. 

5.  4^/3  *2^5. 

6.  100^/3  ;  the  triangle  is  right-angled. 

8.  33°29'30"  and  101°30'30".  9.     17-1  or  3-68, 

10.  (1)     The  triangle  is  right-angled  and  B--=  60°. 

(2)     JBi=8° 41'  and  £7,  =  141°  19' j  B^llVW  and  38° 41'. 

11.  65°54'  and  42°1'12". 

12.  5-988...  and  2-6718...  miles  per  hour. 

13.  63°2'12"  or  116°57'48". 

14.  62°31'23"  and  102°17'37",  or  117°28'37"  and  47°20'23". 
15  59266-1. 
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ANSWERS.  xui 

XXXII.    (Page  208.) 
1.     7  ;  9  :  11.  4.     79-063. 

5.     1  mile;  1-219714...  miles.  7.     20-97615...  ft. 

8.     6-85673...  and  54378468...  miles.         9.     404-4352  ft. 
10.     233-2883  yards.  11.     2229-02  yards. 

XXXIII.  (Pages  213—216.) 

1.  100  ft.  high  and  50  ft.  broad ;  25  feet. 

2.  25 '7 8341 4  yds.  3.     33-07...  ft. ;  17| ft. 

1     18-3.,.  ft.  5.     120  ft.  6.     h  tan  a  cot  #. 

7.     1939-2...  ft.         8.     100  ft.  9.     61-224...  ft. 

10.     100^/2  ft. 

15.  PQ  =  BP  =  BQ -1000  ft.;  4P=  500  (^6  -  J2)it  ■ 

AQ  =  1000^2  ft. 

16.  -32119  miles. 

17.  -1736482  miles;  -9848078  miles. 

18.  119-2862  ft.  19.      132-266  ft. 
20.     141-682  yds.  21.     1-42771  miles. 
22.     125-3167  ft. 

XXXIV.  (Pages  220—225.) 

3.  20  ft;  40  ft. 

4.  I  cosec  y,  where  y  is  the  sun's  altitude ;  sin  y  =  = , 

5.  3-732...  miles;  12-342...  miles  per  hour  at  an  angle, 
vhose  tangent  is  ^/3  +  1,  8.  of  E. 

6.  10-2426...  miles  per  hour. 

7.  16-39,23...  miles;  17-394...  miles. 

8.  2-39  miles;  1-366  miles. 

9.  It  makes  an  angle  whose  tangent  is  5  ;    ^  hour. 

13.  c  sin  ,3  cosec  (a  +  /3) ;  c  sin  a  sin  £  cosec  (a  +  /3). 

14.  9  yds.;  2yds.  17.     si   ¥■ 


.Google 


:iY  TRIGONOMETRY. 

21.     75^3  ft.  22.     e  (1  -  sin  a)  sec  a. 

23.     114-122  ft.  25.     1069-745645  ft. 

27.     The  angle  whose  tangent  is-  .  30.     45°. 

33.      18°24'6".  35.     tanasec/3: 1. 

38.     91-8%  ft.  39.     1960-95  yds. 

40.     2-45832  miles,        41.     333*4932  ft. 

XXXV.  (Pages  227,  228.) 

1.  84.  2.     216.  3.     630.  4.     3720. 

5.  270.  6.     117096.  7.      1470. 

8.  1-183....  12.     35  yds.  and  26  yds.  nearly. 

13.  14-941...  inch,        ;14.     5,  7,  and  8  ft.  15.     120°. 

17.  45"  and  105°;  135°  and  15°. 

18.  17'1064...  sq.  ina 

XXXVI.  (Pages  235,  236,) 
3.  8|,  1£,  8,  2,  and  24  respectively, 

XXXVII.    (Pages  244—248.) 
35.      2-1547...  or  '1517  times  tin;  nulius  of  each  circle. 


h(-l)».2».(j 


XXXVIII.  (Pages  253,  254.) 

1.     (1)     3^/105ft.;     (2)     lO^ft-         3.     1  *  an 

XXXIX.  (Pages  257-259.) 
1.     77-98  ina.  2.     3-215. 

3.  (1)  1-720.,.  sq.ft.;  (2)  2-598...  sq.  ft. ; 
(3)  4-8284...  sq.  ft,;  (4)  7*694...  sq.  ft.: 
(5)     11-196...  sq.  ft. 

4.  1-8866...  sq.  ft.  5.     3-3136...  sq.  ft, 
6.     2  +  ^2:4;  J%TJ2:2.  12.     3. 

14.     6.  15.     9  or  16.  16.     20  and  10. 


,Google 


17.         and  5,   12  and  8,   18  and  10,  22  and  11,  27  and  12, 
42  and  14,  54  and  15,  72  and  16,    102  and  17,   162  and  18, 

342  and  19  sides  respectively.  19.     =  */3;  JG. 

XL.  (Pages  264,  265.) 

1.     -00201  2.  -00007.  3.  -00029. 

4.  -99999.             5.  25783-100...  6.  1-0000011. 
7,     34'23".             8.  28"'41'7".  9.  39'34". 

10.     2°26'15".        11.      114-59...  inches. 

XLI.  (Pages  267,  268.) 

1.     435-77  sq.  ft.  2.     4-9087...  sq.  ft. 

3.     127°19'26".  4.     6  sq.  ft. 

5.  11-0004  inches.  6.     -00044625  inch. 

„      2 

7.       ;W. 


XIII.    (Pages  269,  270.) 

L 

ri0'22". ;■-"             2.     17-14  miles. 

3. 

■61  miles;  1° 48' nearly. 

5. 

About  61800  metres  =  about  38}  miles. 

6. 

3960  miles. 

XLIV.    (Pages  285-287.) 

1. 

*  sin  2710  00860  0. 

2. 

3w-l       .    3n   .            3   . 
4              -  4                4 

1    \       2jwr                    Stt 

sin  2imc  (cos  2«reJ-  sin  2-n-re)  (cos  re  +  sin  a;)  cosec  2x. 
![(»+!)■««  2.-,in.(2»  +  2)a]co.eo». 


,GoosIe 


TRIGONOMETRY. 


>s  (n  +  3)  a  sin  na  cosee  a 

»&*-  «)M8f«+l)£-0O9(3tta+B)e. 


2(0OB?-ooa2a) 

14. 

J[(S»+I)rin«-*i(ftn.l)«]««o* 

15. 

£-£<«  p0 +  <»- 1)  a]  lb  M  <»■«>«. 

16. 

3   .    re+1      .ma           o     1   .    „n  +  l        .    3«a   .    3o 
_Bra-g-nsui-g-oosee3     4«iw    g    «-sm    g   sin  a  ■ 

17. 

|pM-4Mf»+l)«di.M00iN.-|.K.(h  +  f).rin|MnHel4 

18. 

g[3n  +  4«os(B  +  l)aBinnaisoeeeo  +  ooB(2i»+2)a8inanBCosec3a]. 

19. 

1     .     M0T       n-lfl            w+3                *  +  7/|             tf 
^sxn  y  [cos  ^-S  +  cos  —  0  +  cos  _*j  eosec^ 

1    .    3to0        3n+9.           30 

20. 

-^in(2a  + 2^/3)  sin  2«/? sec/?. 

XLV.    (Pages  291,  292.) 

1. 

&  +  &  =  <?  +  #. 

2. 

5+S-5-(.-»-««.-» 

3. 

a  (2cs  -d")  =  6<fc.           4.     a  sin  a  +  5  cos  a  =  ^26  (a  +  6). 

5. 

-+fj=l.             6.     -+^-  =  a  +  6. 

7.  (F'+l)1+2,(y-+l)(P+,).4(j,  +  ?)'. 

10.  o-io-S)((.-«)-6-(4-o)(6-<i). 

11.  8&o  =  a{4'3*-t-(61-o')'}. 

12.  f^o+S+oX-o+S+oJ-^^-o'-JWfa-S+cXo+S-c). 

13.  J"  [e  (61  -  <.')  +  a  (a'  +  6=)]" .  4='  [6V  +  «y]. 


,GoogIe 


AVSWhlW. 

XLVI.    (Pages  303-305.) 
8.     logc2.  9.     loge  3  -  log,  2, 

XLVn.    (Pages  316—318.) 

,  j,[„(-*d+,-(-»d]. 

, r  J2  +  1       .       1      -l 

e.  w.-^»[-s+«*.g. 

7.  cos  (100  +  12a)  -  i  sin  (100  +  12a). 

8.  coS(a  +  £-y-S)  +  ;Sm(a  +  /3-V-S). 

9.  coslO7#-isiiilO70.  10.     -1. 
11.  sin  (ia  +50)-*  cos  (4a  +  50). 


XLVIII.    (Pages  321,  322.) 

1;  -ltV^  2i    ±-.  s/3±i,  -ys±. 

+  (caa^  +  ism^J,  where  r  =  3,  7,  or  11. 
+  £,  and  +  ( cos  —  +  * sin  —J,  where  r  =  l  or  3. 
±  #5  (cos  g  +  i  sin  g)  ,  where  r  =  1,  9,  or  17. 


.Google 


TRIGONOMETRY. 


a-jr  \,  where  »■=  11,  15,  i 


±  w  [™  5  - ; ™  5]  ■ wb""  - ]  or  '■ 

^2  Tcos^  +  ism^   ,  where  r  =  \,  13,  or  25. 

^4  Too.  J  +  isiri—l,  where  r  =  -l,  5,  11,  17,  or  23. 


10. 

+  2  and 

+  2*. 

11. 

2,  and  2 

|-« 

'■5  ±l 

-t|. 

,  where  r=  2  or 

12. 

- 1024. 

13.     +': 

;  +  V3     ■    ■ 

;       -    and  + 

>V3~1 
2 

16. 

+  1,  +  i, 

±(. 

0Sg±* 

■In  3 

and  +'(  cob  =  +■■ 

Tlife  last,  four  values. 

17. 

2^/2  cos 

where  r 

=  1."  7,  ■ 

ir  13, 

XLIX.    (Pages  327,  328.) 
5tan#  —  10  tan30  i-taiv'  0 

l-lOtansfl  +  5tan40     ' 
7  tan  6  -  35  tan5  g  +  21  tan5  6  -fog? j 

1-21  tan3  0  +  35  tan4  (9  -  7  tan"  0      ' 
9  tan  6  -  84  tans  $  +  126  tan6  0-36  tan7  3  +  tana  0 

1-36  tan3  0+126"W  6-84  tan6  8  +  9  tan8  (9     ' 

L.    (Pages  337-339.) 

6.     3548'51".        7.     £.         8,     -^.         9.     j.      10.     I. 

b  m*  '     b  2 

11.     3.  12.     p.  13.     0.  14.     -<*+^  +  *. 

15.     -J.  16.     2.  17.     -I.  18.     -SJ. 


.Google 
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25.     log? 


24,     0. 

28.     9. 


37.     ,;-,. 

Lin,    (Pages  361,  362.) 
-c»  _  55aj"  +  330^  -  462^  +  165a  -  1 1  =  0. 
2^cW,  («odd)j  ^[(-1^-ooirfJ,  (.era* 

(-l^jkrfnirf.Owd^it-l^j^tl-ooM^Cnewo). 

w2  cosec2  m^,  (ra  odd) ;  ^w2  oosec3 -^- ,  (meven). 
«Eseca?jj?-M,  (Modd);  )js^[l  -(—  l)2 cos  n0]— »,-(n  even). 


-  1)"=~  tan 

x'cot'^f +  »«)  +  ,.  («-l). 

0  or  ^  — — —  ,  accor 

(-lfcosnd-1 


LV.    (Pages  375—377.) 
a  sinh  /3. 


a  2d  -  t  sinh  2/? 
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XX 

TRIGONOMETRY. 

10. 

20. 
21. 
22. 

23. 

n  sin  a  cosh  fit  —  i  cos  a  sinh  /3 

cosh  2,3  -  cos  2a 
n  cos  a  cosh  £  +  i  sin  a  sinh  ,8 

cos  2a  +  cosh  2/3 
sinh  a  cos  #  +  i  cosh  a  sin  /}. 
sinh  2a  +  i  sin  2,8 

cosh  2a  +  cos  2/? 

,,  cosh  a  cos  /3  -  i  sinh  a  sin  /3 

cosh  2a  +  cos  2/3 

LVI.    (Page  381.) 

v      i        1+sintf 
1.      ±  t  +  j  log  j !—g  7  according  as  c 

negative. 

2.  Sm-v^)+ nog  [/rani -.ysi 

os  $ 

LVII.    (Page  388.) 

15.     h  l°g  (**2  +  **)  +  •  tan-1  -  ,  where 

1        cosh  '>■■>/  —  ei 


id  11=  tan-1  (cot « tanh  y). 


LIX.    (Pages  402,  403,) 
2.     2.  3.     5.  4.     -1, 

LX.    (Pages  407,  408.) 


5-4cos«' 

2.     0,  provided  a  does  not  equal  a  multiple  of  v. 

sins  a                                ,       sin  a  (cos  a  -  si 

a.) 

3-      l~sin2a  +  sm*a'                  *        l-sin2a  +  si: 

as  a  ' 

sma-Csin(«-£)~o"sin(a  +  ^)  +  C^in{a+( 

»-!)« 

l-2ccos/3  +  c2 

sina-csin(a-/3) 

1  -  2c  cob  /3  +  c3     ' 
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1  -c  cosh  a -C™  cosh  wo.  +  c"*1  boshfm-r  1)  a 
1  —  2o  cosh  a  +  <? 

1  -  2c  cosh  a  +  o8 ' 

2(l+co8a) 
Bin»  +  (2»  +  3)siii  «a  --  I.M  +  l)ain(n  +  l)ft 

2(1  -cos  o.) 
0,  if  »=4mor  4t»-l,  and  1,  if  »-4m-2  or  4m- 3; 
0,  if  n  —  4m  or  4m  -  3,  and  —  1,  if  n  =  4m  —  1  or  4m  —  2. 

(.-$)•.-.(.♦*). 

(2  sin  a)  ~*  sin  f-  +  5Y1  except  when  a  =  ?wr. 

0,ifnbeodd;  (-  l)*sin»a,  if  n  he  even. 
(2,i.|)-.»i»(f-f),if„be<L 

^cos  (9  (1  +  cos  0),  if  6  be  between  -|  afld  +|. 

fB       ,uy      .  ,  n  +  2 
I  2,  cosh  -  1    ,  smh  — =—  u. 

LXI.    (Pages  411-413.) 

e"cosocosSoos(cosasin/3). 
sin  a  cos  (cos  /3)  cosh  (sin  /?) 

-cosaSin(cos,8)sinh(sin,3). 
sin  (cos  /3)  cosh  (sin  /3)  cos  {„  -  0) 

-  cc*  (cos  #sfa*  (si*  0)  Bin  (*-£). 

«*COB(8,ntt)cos)z/sin(sinn)},  where  y-e008". 
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iXJi  TRIGONOMETRY'. 

9.     a**0***08"',  cos  {yam  (cos  a)},  where  y  =eBfOB. 

10.  g/os9{coS(9  +  sin^)  +  4coS(Sm9)} 

+  -e-™fl{coa(fl-sinfl)-4coe(sin 

11.  tan-1 


1.         .2csina  ,      ,  , 

s  tan-1^ 5-  ,  except  when  c  =  1 

2  1  -e3  r 


..„       j.,       l+2ccosa-t 

11  ("rass?' 


,2ccosa  1c      1.      l+2cs: 


16.  +  -j ,  —  j  ,  or  0  according  as  cos  i 
or  zero. 

17.  \„  (. -  «  to-i ^ -  l.i»(.-« faoh- *££ 

18.  log  (  sin  —^  cosec  — --  1 ,  except  when  n  +  j5iaamu 
tiple  of  2tt. 

19.  log  [(1  +  to)  v  7 1  +  2m  cos  2a  +  <]'. 

20.  ^.  21.     —  ^tan"1  (cos/Jcosecha). 

22.     g[2^/31og,(2  +  V3)-4 

LXII.    (Pages  415,  416.) 
1.     obtj-oota*-1*.  2.     cosec  0 {cot  9- cot  (n+  l)fi 

3.  cosec  0  {tan  (n+l)6-  tan  0}. 

4.  cosec  $  {tan  (0  +  n<t>)  -tan  6}. 

5.  |  cosec  0  {tan  («  +  1)  0  -  tan  0}. 
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6-     8K~~icab~i-2cab2ff-  S„  =4- 2  dote  20. 

7.     2  coth  2ft  -  55=  coth  g-— .  8.     tan  2a  ft  -  tan  ft 


ft  (cot  ft -cot  2"  9). 
n2ft  +  (~l)-1-l-]si 


17. 


7l  sin  2n+1  ft. 
2m  +  l  . 


ft    /  fl»  T  *    , 

"0aV"0~r-'-,ee»/ 

,  j-^  tan  2"  a  —  2  tan  a ;  &,  =  2a  -  2  tan  a. 
icosft  +  ^Y  wS"»f. 


[3ntan3"ft-tanft]. 


18.  s  [cot  6  -3"  cot  3"  ft]. 

19.  tan-1{(»+  1)  (»+  2)}-tan~12. 

20.  tan"1  (n  + 1)  —  tan-1 1,  i.e.  tan-1 

21.  &  =  tan"1  211  -  tan-1 1  :  £„  =  t  • 

4 
1 
22. 

LXni.    (Pages  421,  422.) 

1.  l-acosft  +  a=coa2ft-a2cos3ft  +  ...  ad  inf. 

2.  cos  ft  +  a  cos  (ft  +  0)  +  a*  cos  (ft  +  2<£)  +  . . .  ad  inf. 
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XXIV  TRIGONO\F1  ■.-!.'  RY. 

3.     &mO  +  af<m(6  +  $)  +  a?  nm($  +  2<£)  +  ...  ad  inf. 
+  24>)  +  ^cos(0  + 


IS 

+  ...  ad  inf. 


5.     r$  si 


/here  r -  +  Ja*  +  V  and  <£— tan"1-. 

9.     1«cosa-ia)!lsin2a-|a!3eos3a+^cc4sm4a 

+  -i>j5cos  5a-  ...  ad  inf. 
5  ■ 

12.     (1)    m  =  tan2|;    (2)    M  =  -tanaa. 
,  13.     -  log  2  -  sin  20  +  i  cos  40  +  |  sin  65  -  ^  cos  8(9 

-|ainlO0  +  ...  ad  inf. 

14.  2  |~sin 0  - 1 sin  30  +  g  sin  50  -  . ..  ad  inf.l . 

15.  log  (|  COS  p\  +  (tan  a  +  cot  a)  cos  0 

-^(tanao  +  cotao)cos20  +  ~(tonaa+cot3a)cos30-...admf. 

LXIV.    (Pages  434—436.) 

1.  np  +  2;»cos(3r  +  I)^  +  l],  where  r  =  Q,  1,  or  2. 

2.  np-Si^eos^  +  l)  ^  +  l],  where  r-0,  1,  2,  or  3, 
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3.  n  [V  -  2x  cos  (Qr  +  1)  ^  +  ll , 
where  r  =  0,  1,  2,  3,  or  4. 

1  n|V-»ro«<Sr+l)J+l], 
where  r  =  0,  1,  2,  3,  4,  or  5. 

5.  n[rf-toooB(6r  +  8)J  +  l], 
where  r-0,  1,  2,  3,  4,  5,  or  6. 

6.  (!K-l)nr^-23!C08^  +  ll,  where  r  =  l  or  2. 

7.  n["in5-2!ecos(2r+l)|  +  ll,  where  r=0,  1,  or  2. 
-l)n|"a:;i-2*cos^+  1*1,  where  r  =  l,  2,  or  3. 

+  lJU^-Sa,  oos(2r  +  l)£+l], 

j-  =  0,  1,  2,  or  3. 
-l)nr^-2«cos^  +  ll,  where  r  -  1,  2,  3,  or  4. 

r  =  0,  1,  ...5. 
-l)n|  h?-2h!0OBy  +  ll,  where  r=l,  2,  ...6. 

nj"^-2a!oos(2r4-l)^  +  ll,  where  r  =  0,  1,  2,  ...9. 

LXVI.    (Pages  465,  466.) 
±■32746...  ft. 

15^2        .    5(8-^8),., 


,Google 


,GoogIe 


